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PEEFACE. 



In writing the present treatise on the Integral Calculus, 
the ohject has been to produce a work at once elementary and 
complete — adapted for the use of beginners, and suflScient for 
the wants of advanced students. In the selection of the pro- 
positions, and in the mode of establishing them, I have en- 
deavoured to exhibit fiilly and clearly the principles of the 
subject, and to illustrate all their most important results. 
The process of 8umma;tion has been repeatedly brought for- 
ward, with the view of securing the attention of the student 
to the notions which form the true foundation of the Integral 
Calculus itself, as well as of its most valuable applications. 
Considerable space has been devoted to the investigations of 
the lengths and areas of curves and of the volumes of solids, 
and an attempt has been made to explain those difficulties 
which usually perplex beginners — especially with reference to 
the limita of integrations. 

The transformation of multiple integrals is one of the most 
interesting parts of the Integral Calculus, and the experience 
of teachers shews that the usual modes of treating it are not 
free from obscurity. I have therefore adopted a method dif- 
ferent from those of previous elementary writers, and have 



VI PBEFACE, 

endeavoured to render it easily intelligible hj full detail, and 
by the solution of several problems. 

The Calculus of Variations seems to claim a place in the 
present treatise with the same propriety as the ordinary theory 
of maxima and minima values is included in the Differential 
Calculus. Accordingly the last chapter of the treatise is 
devoted to this subject; and it is hoped that the theory 
and illustrations there given will be found, with respect to 
simplicity and comprehensiveness, adapted to the wants of 
students. 

In order that the student may find in the volume all that 
he requires, a large collection of examples for exercise has 
been appended to the several chapters. These examples 
have been selected from the College and University Exami- 
nation Papers, and have been carefully verified, so that it is 
believed that few errors will be found among them. 

I. TODHUNTER. 



St John's Colleos, 
January t 1869. 
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INTEGRAL CALCULUS. 



CHAPTER I. 

MEANING OF INTEGRATION. EXAMPLES. 

1. In the Differential Calculus we have a system of 
rules hj means of which we deduce from any given function 
a second fdnction called the differential coefficient of the 
former ; in the Integral Calculus we have to return from the 
differential coefficient to the function from which it was 
deduced. We do not say that this is the object of the Inte- 
gral Calculus, for the fundamental problem of the suWect is 
to effect the summation of a certain infinite series of inde- 
finitely small terms ; but for the solution of this problem we 
must generally know the function of which a given function is 
the differential coefficient. This we now proceed to shew. 

2. Let ^ (x) denote any function of x which remains finite 
and continuous for all values of x comprised between two 
fixed values a and b. Let x^, x^ , •••a?«_i be a series of values 
lying between a and b, so that a, x., a?j, ... x^^, b are in order 
of magnitude ascending or descending. We propose then to 
find the limit of the series 



{x,-a) 4> (a) + [x^-x^ (f> {x,) + {x^-x^ if> (a;,) + 

+ (i--a;^_i)<^(0» 

when x^ — a, ajj— aj^, ... J — a?^^ are all diminished without 
limit, and consequently n increased without limit. 

Puta?i — a=Aj, a;,— a?j = Aj,...J — a;^j = A^; thus the series 
may be written 

K ^ («) + Aa ^ (^i) — + *n-i 4> (O +K4> (^« J» 
T. I. c. I 



2 MEANING OF INTEGRATION. 

and may be denoted by Sh<l>{x), for it is the sum of a number 
of terms of which h<l> (x) may be taken as the type. Since 
each of the terms of which h is the type may be considered 
as the difference between two values successively ascribed to 
the variable sr, we may also use the symbol <f> {x) Ax as the 
type of the terms to be summed, and S<^ (a?) Ax for the sum. 

We may shew at once that X<f} (x) Ax can never exceed a 
certain finite quantity. For let A denote the numerically 
greatest value which ^ {x) can have when x lies between a and 
b ; then Xtf) (x) Ax is numerically less than {\ + h^+ . . . + A„) A , 
that is less than {b — a)A. 

We now proceed to deteimine the limit of 26 {x) Ax. Let 
yfr (x) be such a function of x that 6 {x) is tne differential 
coefficient of it with respect to x. Then we know that the 

limit of -^ T — JL-L2 when h is indefinitely diminished is 

{j} {x). Hence we may put 

yjr (x^) - ylr{a) = A, {<f> («) + pj, 

where /»i> /»8> •••p« ultimately vanish. From these equations 
we have by addition 

')Jr{b)—yfr (a) = S^ (x) Ax + Xhp. 

Now ^Jip is less than (J — a) p where p' denotes the greatest 
of the quantities Dp ft> ••• /!>« J hence 2Ap ultimately vanishes, 
and we obtain tnis result, the limit of %^{x) Ax when each 
of the quantities of which Ax is the type diminishes indefinitely 
ts yjr{b) —yjr (a). 

8. The notation used to express the preceding result is 

I ^ {x) dx= yjr {b) — 'yjr {a) ; 

J a 

the symbol / is an abbreviation of the word **sum," and dx 
represents the Ax of 2^ {x) Ax. 
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4. Suppose that h^, h^, ... A« are all equal; then eaeli of 
them is equal to , and x^ is equal to a + -(J — a). 

Hence I <f>(x)dx is equivalent to the following direction, 

J a 

" divide 6 — a into n equal parts, each part being A; in <^ (a?) 
substitute for x successively a, a + h, a + 2h, ... a 4- (w — 1) A ; 
add these values together, multiply the sum by h and lien 
diminish h without limit." If these operations are performed 
we shall have as the result -^ (J) — '^ (a), where -^ (a?) is the 
function of which ^(o;) is the differential coefficient with 
respect to x. 

The student then must carefiiUy observe that for the 
foundation of the Integral Calculus we have a certain theorem 
and a corresponding notation. The theorem is the following: 
let yfr (x) be any function of a?, and <^ (x) its differential co- 
effi^cient with respect to a?; let n be a positive integer and 
nh = b — a; then the limit when n is indefinitely increased of 

J4U(a)+«^(a + A) + ^(a + 2A) + ... +^(J-A)j• 
is -^ (i) — -^ (a). 

The notation is that this limit is denoted by / ^ (x) dx, 

so that I ^ (a?) dar = -^ (i) — -^ (a). 

As a particular case we may suppose a to be zero ; then 
nh = &*, and the limit when n is indefanitely increased of 

hU{0) + <f>{h)+<f>{2h) + ... + <f>ih''h)\ 
is denoted by I <f> (x) dx, and is equal to y^ (b) — '^ (0), 

JO 

5. A single term such as ^ (as) Aa; is frequently called an 
element. It may be observed that the limit of 2^ {x) Ax will 
not be altered m value if we omit a Jlnite number of its 
elements, or add a finite number of similar elements; for 

1—2 
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in the limit each element is indefinitely small, and ^i. finite 
number of indefinitely small quantities ultimately vanishes. 

6. The above process is called Integration; the quantity 

I <f>{x)dx is called a definite integral, and a and b are called 

the limits of the integral. Since the value of this definite 
integral is i|r» (J) — -^ (a) we must, when a function ^ {x) is to 
be integrated between assigned limits, first ascertain the 
function -^ {x) of which ^ {x) is the difi^erential coefficient. To 
express the connexion between ^ {x) and -^ {x) we have 

and this is also denoted by the equation 

1^ {x)dx^'s^ {x). 



/' 



In such an equation as the last, where we have no limits 
assigned, we merely assert that -^ {x) is the function from 
which <f) (x) can be obtained by diflerentiation ; ^jt {x) is here 
called the indefinite integral of <f>{x). 

7. The problem of finding the areas of curves was one 
of those which gave rise to the Integral Calculus, and fur- 
nishes an illustration of the preceding articles. 




Let DPE be a curve of which the equation is y = if}(x), 
and suppose it reouired to find the area included between this 
curve, the axis ot x, and the ordinates corresponding to the 
absciss8B a and b. Let 0-4= a, OB^b; divide the space 
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AB into n equal intervals and draw ordinates at the points 
of division. Suppose Oif = a+ (r — 1) A, then the area of 
the parallelogram PMNp is 

h<f>[a + {r-l)h}. 

The sum found by assigning to »• in this expression all values 
from 1 to w differs from the required area of the curve by 
the sum of all the portions similar to the triangle PQp, and 
as this last sum is obviously less than the greatest of the 
figures of which PMNQ is one, we can, by sufficiently 
diminishing A, obtain a result differing as little as we please 
from the required area. Therefore the area of the curve is 
the limit of the series 

A 1^ (a) + ^ (a + A) + ^ (a + 2A) + + ^ (J-A)| , 

and is equal to -^ (i) — -^ (a). 

8. If -i/r [x) be the function from which ^ {x) springs by 
differentiation, we denote this by the equation 



|^(aj) daj = '^(a;), 



and we now proceed to methods of finding -i/r [x) when ^ {x) is 
given. We have shewn, Dif. Cal, Art. 102, that if two func- 
tions have the same differential coefficient with respect to a 
variable they can only differ by some constant quantity ; hence 
if '^(x) be a function having ^ (a?) for its differential coeffi- 
cient with respect to a;, then -^ [x) + (7, where G is any quantity 
independent of a;, is the only form that can have the same 
differential coefficient. Hence, hereafter, when we assert that 
any function is the integral of a proposed function, we may 
if we please add to such integral any constant quantity. 

Integration then will for some time appear to be merely 
the inverse of differentiation, and we might have so defined 
it ; we have however preferred to introduce at the beginning 
the notion of summation because it occurs in many of the 
most important applications of the subject. 

We may observe that if ^^ {x) and ^^ {x) are any ftmc- 
tions of or, 

j {^1 («) + ^a (a?)} ^ = J ^1 (») ^ +/^« {^) ^ ;. 
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or at least the two expressions whicli we assert to be equal 
can only diflfer hj a constant, for if we differentiate both we 
arrive at the same result, namely, ^^ (a?) + <f>^ (x). 

Also, if be any constant quantity 

I c<l> (x) dx =^ c j (I) (x) dx; 
or at least the two expressions can only differ by a constant. 

9. Immediate integration. 

When a function is recognized to be the differential coeffi- 
cient of another function we know of course the integral of the 
first. The following list gires the integrals of the different 
simple functions ; 

f oT^^ fdx 

I sinxdx^^ — cosXf / cos a? da? = sin a?, 



f dx [ dx . 

I — =— = tan a?, I . , = — cot a?, 

J cos" a? ' J sm'a? 

/ 



dx . -, a? _t a? 



f^ ^« _ ^^«-i 



/ 



—m — j\ = sin — or =» — cos — , 

A/(a "Of) a a 

dx 1 ^ «, a? ^ 1 x-i «? 

= -tan*- oi = — cot -. 



a^-i-a? a a a a 

10, Integration hy substitution. 

The process of integration is sometimes facilitated by sub- 
stituting for the variable some function of a new variable. 
Suppose ^ (a?) the function to be integrated, and a and h the 
limits of the integral. It is evident that we may suppose 
a; to be a ftinction of a new variable », provided that the 
function chosen is capable of assuming all the values of x 
required in the integration. Put then x ^f{z), and let a' and 
h' be the values of «, which make f{z) or x equal to a and b 
respectively; thus a=if[a) and b=f(b'). Now suppose that 
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y^ (x) is the function of which <f> (x) is the differential co- 
eflScient, that is suppose ^ (a?) = ^ ; then 



J a 



dx 

b 

^ (a:) efe = -^ ( J) — -^ (a) 



But bj the principles of the Differential Calculus, 



dz 

■V 



therefore V^ {/(J')} "t {/(«')} = f ,*{/(«)}/ W& 



I 



^(«)^cfe; 



thus I ^ (aj) do? = I ^ (a?) ^ efo. 

This result we may write simply thus 

j^(a:)&j=J^(a:)^c&, 

provided we remember that when the former integral is taken 
between certain limits a and J, the latter must be taken 
between corresponding limits d and h\ 

11. As an example of the preceding article let 

I "779 ^ ^ required. Assume x^^a — z^ then ^ == — 1, 

and 2aa? — a?' = a* — a*. Thus 

j V(2aa: - a?^ " j V(2a» - a") ^ iV(a"-«") 

-1 ^ _i a — a? _, a? 

= cos - = cos = yers - . 

a a a 

thus 

<fa_ g , f .^.^.^^^^ — I" 1 <fe J 

&~(r^»' JajV(2aa!-o*)~J«V(2aa:-o*)(fc 
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_ f dz 1 r dz 

" j a V{2 (1 - «) - (1 - ^5)'} " a J 70=^ 

1.-1 1 . _i a? — a 

= - sm « = - sin . 

a ax 

Here we haye found the proposed integrals by substituting 
for X in the manner indicatea in the preceding article. This 
process will often simplify a proposed integral, but no rules 
can be given to guide the student as to the best assumption 
to make ; this point must be left to observation and practice. 

12. Integration by parts, 

^ ., .. d{uv) dv , du 

r rom the equation — 3—-^ = t* j- + 1; -y- 

^ ax ax ax 

we deduce by integrating both members, 

f dv J . f du y 

therefore /w-7-da; = ttt?— Iv-r- dx. 

The use of this formula is called " integration by parts." 
For a particular case suppose v = x; then we obtain 

I udx =3 ux ^Ix-^dx. 
For example, consider / a; cos oo; dx. Since 



cos aaj = " 



1 e^ sin oo; 



a dx ' 
we may write the proposed expression in the form 

*x d sin ax 



I- 

J a 



a dx 



dXf 



X • 

and this, by the formula, supposing u = - and v = sin ax^ 



^x Bin ax fsinooj , 
a J a 
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_ xBmax ^ rsin ax , 
a J a 



X sin ax cos ax 
a a* 



Again, |arcosaa;aa;=| -i oo; 

a? sin oa; t2x . , 

= I — sin aa;aa; 

a J a 



a^slnoa; . f2xdcosax 



^arsinax [2x 
" a "^J"? 



dx 



dx 

of am ax , . 2x cos qa; f 2 cos ax ^ 
a a J a 

afainax 2xco&ax 2 sin ox 

T" « """ ft • 

a a a 



Again, I e** sin oajoo? = I -=— dx 



Binoo; ^ faef^ cos ax , 
ef^ — j dx 



c J c 



sin ox _ faco&axdef^ 

dx 



„ facos^^v.^ , 



sinoa; ^ acosoa; ^ 
6** 5 — 6** 



By transposing, 

fH--^j le"sin<ia;62a; = — [sinoa? — cosaa?j, 

^, - T- . , e'* (c sin oa? — a cos oa;) 

therefore /c sm aasdx = — ^ 5 — 5 ^ . 

J a +c 

Similarly we may shew that 



/■ 



- , 6 (c COS aa;+ a Sin oa;) 
e COS aa;aa; = — ^ =-; — = . 



/ 
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13. The di£ferential coefficient of any function can always 
be found by the use of the rules ^ven in the Differential 
Calculus, but it is not so with the integral of any assigned 
function. We know, for example, that if m be any num- 

ber, positive or negative, except — 1, then laf^dx=^- -, 

but when m^ — 1 this is not true ; in this case we have 

^=logar. If howeyer we had not previously defined the 

term logarithm, and investigated the properties of a logarithm, 
we should have been unable to state what function would 

give - as its differential coefficient. Thus we may find our- 

selves limited in our powers of .integration from our not 
having given a name to every particular function and investi- 
gated its properties. 

In order to effect any proposed integration, it will often 
be necessary to use artifices which can only be suggested 
by practice. 

14. We add a few miscellaneous examples. 

Ex. (1). L{a^-af)dx. 

posing u = sli^^of) and r = a?, 
therefore, by addition, 



therefore I V(«* — a^^) ^ = 



a;\/(«'"-^) . <»' • -1® 



^^•(2)- /vF+^- 



2 2 a 

3x 



+ -rsm"^-^ Art. 9. 



EXAMPLES OF INTBaRATION. 11 

Assume *J{a?-\-c!)^z-'X^ therefore cf^z^ — ^zx^ 

dx z — x 
dz^ z * 

= log {a! + V(a!"+a^}. 

As in Ex. (2), we may shew that the result is 

log [x + >J{a?-a')]. 

Ex. (4). j>/{a? + a')dx. 
L{a? + a^dx = x^{a? + a')^j-y^^ by Art. 12. 

Also f^(a?+^dx=j^^dx=f;^^^^WJ^^', 
therefore, by addition, 

therefore L{a?-h c?)dx^ '^^'^^ '^ + f log {« + V(a^+ a% 
Similarly f>^{a?- a')dx^ gV(a^- <^ _ ^ ^^^ {^ + ^^^_ „.) j, 

f <& 1 f <fe 

4ac — 6') * 






12 EXAMPLES OF INTEaRATION. 

Putting a;+— = «, our integral becomes, by (2) and (3), 

J- log {2cx + 6 + 2 Vc V (« + fta? + «B*) } , 
where we omit the constant quantity -j- log 2c. 

In a similar manner, by assuming = a; + r- we may make 
\sl{fl-\-'bx-\-c£^)dx depend upon Ex. (4). 

f dx — JL f da? 

_l^f dx 

Put A' for — —^ — and « for a? — — , then the integral be- 

If dz 1*1 • 1 , ^t z 

comes -7- I -TTT^ — ST • which cnves -r sm t , or 



If dz 1*1 • 1 , ^t z 



1 . ., 2caj — ft 
sm 



In a similar manner, by assuming « = a? — — we may make 



l*J(a + bx-'Ca?)dx depend upon Ex. (1). 



Ex. (7). j] '^ 



x^{a?'-a*) * 
Put « = i, then f ^^^^_ ^^ = /^^(j_^,) l^y 
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1 . -1 a 
a X 



Since sin"* - + cos"* - = « » a constant, we may also write 

X X 2 "^ 



our last result thus, 

h 



dx 1 ^a 



x»J{a? — cf) a X 

^^'^^^- ^V(a« ± a?) • 

By putting ic = -, as in Ex. (7), we deduce for the 
required result 



f cix ^ L. L. 

j{x'-a)'^ m — 1 [x — a) 



These are obvious if we differentiate the right-hand 
members. 



Ex.10. l-J^. 
J or — or 



Jar — or 2aJ\x^a x + a/ 

__1^ r dx 1 C dx 
^ 2aJ x^a 2ajx + a 
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-^log(«-a)-^log(x+a) 

1 , x — a 

= — loff . 

2a ^x + a 



a? — a .^. ,j, X " a 

positive: II — -; — 

X +a ^ X +a 



This supposes ^ ^^ positive ; if ^ ^^ te negative, we 
must write 



/ 



dx _ 1 1 <3^ — g 



* ^ '' J a + iaj + caj** 



J a + bx-\-ca?^ cj 



hv^ 



i\* 4ac-J»* 



+ 



Ac" 

If — — 5 — be negative, we obtain the integral by Ex. (10), 
4c 

namely 

1 , 2ca? + ft-V(y-4flo) 

V(i'-4ac) ^^2ca? + J + V(i'-4ac)* 

If - — T — be positive, then by Art. 9, the integral is 

2 , _ 2cx + h 
ST tan 



V(4ac-J*) ^/{Aac-b*)' 






Ja+Ja?+caj" J a + ia? + ex* 

^ f . 2ca; + i^ dx\ (b —"if- ^ 
""2cJ a+iaj+caj* \ ^2c)]a 



;+ Jx+ca:* * 



The former integral is — log (a + Ja? + ca?),- and the latter 
has been found in Ex. (11). 
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Ex 



.(13). f-^ 



f dx /cos xdx f dz .^ 

I = I 5 = I- 5-, if a = SI] 

J COS a; J cos a? J 1 — 2 ' 



=i^^sT3-^^yEx. (10), 

J , 1 + sin aj , ^ /TT x\ 

= i log -^ -' — = log COM T - :; • 



Similarly l—^ = log tan ^ . 

J sin tC is 



dx ^ C dx 



Ex. (14). f— ^ ,.andf- 



+ i sin a; ' 



f dx _ / * <fe 

Ja + b coBx'^ J / . ,aj . ,a?\ , ,/ ^ jO? . jaj\ 

a (sin" - + cos'- J + f cos" - - sin' -J 



=/■ 



sec* — dx 
2 



X 

a + i + (a — ft) tan*— 



= 2 I , 7 , / tt-t, if« = tan-. 

ja + ft+(a— ft)« 2 



Hence, if a be greater than b, the integral is 

// i\ ft 'Jia — b) tan - 

VCa'-i*)^"^ V(« + i) ''''V(a*-i") V(a + ft) 

and if a be less than ft, 

1 , g\/(ft>-a)4-\/(ft-fa) 
V(ft*-a») ^^;5V(ft-a)-V(ft + a)' 



^r //M ^«\ log 



V(ft-a) tan|+V(ft + «) 
^^*'"'''^*^^V(i-a)tan|--V(i + «) 
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To find I 7 — ; — assume a? = — + « : thus the integral 

ja + 6smaj 2 . ° 

becomes I 5 , which has lust been found. Or we may 

ja + 6 cos« •' '' 

proceed thus, 



f dx _ f dx 

Ja-\-b ainx" J / . .a; . .aX 

a f sm* - + cos' -1 + 



t » X X 

26 sm-'cos - 
2 2 



-/ 



sec" - dx 



a^l+tan»|)+2Jtan| 

f & ' . . a? 

"^ ^ /t , «\ . o7 , if « = tan - . 
Ja(I + r) + 265f ' 2 

h 
Put y = « + - , and the integral becomes 

dy 



^t dy 



a 
and this can be found as before. 



In any of these examples, since we hare found the in- 
definite integral, we can immediately ascertain the definite 
integral between any assigned limits. For example, since 






therefore 

J. VcJ+a*) " ^""^ l^^" ■*■ '^^^^"^* + "'^^ " ^''S ^" + '^("* + «*) J 

, 2 + V5 

15. The integral/aj*""*(a + ftaf)*daj can be found imme- 
diately if -^ is a positive integer, for (a + Ja?")« can then be 

expanded by the binomial theorem in a finite series of powers 
of oj, and each term of the product of this series by aT"* will 
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be immedlatelj integrable. There are also two other cases in 
which the integral can be found immediately. 

For assume a + &»*=/'; 

therefore a.= (-^J , ^^U—(-^j . 

Hence JaT-* (a + 1x^)1 dx = jar"* (a + WY ^ * 

If -— &6 a positive integer we can expand (^ — a)*'*in 

a finite series of powers of t, and each term of the product 
of this series by ^*^^ will be immediately integrable. 

Again, laf^"^ (a + baf") ^dx=^jx^' "^"^ (oa"* + b) 'dx ; 

and by the former case, if we put ccx^+b^f^ this is im- 
mediately integrable if 



— n 



he a positive integer; that is, if — [- - be a negcUtve integer* 

In the first case, if — were a negative integer the integral 

might still be found, as we shall see in the next chapter, an.d 

similarly, in the second case, if — h ^ were a positive integer : 

but as in these cases some further reductions are necessary, we 
do not say that the expressions are immediately integrable. 

Ex. (1). {a?(fl + x)^dx. 
T, I. c. 2 
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Here — = 3 : assume a + x = f; the integral becomes 
n 

2 [(f - ayfdt or 2 ({f - 2a^ + a^f) dt, 
which gives 

thus f»'(a + a;)ida; = 2(a + a!)»|^^^i^-^(a + a;)+^J. 



Ex. (2). 
Here 


f 


dx 


• 

„=2. £=- 




972 


(l.+a^)^ 
1, 


1 

"2' 


therefor^ 


• » 




n q 




Assume 

V 






a!-'+i = «'; 




therefore 











and 






[ dx [ ^^ J 

dx • r 

Substitute for a: and —- their values, and this becomes — I dt, 

at J 



which = — « or 



X 



^ ("• ■ /s^. • 



3 



27 d 

Here m = ly w = 2, ■^ = --, 
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therefore !!J +£ = _ i 

n q 

Assume a'x^ + 1 = ^, 
therefore a? = — , 

dx 



f ^ _f dt , 1 f^_l^ 



X 



EXAMPLES, 

2. J loga?e&j = a? (logo?— !)• 

3. /a^loga,^ = ^|loga.-^|. 

This may be fomid by putting a? = «". 

«. |(1 -^ cos «?)'(& ^.^-2 sin aj + ^^. 

2—2 
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r xdx 1 1 

^' j(l-a;)*"~l^"*"2(l-a!)»* 






0? . „i a; — a 



f l + cosg ^ ^ j^^ ^^ + Bin as). 

fa; + 8inaj , » * 

15. I; «fo!=a!taii-. 

Jl + cosa 2 

f db 1 

^^- J«{logx)- (n - 1) (logo;)-'- 

17. f 12§M^ da == log a . log (log a) - log x, 

J X 

f . , e*"asm(m+n)x— (m+n)cos(m+«)a: 

20. Je"8m«»a!C0sna!<to=Y a*+(fl»+n)» 

e** aBin(m-7i)a?— (m — n) co8(m — n)ag 

21. [e"^cos'ic&? = ji€"*(c()s3a + 3c<)s»)iiir 

«'^ 36"* 

=?^(3sin3«-cofl3a;)4--^ (siaaj-aosa;). 
40 o 



EXAICFLES OF IKTEOSATIOK. 21 



Jo ^ 

Jo 2 



23 

•'o 

24 



Jo « 

Proceed thus ; let vers"* - = ^, therefore aj = a (1 — cos tf), 

and the integral becomes I adsiaOdd. 

Jo 

or f -1^ Jf 5*^^ 

25. I avers -(WJ= — -— . 
J« a 4 



26 



_, a; , llTra' 



r«« a; 

1. / a?vers"^-d(a5== 
J« a 



6 



27 





28. f-^-^ 1 logtanfj + l). 

j8ina? + cosa? V2 ^ \2 8/ 



29 f ^ 



V(a + fee + ca^ 
Put x= - and this becomes a known form. 



J aj* 3aj" Ga?* 3 

This may be obtained by putting sin"^a « 0. 



r Sin a? 
31. I ^dx = ^ tan ^ + W cos ^, where sin fl = a?. 

J (1-a:^)* 

^2- Iti ir5.= -4 (cot ^ + — r— ) , where « = a cos^, 

OQ f 8in*a?da; _ / 'a + h \i ^ .^ \/« tana; x 
• ia + J cosV'UF/ ^"^ VC^ + J)"?' 
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34. |a^V(a + JaO(&-(^^-.^,)(a + Ja?)i 

q^ f ^ _ (2a?'-l)V(l + a:^ 

36- jtan'*^ d0 = ^^ - /tan*^(9 rf^ 



2n - 1 2n - 3 
a; beings tan 0, 

37. Shew that 1 sinfTio; sinnoxeZr and I cosma;cos7ixc2r 
are zero if m and n are t^ne^t^Z integers, and = - if 
m and n are ejj^uaZ integers. 



X 

a 



38. /{log©f^=-{logg)}-3.|log^}%6«:log 

39. I -rr; — ^x dx^- — tf tan ^ — log cos tf, where cot d = x. 
J ar (1 + or) 2 

40. fg£±g./f^)efe = V(a'-aO- ^frf . 
Ja + aVVa + a/ V(« + «) 

r -,a? 

I vers - / n2 

41. I-TTS— — T dx^\ ( vers"*- ) . 

rc^ 1 
:: = -/t; ST cos'^c, if c is less than li 
l + ccosa? VU-c*) ' 







43. I e-*cos»drf« = A(e*' + «"*')- 

44. I — L 7 qL ■ *\ * Assume « = »+-. 
Ja;v(l + 3ar+a3) « 

45. |(« + y)*'^. Assume a +Jx- = ;s\ 



23 



CHAPTER 11. 

RATIONAL FBACTIONS. 

16. We proceed to the integratioii of sucli expressions as 

where -4, B,..»A', jB',... are constants, so that both numerator 
and denominator are finite rational functions of x. If m be 
equal to w, or greater than w, we may by division reduce the 
preceding to the form of an integral function of x, and a 
fraction in which the numerator is of lower dimensions in x 
than the denominator. As the integral function of x can be 
integrated immediately, we may confine ^ourselves to the case 
of a fraction having its numerator at least one dimension 
lower than its denominator. In order to effect the integration 
we resolve the fraction into a series of more simple fractions 
called partial fractions J the possibility of which we proceed to 
demonstrate. 

U . 

Let Yr t® ft rational fraction in its lowest terms which is 

to be resolved into a series of partial fractions ; suppose V a 
function of x of the nf^ degree, and U a function of x of 
the (n — 1)*** degree at most ; we may without loss of gene- 
rality suppose the coefficient of a^ in Fto be unity. Suppose 

F==(a;-a)(aj-J)''(a:«-2oeaj + a»+/3*)(aj"-27a? + 7" + S»)', 
so that the equation V=^ has 

(1) one real root = a, 

(2) r equal real roots, each = i, 

• (3) a pair of imaginary roots OL±fi V(~-l)> 
(4) 8 pairs of imaginary roots, each being 7 ± h V(~l)» 
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By the theory of equations Fmust be the product of factors 
of the form we have supposed, the factors being more or fewer 
in number. Since V is of the n*^ degree we have 

Assume 

U_ A B B B, Br 

Cx + D 

■*"a^-2a» + a« + /3* 

E,x + F, . JS^ + F^ E^ + F. 

"*■ (aj'-27a;+7*+S"/^ {a?'-2yxW+^)'^^^^^-^y^+'f+^' 

where A, B^, B^,...C, D, F^,... are constants which, in order 
to justify our assumption, we must shew can be so determined 
as to make the second member of the above equation identi- 
cally equal to the first. If we bring all the partial fractions 
to a common denominator and add them together, we have V 
for that common denominator, and for the numerator a func- 
tion of X of the {n — l)**" degree. If we equate the coefficients 
of the different powers of x in this numerator with the cor- 
responding coefficients in U, we shall have n equations of the 
first degree to determine the n quantities A^ A, -B,,... and with 
these values of -4, jB^, J?,,... the second member of the above 

equation becomes identically eqiuil to the first, and thus -^ 

is decomposed into a series of partial fractions. 

If V involves other single factors like x — a, each such 

^netor will give rise to a firaction like , and any repeated 

factor like {x — by will give rise to a series of partial fractions 

of the form -. — ^,. , j j^-—^ , &c. In like manner other 

[X ^ 0) \X — ~ 0) 

factors of the form au^— 2aa? + a* + i8* or (o^— 27a? + 7'+S*)* 
will give rise to a firaction or a series of fractions respectively 
of the forms indicated above. 

17. The demonstration given in Art. 16 is not very satis- 
factory, since we have not proved that the n equations of the 
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first degree which we use to determine Ay B^y •?,>••• are inde* 
pendent and consisimt. 

A method of greater rigour has been given in a treatise on 
the Integral Calculus by Mr Homersham Cox, which we will 
here briefly indicate. Suppose F[x) to contain the factor 
a? — a repeated n times ; we nave, if 

F{x) "■ (a?-a)*f (x) (a?-a)*i^((») "*" (aj - a/' 

Now A(a?)— , , [ ilr (x) vanishes when x = a, and is there- 
^ ^ Y [a) ' 

fore divisible by aj — a ; suppose the quotient denoted by x(a;), 

then 

F{x) (a; - a)*-'f (a;) "^ f (a) (x-a)** 

The process may now be repeated on _ \it-i^/ \ » ^^^ 

thus by successive operations the decomposition of Z,. > 

completely effected. In this proof a majr be either a real 
root or an imaginary root of the equation F (x) =0; if 
a = a + /8\/(— 1)) then a — )8V(— 1) will also be a root of 
F{x) = 0; let b denote this root, then if we add the two 
partial fractions 

y{r{a) {x-^aY ir {b) {x-by^ 

we shall obtain a result free from V(~l)» 

18. With respect to the integration of these partial frac^ 
tions we refer to Examples (9) and (12) of Art. 14 for all 

Lx "4" ^u. 
the forms except /^ _ gya; + V + y)** ' *^* ^^ will be given 

hereafter. 

Having proved that a rational fraction can be decomposed 
in the manner assumed in Art* 16, we may make use of 



1 
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different algebraical artifices in order to diminisli the labour 
of determining A^ B^, 5„ &c. The most useful consideration 
is, that since tne numerator of the proposed fraction is identi-' 
cally equal to the numerator formed by adding together the 
partial fractions, if we assign any value to the variable x the 
equality still subsists. 

19. To determine the partial fraction corresponding to a 
single factor of the first degree. 

Suppose ^jA represents a fraction to be decomposed, 
and let F{pc) contain the factor x-^a once ; assume 

F(x) a?-a"*"f (a?) ^^' 

V \X\ 

where -4 is a constant, and , ) i represents the sum of all 

ir {x) ^ 

A 

the partial fractions exclusive of , and F(x) == {x—a) ijt (x) , 

x^^a 

From (1) 

^ {x)='A^^{x)+ {x-a) x{x) (2). 

« 

In (2), which holds for any value of a?, make x^a, then 

<f> (a) = A^jr (a), 

therefore A = , , . 

y{r{a) 

Since F'{x) = ^ (a?) + (aj — a) y^' (x), we hare 

F'(a)=fia), 

t 

therefore A = f„,\ . 

F'{a) 

20. To determine the partial fractions corresponding to a 
factor of ike first degree which is repeated. 

Suppose F (a?) contains a factor x^a repeated n times, 
tod let 7^(0?) = (a? — a)* -1^(0?) • Assume 
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jP(a?)""(aj-a)*'^(aj-ap'^(a;-a)*-^ "^oj-a"^ ^(a;) ' 

where —7—/ denotes the sum of the partial fractions arising 
ylr{x) ^ 

from the other factors, of F{x). Multiply both sides of the 

d> tx) 
equation by {x - a)* and put f{x) for ^^^ {x - a)*; thus 

J^ \x) 

f(x)=A,+A,{x-a)+A, (x-a)'...+A,(x-a)'^+^^ (x-a)'. 

Differentiate successively both members of this identity 
and put a; = a after differentiation ; then 

/'(a) = 1.2^., 
/"(a) =[34,, 



/•- (a) = I n - 1 A. 
Thus -4j, -4,,... -4^ are determined. 

21. ~ 2b determine the partial fractions corresponding to a 
pair of imaginary roots which do not recur. 

Let %r7-T denote the fraction to be decomposed; and 

a + ^8 V (— 1) ^ P*^^ ^f imaginary roots ; then if we denote 
these roots by a and b and proceed as in Art. 19, we have 
for the partial fractions 

iWL _J_ and MI .J— 

F'{a) X'-a "^ F\b) x--b' 
Suppose -^j^ =.4-5V(- 1) ; then since -pj^. may be 
obtained from -^tVt by changing the sign of V(— 1)> ^^ 
must have ^ L . =-4 +5 V(~ !)♦ Hence the fractions are 
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A^Bsl{-^l) A + B^i^l) . 

and their sum is 

2A{x-'a)+2Bfi 

22. Or we majr proceed thus. Suppose a?— ^aj + j to 
denote the quadratic factor which gives rise to the pair of 
imaginary roots a ± ^ V (— 1) 5 then assume 

il>{x) __ Lx + M x(^) 
F{x) af-px + q y{r{x)' 

SO that F{x) = {a? —px •\-q)'^ {x). Multiply by F {x) ; thus 
^ (x) = {Lx + M) -^ {x) + (a?* - y a? + 2) X (a?) (!)• 

Now ascribe to x either of the values which makes 
a? —px + 2 vanish ; then (1) reduces to 

4> (x) =:{Lx + M)yfr {x) (2). 

Now by the repeated substitution oi px — q for x^ in both 
members of (2), we shall at last have x occurring in the first 
power only, so that the equation takes the form 

Px-{-Q^Fx+Q. 

Now put for X its value a + /3V(— 1) and equate the co- 
efficients of the impossible parts ; thus 

P^ P and therefore also Q^ Q. 

Here P and Q are known quantities, and P and Q involve 
the unknown quantities L and JIf to the first power only, so 
that we have two equations of the first degree for finding L 
and M. 

23. To determine the partial fractions corresponding to a 
pair of imaginary roots which is repealed. 

We may proceed as in Art. 20. Or we may adopt the 
following metnod. Suppose a^—px + q to be the quadratic 
factor which occurs r times ; assume 
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SO that jF(a?) « (a^- pa? + j)*" -^ (a). Multiply by JP (a?) ; thus 
^ (oj) = {L^+M,) ^|t{x) + (i^.^aj + ifr-i) (p^-px + q) ^(o?) 

+ + (a^-i?a? + jrx(a;) (1). 

Now ascribe to x either of the values which makes 
a? — pa? + 2 vanish ; thus the equation reduces to 

^ (a?) = (i^ + if^) 1^ (a). 

Proceed as in Art. 22, and thus find L^ and M^. Then 
from (1) by transposition we have 

The right-hand member has a?--2^-{-q for a factor of 
every term ; hence as the two members are idefniical we can 
divide by this factor. Let ^^(a?) indicate the quotient ob- 
tained on the left ; then 

^,(a;) = (i,.,a;+iCJ^H + (A^a? + iCJ(a^-i?a? + j)t(a?) 

+ + (a?'-J?aj + j'Px(») (2)- 

From (2) we find 2/,.^ and M^^^ as before ; then by trans- 
position and division 

^,(a:)=(X,^a;+Ji;j i/r(a:)+(X,^aj+Jf,J(aJ*~i?a?+j) f (»)+••• 

and so on until all the quantities are determined. 

a?* — Sa? — 2 
24. Take for example -ttt — . ■.\2 / . -.xa • Assume it 

(ar T" a? "I" 1 ) (a? -r 1 1 

equal to 

(a? + iB + l)*^a^ + a + l'*"(a; + l)" 
then af-3x-2 = {L^ + M^{x + l)* 

+ {L^x+M;){a>+x+l)(x+l)* + {a? + x + iyx{^) (1). 
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Suppose a^ + a? + 1 = ; thus the equation reduces to 

= (i,« + ifj (a:^ + 2a; + 1). 

Put— aj — 1 for a?"; thus 

- 4a;- 3 = {Ljc + M^ x = L^-\'M^ 
= -ij'(«;+l) + -afja;; 
therefore — 4 = — i^ + il^, and — 3 = — X,; 

thus A'^^' ^"^^ -3fg = — 1. 

From (1) by transposition 
' a? -3a;- 2 - (3a;- 1) (a; + !)• 

= (i,a; + JfJ (ai' + a;+ 1) (a;+ 1)"+ (a;» + a;+l)*X («)• 

The left-hand member is — 3a;' — 4a;'* — 4a; — 1 ;. divide by 

a;^-|-a;+lj thus 

. -(3a; + l)=(Aa;+ili;)(a; + ir+(a?' + a;+l)x(a?) (2). 

Again, suppose a;* + a; + 1 = ; thu& 

-3a;-l =(Xja; + JfJ (a;^ + 2a; + 1) = (i^a; + JfJ a; 
= -i, (a;+l)+ilfia;; 
therefore — 3 = — i^ + ifj, and — 1 = — X^; 

thus A = l *^d -3fi = -2. 

Thus the partial fractions corresponding to the quadratic 
factor are found. The partial fractions corresponding to the 
factor (a;+ 1)* may then be found by Art. 20. Or we may 
from (2) by transposition and division by a;' + a;+ 1 obtain 

-(a;-l) = x(a;). 
Thus 

X(a ;) __ »-! _ a?-H 2 1 ' 2 



(a;+l)* (« + l)' (a;+l)'^(a;+l)* a;+l ' (a;+l)»' 
therefore 

a;"-3a;-2 3a;-l a;-2 2 1 ' 

H — ri — r^ + 



(ip'+A;+.l)"(a;+l)* (a;*+a;+ 1/ ;^ a;*+a;+l ;^ (aj+l)« ic+l^ 
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25, Examples. Required the integral of -^ — . 

By division we have 

5a;'+l . . _ . 35aj-29 



= 5a?-f 15 + 



Assnme 



35aj-29 A B 



aj*-3ic+ 2 x-l x-2^ 
therefore 35a;-- 29=^4 (a?--2) + jB(a5-l). 

Make a? successively equal to 1 and 2 ; then 

35-29 = -^, or u4 = -6, 
70-29= J9, or 5= 41 j 

therefore -^ — r — 1-7: = 5a? + 15 + 



ic*^3aj + 2 a?-l a?-2' 

f 5a;' -f 1 5a? 

therefore 2 q ■o ^'^"^ + 15a;— 6 log (a?— 1) +41 log (a?- 2). 
J a; "~* «5a;+^ iS 

x> 'J xT- • A 1 i» yar+ya;— Uo 
Eequired the integral of ^,^^^^3^^^ . 

Since a;'— 5a? + 3aj + 9 = (a; — 3)' (a; + 1), we assume 

9a?+9a;-128 ^ A B^ 1 ^« - 

a;'- 5a;' + 3a;+9 ■" a; + 1 "*■ (a;- 3)' "^ a; - 3 ' 

therefore 9a;"+9a;-128=-4 (a;-3)"+J?,(a;+l) +J?,(a;+1) (a;-3). 

Make a; = 3 and — 1 successively, and we find 

54 = -5, -4 = -8. 
Also by equating the coefficients of a?, we have 

9 = ^ + J?„ 
therefore jB^ = 17 ; 

therefore 
r9a?+9a;-l'28 ■ ' , , ,v 5 . , , 
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Hequired the integral of z . ^ , . ■ . « 

ttt + t:: ts + ti — TNt+ r — r + rTT+3^ 



(a-l}*^(x-l)»^(a;-l)»^x-l^a+l as'-aj + l' 

therefore a?+l = {A^+A,{x-l)+A^{x-l)HA^{x-iy] {a?+l) 
+ [B{a?-x+l)+ {Cx+D){x+l)] («-l)*...(l). 

Puta=l,then 2 = 2^i (2); 

therefore A^ = 1. 

From (1) and (2) we hare by subtraction, 
a?-l=A,{a?-l) + {A, +A^{x-1)+A,{x- 1)»} {x - 1) {af+ 1) 

+ [B {a?- x+l) + { Cx+D) {x + \)]{x- i)\ 

Divide by"« — 1, then 
«+ 1 = ^1 (aj' + a+l) + {^+^, («- 1) +^, (a? - 1)'} (a»+ 1) 

+ {^(ai'-iB+l) +(Cir+i?)(aJ+l)l(a!-l)*...(3). 

Pata! = l,then 2 = ZA^ + 2A (4); 

therefore A^ — — \. 

From (3) and (4), by subtraction, 
a!-l=^j(a?+a;~2)+^,(a^-l)+{^,+^,(a;-l)} («-!) (ic'+l) 

+ {B(a^-a; + l)+((7a;+2))(aj+l)}(»-l)». 

Divide by aj— 1, then 
l=^A,{x + i)-\-A^{a?+x + \)Jr[A^ + A^{x-l)}{3^+\) 

+{5(a^-x + l) + (GB + 2))(«+l)}(a-l)*...(5). 
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Put a? = 1, then 1 = 3^^ + 3 J, + 2^, (6); 

therefore -4, = — J. 

From (5) and (6), "by subtraction, 

+ {5 (a?* - a? + 1) + (GU+ i)) (a? + 1)} (a?- !)'• 

Divide by a; — 1, then 
= ^, + J,(a;+2)+^3(a:'+a; + l) + ^,(a;*+l) 

+ {5(aj'-a; + l) + (Cb+i))(aj+l)}(a?-l). (7). 

Put a?=l, then = Ji + 3J,43J[, + 2^^ (8); 

therefore A^ = |. 

From (7) and (8), by subtraction, . 
= ^,(aj-l)+^,(a? + a?-2)+-4,(a^-l) 

+ {5(aj«-aj + l) + ((7aj+2))(aj + l)l(a?-l). 

Divide by a? — 1 , then 

= ^, + J3(a;+2)+-4,(ai» + a? + l) 

+ 5(aj"-.a?+l)+((7a? + 2))(a?+l) (9), 

Put «=— 1, then 

= ^, + ^, + ^, + 3jB (10); 

therefore 5= A*. 

From (9) and (10), by subtraction, 

= ^,(a?+l)+^,(a?' + a;)+5(aj»-aj~2) + (Gc + i))(aj+l). 

Divide by a? + 1, then 

= -4,+^^ + jB(a;-2) + (7aj + i) (11). 

Put a? = 0, then 

-43-2jB+1> = (12); 

therefore -D = J. 

T. I. c. 3 
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From (11) and (12), by subtraction, 

-4,+5 + C = 0; 
therefore C^ — ^] 

therefore 



(a?-l)*(a;' + l) (a-l)* 2(a;-l)' 4(a?-l)' 

5 1 2ic-l 

+ 7n rx + 



8(a;-l)^24(a;+l) 3(iB*-a;+l) ' 
therefore] ^^^^^,^^,_^^^ = - 3^^-^ -F ^^^-^, + j^^-j^ 

+ 1 log (a?- 1) +^ log (x + 1) - ^ log {a?--x + l). 

26. We will give as additional examples the integration of 
jrrr > supposing m and n positive integers, and m—1 less 



a;"'-' 



X 

than n. 



Required the integral of -„ — - , n being supposed even. 

By the theory of equations the real roots of a;" — 1 = are 
1 and — 1, and the imaginary roots are found from the expres- 



TT 



sion cos r^ + V (— 1) sin rO, where ^ = — , and r takes in sue- 

n 

cession the values 2, 4, ...up to n — 2. Now by Art. 19 if 
^n-j be the fraction to be decomposed, the partial fraction 

corresponding to the root a is ^-,j^ . In the present case 

If [a) x—a -^ 

(a) _ o*-' o" o" . , 

F' (o) ~ na'-' ~na'~'^' "°*^^ " ~ ^• 

Hence corresponding to the root 1 we have the partial 
fraction —J jr , and corresponding to the root — 1 we have 

the partial fraction -. /j \ • -^nd corresponding to the pair 

of roots 

cos r0 ± V(- 1) sin r0 
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we have 

(cos r0 + V(~ 1) sin rg}** {cos r0 - V(- 1) sin rg}** 

n {oj — cos rtf — V(~ ^) ^^ ^^} ^ {a?— cos rtf + V(— 1) sin rtf} ' 

that is 

cos mrO + V(— 1) sin mrd cos mrO — V(-- 1) sin mrO 

n{x"COQr0 — \/(— 1) sinr^} n {i»— cos rtf + V(-l) siii ^^1 ' 

, . 2 cos mrO (x — cos r0) — 2 sin wrtf sin r^ 

n{a?^2x cos rfl + 1) 



a"-! «(a;-l) n{x + l) 

2 ^ cos mr0 {x — cos r^ — sin mrO sin rtf 
n {x — coarOy + sm^rO ' 

where S indicates a sum to be formed by giving to r all the 
even integral values from 2 to w — 2 inclusive. Hence 



/ 



X 

X 



-^ = i log (a^-l) +^-iL log (x + 1) 



+ - 2 cosmrd log (ic*-2ic cosr^+1) — 2 sinwr^ tan"^ — ; — 3- • 
n ' « sm rff 



a"^' 



27. Required the integral of ^_ , w being supposed 

odd. 

The real root of a;** — 1 = is'l, and the imaginary roots 
are found from the expression cosr^f V(^l) sinr^, where 

5 = — , and r takes in succession the values 2, 4, ... up to 
n — 1. Hence as before we shall find 

I— iT-y = - log (aj— 1) + - 2 COS mrd log (a?— tocosrtf + 1) 

2 x^ • /ix -laJ — cosrd 

S sm «wrd tan — ; — ^— • 

n smra 

3—2 
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X^^ 



28. Beqnired the integral of -5 — - , n being supposed 

even. 

The equation a;"+l =0 has now no real root ; the imaginarjr 
roots are found from the expression cosrtf ± \/(~l) sinw, 

where 0^ —j and r takes in succession the values 1, 3, ... up 

to n — 1. And if a be a root of a* + 1 = 0, we have 

F' (a) " «a*-' ^na"" n ' 

thus the sum of the two fractions corresponding to a pair of 
imaginaiy roots is 

2 cos mrO {x — cos rff) — sin mrO sin rd 
n (a? — cos r0f + sin" r0 

Hence 

/ — r — -- =5 S cos mr0 log (a? — 2x cos r^ + 1 ) 

j a? +1 n 

2 _4 . /• 1 i*J — cos r0 
+ - ZismmrO tan 



n 



sin r0 ' 



where S indicates a sum to be formed by giving to r all the 
odd integral values from 1 to n — 1 inclusive. 



aj~-^ 



29. Required the integral of-i; — i-, n being supposed 

X "7" A 

odd. 

The real root of aj"+l=6 is in this case —1, and the imagi- 
nary roots are found from the expression cos r0 ±f\/{—l) sin rtf, 



TT 



where 0= — and r takes in succession the values 1, 3, ... up 
n. 

to n — 2. Hence we shall obtain 



/ n . 1 = -^^ — - — log (a? + 1) 
J X +1 n ° ^ ' 



— -* Scosmr^ loff (a*— 2a?cosrtf+ l) + -28inmr^tan"* — ; — 3— . 
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EXAMPLES. 



dx l,_a^ + aj-hl. 1. ^2a?-hl 



= 2^''e^TT- + 



J f dx 1 ,0/ 1 , a + au 
^- /-i i = ir-8 tail - + T-8 log • 

^ rSa:* — 3a" , 5 ^ .,aj 1 , a? — a 

5. 1—4 4-dii;=— tan*-- — log — --. 

J aj— a 2a a 4a °aj + a 

11 / " <i^ If, aj + J J _,«] 



(a?Vl)(a?*4-x+l) 2 ^ a^+1 ' V3 V3 

Q^dx 1, a?— l.V2x -1^ 



--taii'"*a\ 
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+ i ton-'a; - j^J^ + i log (a? + 1). 

^. f a!tfa 2 1 1 , ,. . 

^* j(l + a!)(l + 2a)''(l + a!^~5 1 + 2» 2^^^ "^^ 

" l50 ^""S ^^ + "^ + i ^°S (1 + 2a;) + ^ tan-' X. 

i<? { ^dx _ 1 , a!'-a;V2 + l 
^*'* Ja!* + l~4V2 ^a!' + arV2+l 

+ 2^ {tMi-' (a; ^2 + 1) + tan"' (x V2 - 1)}. 

16. /|^=^log(x*-x' + l)-llog(a:» + l) 

+ — TT" {tan"^ (2a; - V3) - tan"^ (2a! + V3)}.; 

da? .a; 



J(l + a?)v^(l + 3aH-3aj^) ^ 1 



+ 0? 



39 



CHAPTER III. 



FOBMUL^ OF KEDUCTION. 



30. Let a + Ja;" be denoted by X; by integration by 
parts we have 



X'sd 



_i^ faf^^X^dx (1). 

m J 

The equation (1) is called a formula of reduction / by 
means of it we make the integral of oiT'^X^ depend on that 
of Q^^'^X^^, In the same way the latter integral can be 
made to depend on that of a;"'**""*Z^^ ; and thus, if ;? be an 
integer we may proceed until we arrive at ic"***^*X'^, that 
is a;"***^*, which is immediately integrable. 

From (1), by transposition, 

J hnp imp J 

Change m into m-^n andp into p + 1 ; thus 

This formula may be used when we wish to make the 
integral of af^X' depend upon another in which the exponent 
of X is diminished and that of X increased. For example, 
ifm=3, « = 2, and ^ = — |, wo have 

Qi?dx . » If dx 



[ g?dx __ .00 1 f i 
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' The latter integral has abeadj been determined, and thus 
the proposed integration is accomplished. 

Since laT^X'dx = J a^'-^C" (a + feer) «fx 

we hare by (1) 

^^ _ ^jaT'-'X^ dx = aJxT'X'^ dx + hL'*^X'-'dx, 

therefore [aT^X'^ dx = ^^ -^^^^^^^ (;>r-'X'^ dx. 
J am am J 

Change p into p + 1, and we have 

f^X'dr = ^^^-*^^??±J!£±^ (ar*^X'dx (3). 

J am am J 

Change m into m^n and transpose, then 

far^X'd>: = ,f"^^' - ir ~ "^ °N P"--X'(& (4). 

J o{m + np) ^ (m + np) J 

We have already obtained from (1) by transposition 

J onp onpj 

also joT-'X'dx = ajar-'X^-'dx + J faj'-^-^X^-^db ; 

therefore {oT^X^dx = a [x'^-'X^'dx -4- ?^ - — (ar'''X'dx : 

therefore faj^X' Ja; = ^^ + -?5P- fa;*-^X'-Wa: (5). 

J TTk+np m + npj 

Change p intop + 1 and transpose ; thus 

(ar-'X'dx ^J^, + "» + "i'-±" f^-^X'^'dx (6). 

J an{p + l) an(jp + l) J ^ ' 
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31. If an example is proposed to which one of the pre- 
ceding formulas is applicable, we may either quote ^ that 
particular formula or may obtain the required result inde- 

pendently. Thus, suppose we require I . a_^\ 5 ^^ heiYe 

= _ V(c»-a^ «^' + (m - 1) far-' V(c'-a') dx 

By transposition, 

therefore 

f oTdx _ a;^-V(c'-a;') (m~l)c' T x'^dx . 

JV(c"-a^)"" m "^ w ]^J((?-ix?) ^^' 

This result agrees with the equation (4) of the preceding 
article if we make a=^(?^ 6 = — 1, n = 2, p = — ^J, and change 
m into m + 1. 

f da? 
Again, suppose we require I ^ .. , j-. . We have 

J X ^ \Cb "J" "C ) 



dx fd^/{a* + a?) 1 






.m-l-l 






ar^{a* + a^) J dx x* 



a;**' 



_ V(o'-fa!*) / • a' + ai' , 

By transposition,- 
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and by changing m into m — 2 we obtain 

Ja;~ VCa' + ic") "■ (m - 1) a'a?"*"^ "'(w-lja'^jS 



dx 



. (2). 



Another example is famished by \-n sr, which may 

'^ -^ JV(2aa;-a;*)' ^ 

be written / ., ^ . ; if in equation (4) of the preceding 

article we make J = — 1, n = 1, ^ = — ^, and change a and m 
into 2a and w + J respectively, we have 

f a-^rfa? ^ a;*"V(2flKg - g;') a(27yi-~l) T 



oT^dx 



(3), 

which of course may be found independently. 

32. In equation (6) of Art. 30 put a = c*, w =■ 1, n = 2, 
i = l, and^ = — r; thus 

( ^ _ ^ ^r — BCdx 

J(a:^H-c7"2(r-l)c*(a:'+c"p"^'2(r-l)c»j(a;* + cT" 
This formula will serve to reduce the form 

{Ax + jB) rfa? 



/i 



(a»-2aaj + a''+/3')" 



which occurs in Art. 18; for this last expression may be 
written thus, 

f A(x — a)dx , . jf. [ dx" 



that is 



2(r-l){(x-a)*+/3'r 
B7 putting a) — a = aj', we have 

}{{x-ay + 0'Y~J{x" + ^}" 
and thus the above formula becomes applicable. 
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33. These formulae of reduction are most nsefol when the 
integral has to he taken between certain limits. Suppose 
^ (^)> X (^)> '^ Wj functions of aj, such that 

j<l){x)dx = x (^) -^ji^ (^) ^» 

then \^{^)^^'=X^) -% W + j -^ (a;) &?, 

as is obvious from Art. 3. • 

For example, it may he shewn that 

suppose ~ a positive quantity, then x (c' — a?*)*, vanishes both 
when a? = and when as = c. Hence 

The following is a similar example. By integration by 
parts 

Hence J aT' (1 - x)'^dx = ^-^ j aT^ (1 - ar)* <fe. 

Thus if r be an integer we may reduce the integral to 



dXf that is to ; hence 

w + r — 1 



[^^--w- _ .n-ij _ (^-1) (y-2) 3.2.1 

J, ^ ^^ ''^"-n(n+l)(n + 2) (n + r-1)- 

34. The integration of trigonometrical functions is faci- 
litated by formulee of reduction. Let ^ (sin x, cos x) denote 
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any fdnction of smx and cos a;; then if we put Binx=z, we 
have 

j<l> (sin X, cos x)dx= l<f){z, V(l "" ^')} ^ ^^ 

=/^{.,V(i-.»)}-^^ (1). 

For example, let ^ (sin x, cos a;) = sin' x cos' a; ; then 

Jsin^a! coa''xdx= fa»(l -2*)««-"«& (2). 

If in the six formulas of Art. 30 we put a= 1, & = — 1, 
n = 2, ^ = J (j — 1), we have 



|a"-* (!-«■) 



««-»& 



«~(l-2*)««-'' j-1 



m m 



[«-*>(! -2*)««-^«fo 



9 + 1 ?+iy ^ ■' 



_ Z* (1 - g»)«**^» . OT+g+l 



+ 



m + J-l m + j-ly ^ ' 
^ g^ (1 ■- g')^<^^> ^ _qj2l_ Lm-i (x - g«)«g-«) dz 

If we put m =p + 1, and 2; =3 sin a;, the first of the above 
equations becomes 

I sin* x cos* xdx = h 2 — - Isin'^a; cos^^adb, 

and similarly the other five equations may be expressed,. 
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35. The following is a vfery important case : 

I • t d cos X 

jsin" xdx = — / — ^ — ^ivT^xdx 

= - cos X sin*"^ic + (n — 1) Icos'a? 9Av!^'^xdx 

= - cos a? sin*^aj + (w — 1) | (1 - sin*a;) sin"'*a;&?. 
Transposing, we have 

n I aw!" xdx = — cos aj sin*"* a? + (n — 1) | sln'^^ajdir ; 

av r f • n J COS a; sin*"* a? w — 1 f . .^ , 

therefore I sm" a?daj = 1 hm^xdx. 

J n n J 

From the last equation we deduce 

rain* xdx = I sin*'*a:db. 



'• ^0 



Similarly / sin*"* xdx = I sin*^ x dx. 

Proceeding thus, if n be an &ven integer we shall arrive 
at / e£r or j^; if n be an odd integer we shall arrive at 

I sina^cJa;, which is unity. Hence, if n be an integer, 

•'0 

These two results hold if we change sin x into cos a?, as 
will be found on investigation. 

36. From the preceding results we may deduce an im- 
portant theorem, called Wallis's Formula. 
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Suppose n even ; then 






** • • /7 - ^""^ w-S n~5 3 1 TT , . 

n n — 2 n — 4 4 2 2 ^ '* 



^ 8in»^a:(ir=;^— 1.;^3^.;^— ^ - (2). 



n — I'w — 3'n — 5 3 

Now it is obvious that I sin""*a;daj is less than 

•^ 
rlir ^ rhr 

I ain'^'^xdx and greater than I sin**a;d!2j; because each 

element of the first integral is less than the corresponding 
element of the second integral and greater than the corre- 
sponding element of the third integral. And it has been 



shewn that 

•Jir 

sin* xdx 

w— 1 



J A 



/. 



*» n 



sin*"* xdx 



I SI] 

P •/ o 



sin*a;da5 
Therefore jy^ is less than 1 and greater than . 

1 sln*"^ xdx 

Jo 

Hence the ratio of the right-hand member of (1) to the 
right-hand member of (2) is less than unity and greater than 

; thus 

n 

TT 2.2.4.4.6.6 (n-2) (n-2 ) 

2 1.3.3.5.5.7 (n - 3) [n - 1) ' 

, 2.2.4.4.6.6......(n-2) (n-2) n 

^^ ^1.3.3.5.5. 7......(n- 3) (w- 1) w - 1 ' 

EXAMPLES. 

1. L^ + a?fdx^^^^^ + ^U 

J n + 1 n+lj ^ ' 
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2. Iar^{2ax-a^dx a^"'(2<^-a^ 

J 711+2 

3. jx»/{2ax - 35*) <fe =; -J (200! - as*)* + aj>^{2ax - of) dx. 

4. rx>/{2ax-x'}dx=~. 

J Q A 

5. ja?,^{2ax-a?) dx = -j (2ax-a?)i + ^ jx>/{2ax-a^dx. 

6. f'af^{2ax-a?)dx=^ . 



7. ra?^/{2ax - a?) ^x =— 

.n-H 



8. fa- (logx)- db = ^" ^^^^^'' ^ L- (log x)'^ dx. 

J 71+ 1 W+ 1 j ^ ° ' 

9. /..aog.r^ = ^{(log.)'-^logx+^j. 

2. jsiB'dcos'd<i^ = -ico8*5 + ^cos*^. 

^- Lm*fcoB'd = 3 (tan ^ - cot ^ + i (tan«5 - cof^). 

, f sin' gjg _ sing . ,, l-aing 
J cos'g ~2co8'g''"*^*'^l + 8ing* 



/ 
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5. r'(cos2^»co85rf^=?^^. 

Assume \/(2) sin =» sin ^. 

6. rV(a"-a?')cos-^^di;=(l + ^]^. 

7. / (vers"* - j dx = (tt' — 4) a. 

9. If ^ (n) = I (I + c cos a;)"* dx, shew that 

(n — 1) (1 — c') ^ («) = — c sin aj (1 + ccos a?)""** 

+ (2w-3) <^ (n- 1) - (71 -2) ^ (»*- 2). 

20. I ^(2ax—a?) vers"* - <ir = -^ . 

21. I xJ(2ax — ar) vers -tfa? = --7 +-7-. 
Jo « 9 4 

22. I (tana;y(iB = ^-Jlog2. 

c being < 1. 
24. Let P==Jaj*+jBa:* + (7a?^ + ..., F^»=jaj"*P*'(&, 

a = m+l+na, ^ = w4-l + wJ, 7 = »i+l + wc... 
Then 

{Cambridge and Duhlin Mathematical Journal, VoL III. p. 

242.) 
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CHAPTER IV. 



MISCELLANEOUS REMABES. 



37. We have at the beginning of this book defined the 
integral of ^{x) between assigned limits a and 5 as the limit 
of a certain sum S^(a;) Ax, and have denoted this limit bj 

I ^ [x) dx. We have shewn that this limit is known as soon 

J a 

as we know the function -^ [x) of which ^ {x) is the differen- 
tial coefficient. In the pages immediately following we gave 
methods for finding -^ {x) in different cases. We shall now 
add some miscellaneoas remarks and theorems, some of which 
will recall the attention of the student to the process of sum- 
mation which we placed at the foundation of the subject. 

38. Suppose we wish to find the integral of sin x between 
limits a and b immediately from the definition. By Art. 4 we 
have to find the limit when n is infinite of 

A [sin a + sin (a + A) + sin (a+2A) + sin {a+ (w— 1) A}], 

where A = -- (i — a). 



It is known from Trigonometry that this series 

../ w — l,\.wA 7./. 6 — a h\ 
h sm (a H — h\ sm — h sm (a H — -1 



. h . h 

sm- sm- 



T. I. C. 
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The limit of — - when n is infinite and therefore h zero is 

n 
.sm- 

2 ; hence the required Integral ia 

^ . b+a , h—a , 

2 sin — ^— sin = cos a — cos o. 

39. Beqnired the limit when n is made infinite of the 
series 



n n ft ft i_ ^ 



This series may he written 



1 (1 . 1 . 1 . 1 1 

nil 



"" I -I "• /ivS ' /o\ « "^ """TrSTa ' /^ i\«l > 



'^© -© -© -(^J 



putting A for - , we obtain 



n 



Comparing this with Art. 4 we see that the required limit is 
what we denote by I -^r— a • Now I ^ = tan"' a?; hence 



TT 



— is the required limit. 

40. We define I <j> (x) dx as the limit when n is infi- 

nite of 

K^ (a) + Aj,^ (a?,) +Ki> (aj«_i). 

Now let A and jB be the greatest and least values which 
d> {x) takes between the limits a and b ; then the series is 
less than 

{K + K + +A0^ 
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and is greater than 

(A,+A. + +K)B; 

that is, the series lies between 

(J— a) -4 and (J — a)jB, 

The limit must therefore be equal to (J — a) G, where C is 
some quantity lying between A andjS; but since ^(x) is 
supposed continuous, it must, while x ranges from a to &, 
pass through every value between A and jB, and must there- 
fore be equal to U when x has some value between a and b. 
Thus (7= ^ {a + d (6 — a)}, where is some proper fraction, 
and 

I fl>{x)dx:={b'-a)^{a + d{h-a)}: 

J a 

Similarly if "^{x) retains the same sign while x lies be- 
tween a and i, we may prove that 

f i>{x)ir{x)dx=^i>{a-\'0{h-a)} j '^{x)dx. 

41. The truth of the equation 

\ ^{x)dx=\ ^[x)dx+\ 4>{x)dx (1) 

will appear immediately ; for suppose -^ [x) to be the integral 
of ^(x), then we have on the left-hand side 

f(5)--f(a), 
and on the right hand 

yfr {c)-f{a)+ir{b) --^ (o). 
In like manner the equation 

I i>{x)dx=-'pil>{x)dx (2) 

is obviously true. We may shew also that 

I <l>{x)dx:rzi <l)(a^x)dx (3). 
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For putting a — cc = » we have 

I ^ (a — rr) c2r = — 1 (a) &, 

therefore J (fyia-xjdx^-j ff>{z)dz 

= f> («) dz, by (2). 

Of course \ ^{z) dz — \ (f) {x) efo, since it is indifferent whe- 

ther we use the symbol a: or « in obtaining a result which 
does not involve x or z. 

We have from (1) 

I 0(a3)t7aj= il>{x)dx-\-\ <l>{x)dx. 

The second integral, by changing x into 2a - a?', will be 
found equal to 

I (2a — a?') &;' or I ^ (2a —a?) e&. 

Hence 

I 0(a;)(&j=l {0 (a;) +^ (2a -a;)} da;. 

•'0 •'0 

Hence, if ^ (aj) = </> (2a - a?) for all values of x comprised 
between and a, we nave 

[ ^{x)dx^2[^{x)dx (4), 

•f •'0 

and if <^ (2a-a;) = - ^ (a;), we have 

f "0 (aj)rfa; = (5). 

For example, ^ 

rsm'ede^2J sin' Odd by (4), 
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and I cos»drf^=.-0 by (5). ' 

42. Such equations as those just riven should receive 
careful attention from the student, and he should not leave 
them until he recognizes their obvious and self-evident truth. ' 

I cos* OdO is hj definition the limit when n is infinite of the 

series 

A {cos' h + cos' 2h + cos' 3A + cos' (n — 1) A}, 

where nh = tt. Now 

cos' A = — cos' (n — 1) A, cos' 2A = — cos' (» — 2) A ; • 

thus the positive terms of the series just balance the negative 
terms and leave zero as the result. 

In the same way the truth of I sin'^rftf = 2 I &in* OdO 

Jo . .0 

follows tmmedtately from the definition of integration, and the 
fact that the sine of an angle is equal to the sine of the sup- 
plemental angle. 

43. Suppose h greater than a and ^ {x) always positive 
between the limits a and ft of cc; then every term in the 

series %^ (x) Ax is positive, and hence the limit I ^{x)dx 

must be a positive quantity, 

44. All the statements which have been made suppose 
that the function which is to be integrated is always hnite 
between the limits of integration ; for it must be remem- 
bered that this condition was expressly introduced in the 
fundamental proposition, Art. 2. If therefore the function 
to be integrated becomes infinite between the limits of inte- 
gration, the rules of integration cannot be applied; at least 
the case must be specially examined. 

/*• dx 

45. Consider I -tjz r ; the value of this integral is 

J^^/{l-x) 

2-2\/(l — o). Here the function to be integrated becomes 
infinite when a: = 1 ; but the expression 2 — 2 V(l — a) is 
finite when a = 1. Hence in this case we may write 
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I -77- r = 2, provided that we re^rd this as an abbrevia- 

JoV(l-a?) 

tion of the following statement : " 1 —r. r is always finite 

/oV(l-a?) . ^ 
if a be any quantity less than unity, and by taking a suffi- 
ciently near to unity, we can make the value of the integral 
differ as little as we please from 2." 



46. Next take / ^ ; the value of this integral is 

J Q ■*■ •*' 

— log (1 — a), which increases indefinitely as a approaches to 
unity. Hence in this case we may write I = oo pro- 
vided that we regard this as an abbreviation of the following 

statement : " I increases indefinitely as a approaches to 

Jo 1 7"^ 
unity, and hj taking a sufficiently near to unity we can make 

the mtegral greater than any assigned quantity." 

47. Next consider I -; 75 ; the integral here is 

If without remarking that the function to be integrated be- 
comes infinite when a;= 1, we propose to find the value of the 
integral between the limits and 2, we obtain —1 — 1, .that is 

— 2. But this is obviously false, for in this case every term 

of the series indicated by 20(a:) Aa? is positive, and therefore 

f dx f* dx 
the limit cannot be negative. In fact / r- rg and I — rj 

are both infinite. This example shews that the ordinary 
rules for integrating between assigned limits cannot be used 
when the function to be integrated becomes infinite between 
those limits. 

48. In the fundamental investigation in Art. 2, of the 

value of I <l>{x)dxj the limits a and b are supposed to be 

fo^^ as well as the function 4>{^)* ^^^ ^^ ^^^^^ often find it 
convenient to suppqse one or both of the limits injintte, as we 
will now indicate bj examples. 
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Consider I . \ \ the Integral is tan"* a?. Hence | :; « 

= tan""*a; the larger a becomes, the nearer tan""*a approaches 
to — , and by taking a suflSciently large, we can make tan"* a 

differ as little as we please from — ; hence we may write 

r doR w 

r 5 = ~ as an abbreviation of this statement. 

;, l+ar 2 

Similarly I —log (1 + a); and by taking a large 

enongh we can make log (1 + a) greater than any assigned 
quantity. Hence for abbreviation we may write 



/, 



= 00. 



1 + aJ 



49. Suppose the function ^(a?) to become infinite once 
between the limits a and 5, namely, when x^c. We cannot 

then apply the ordinary rules of integration to \ ^[x)dx; but 

we may apply those rules to 



I <l>{x)€[x + l <f>{x)dx 



for any assigned value of fi however small. The limit of the 
last expression when fi is diminished indefinitely is called by 

Cauchy 1^^ principal value of the integral | ^{x)dx. 
For example, let 0(«)=* 



c^x 



^, f^^ dx , c — a 

then I = log , 

ia c-x *= /* 

, [^ dx [^ dx , J — c 
and " = - = -log 
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t 

Lence the principal value is log log , that is 

50. The value of l-rr-i 5; is sin"* - ; hence 

J_»J{a —ar) a 

Students are sometimes doubtful respecting the value which 
is to be assigned to sin"* (1) and to sin"* (—1) in such a result 
as the above. Suppose we assume a; = a sin 0; thus the integral 

becomes Idd or 0. Now x increases from — a to a, hence 

the limits assigned to must be such as correspond to this 
range of values of x. When x^ — a then may have any 

value contained in the formula (4w — 1) — , where n is any 

integer. Suppose we take the value (4n — 1) — , where n is 
some definite integer, then corresponding to the value a? = a 

TT 

we must take 0={in — l) - +7r; this will be obvious on 

examination, because x is to change from —a to + a, so that 
it continually increases and only once passes through the value 
zero. 



Hence | -77-5 jr = tt. 



As this point is frequently found to be diflScult by begin- 
ners we will consider another example. 



aec^0d0 



Suppose we require J ^-.-^,^. 

We have f J?^ = 1 ta^- f ^"-^ ; 
J a + tan a a \ a J 



and as the integral is to be taken between the limits and tt. 
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we must determine the values of tan"* ( J in these cases. 

Suppose 0, dj, ^,, tf,, ... ^^, TT, to be a series of quantities in 
order of magnitude. By the nature of integration 

\vde^ I 'ud0+ I udO^ ( ud0+ ... + ('ude. 

Jo J 9 J9i J$a J9n 

Now each of the integrals on the right-hand side can be 
made as small as we please by increasing n and making two 
consecutive quantities as 0^ and 0^^^ to differ as little as we 

please. Hence we see that the symbol tan"* i j must be 

so taken that tan"* ( ^+*]— tan"*( -) shall diminish 

indefinitely when 0^^^ — 0^ does so. 

(4*0 n /)\ 
J must increase continuously with d, 

and it can only pass once through an odd multiple of — while 

passes from to tt. If then we take mir for the value of 

tan"* { j when d = 0, we must take (m + 1 ) tt for the value 

when 5 = TT ; and thus the value of the integral between the 

assigned limits is — . 
° a 

A common mistake with beginners is to take the second 
value the same as the first, instead of taking the second value 
to exceed the first by ir; thus the value of the proposed inte- 
gral is made to be zero, which contradicts Art. 43. 

Agam, suppose we require J^ ^^^..^J^osg * 

C (a-ccoae)d0 ^ 1 r( g'-c* [ ^ 

J o' + c* — 2acco8d 2aJ| a" + c* — 2ac cos ^j 

dd 



Thus the required integral is —+ - — I -5 — t — 



2ac cos * 
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Now j-^TT^^ 



2accoa 



_f Bec?^dd0 _ -2 ^ -i/a + c .A 

When taken between the assigned limits this gives ,^ « — 
if a is greater thane, and — 5 — 3 — if a is less than c. 






Hence the value of the proposed integral is — if a is greater 

■ Or 

than c, and zero if a is less than c. 

61. Eequired I logsinojda:. 

By equation (3) of Art. 41, 

I logsina:(£r= I log sin ( — — a? j da? =» I logcosa:&;. 

Hence, putting y for the required integral, 
2y = I (log sin x + log cos x) dx 

r 

s= I log (sin a; cos x) dx 

J n 





_ r*» , sin 2x 
~io ^^ 2 



db 



riir 
= I {log sin 2x — log 2} db 

= I logsin2a;daj — -7rlog2. 
But putting 2x = x\ we have 
I log sin 2a? da? = i / log sin a?' c£c' 

J Q J 

rlir 

s= I log sin a; e£r, bj equation (4) of Art. 41 ; 
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therefore 2y = y — - log 2, 

therefore • y = |'log-. 

Again, / ^ log sin ^ c?^ = I {ir — fff log sin d dO^ hj equa- 

■'0 •'0 

tion (3) of Art. 41 ; therefore 

0= ['(tt' - 2irff) log sin ^rfd, 

•'0 

therefore | dlogsinde?^ = ^ I logsin^rf5=— - log- . 
Required / ^^ ^ ^^^ da?. Put a; = tany, and the integral 

becomes / log(l + tany) e?y ; but by equation (3) of Art. 41 

J A 





ir 



I log (1 + tany) %= J log |l+tan ^| -yjl e?j^, 

and l + tanf- -v =1 + :; ^ = :; ; 

\4 V 1 + tany 1 + tany' 

It 
therefore 2 1 log(l + tany)e?y = j log2; 

therefore rMl+^&, = ?log2. 

Jo . 1 +ar 8 ° 

See Garnbridge Mathematical Journal^ Vol, III. p. 168. 

52, The remainder after n + 1 terms of the expansion 
of ^ (a + h) in powers of b, may be expressed hj a definite 
integral. For let 






L2 L? 
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Differentiate with xespect to «, then 

Integrate both members of this equation between the limits 
and h ; thus 

F{h)-F{0) = -^ £ «• ^-« {x - z) dz, 
that i», 
<l>{x-h) + hif,'{x-h) + ^,l,"{x-h) + ^^'(a:-h)-<t>{x) 

Pat a + h for x and transpose, then 

^(a + A) = ^(a) + Af(a) + |f'(a) + ^^"(a) 



+ ,— fa" A"** (o + A - «) «fo. 



\n 

Thus the excess of ^ (a + h) over the sum of the first n+1 
terms of its expansion by Taylor's Theorem is expressed by 
the definite integral 



[3J0 



By means of the first result in Art. 40, we may put for 
this definite integral 

where d is a proper fraction. 

By means of the second result in Art. 40, we may put for 
this definite integral 



^ <^«« (a + A - dA) [ V&, 



or 
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^^i<ri<»+m, 



where ^^ is also a proper fraction. 

53. BernoullTa Series, By integration by parts we have 
j<f>{x)dx = xil> {x) — jx ff> {x) £&, 

jx^' {x)dx=z- ^'{x) -J |- 0"(ir) dx, 

ja?i>" {x) dx^"^ 0" {x) - II 0-(^) db. 

Thus j<f){x)dx = x<l> {x) - j-2 ^' (») + 13 '^" W 

+ ^=^^ ^""H + ^/«T(^) dx. 
Therefore, 

J ^(ic)rfaj = a0'(a)- — f (a)+|^f' (a) 



(-irv<^---(.) ^(-irr-^ ^^ 

L? [a Jo 

This series on the right hand is called Bernoulli's series. In 
some cases this process might be of use in obtaining / ^[x)dx\ 

J 

for example, if ^ {x) be any rational algebraical function of 
the (n — l)^ degree, 0*(a;) is zero; or it might happen that 

|a;*^*(jj) dx could be found more easily than l(l>{x)dx. Or 

again, we may require only an approximate value of 

I ^{x)dx and the integral I aj*^*(a?) dx might be small 

enough to be neglected. 
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54. By adopting different methods of integrating a func- 
tion, we may apparently sometimes arrive at different results. 
But we know {Dif' Cole, Art.. 102) that two functions which 
have the same differential coeflScient can only differ by a 
constant, so that any two results which we obtain must either 
be iden];ical or differ by a constant. Take for example 



/< 



(oa? -f i) (a'aj -f y) da; ; 
integrate by parts, thus we obtain 

{ax + ft)' {ax + V) a! [ax + 5)" 



that is. 



.2 



2a 6a' 

If we integrate by parts in another way, we can obtain 

{cix + ly {ax + h) a {a'x + hj 
2a' ~ ea"* • 

£Lence 

(flx + hf {3a {a'x + V) -a'{ax-\-l)] . 

6a" 

{dx + h'Y {3a' {ax + l)-a {a'x '+ 5')} 
and ^, ■ 

can only differ by a constant. Hence multiplying by 6a'a'* 
we have 

a" [ax + Vf {3a {ax + V) - a {ax + h)} 

- a' {a'x + jy {3a {ax^l)'-a {dx + J')} = C, 

where G is some constant. This might of course be verified 
by common reduction. We may easily determine the value 
of C] for since it is independent of x we may suppose 

ax-\-b=^0. that is, a? = — : then the left-hand member 

a 

becomes {db* — a'J)', which is consequently the value of G. 
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Similarly from 
j{ax + h) dx +j{a'x + V)dx=^ ({ {a +,a') x + b+b'}dx 

we infer 

(ax + hy , {a'x + Vy {(a + a')a; + i + 5'}» 

2a ■*■ 2a' 2(a + a') +constant 

Multiply by 2aa {a -f a') and then determine the constant by 
supposing x=0; thus we o];)tain the identity 

a {a + a) {ax + J)" + a (a + a) {ax + i')" 

= aa'{(a + a')a; + 6+iT+(Ja'-J'a)". 

55. By 1^ (a?) rfa? we indicate the function of which ^ (a?) 

is the differential coefficient; suppose this to be yjr {x). Then 
we may require the function of which yjr {x) is the differential 

coefficient, which we denote by \'f{x) dx, or by jl<l>{x) dxdx, 

and so on. For example, the integral of e** is - e**+ (7 
where (7^ is a constant ; the integral of this is 

the integral of this is 

c 

where -^ being still a constant may be denoted for simplicity 

by B if we please. Proceeding thus we should find as the 
result of integrating e^ successively for n times 

Jfcx 

j^ + A,ar' + A^''+ +A^,x+A„ 

where A„ A^ A, axe constants. 
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It is easy to express a repeated integral in terms of 
simple integrals. For let u be any function of x ; let 

«,=/«^; let «.=/«.^; let «.=/«.&,; 
and so on. 

By integration by parts we have 



u^=^lu^dx= j\x ludx— IxudxY dx; 



therefore by integration by parts, 



w, = — judx^ I — udx — xjxu dx + jsc^udx 

= -- ludx — X Ixu dx + ~ \a?vdx. 

The general formula is 

L? ^«+i = ^* 1^^^ "" wa;*"MarM dx H oT^ix^udx — .. 



+ 



(-ir/.-«^. 



The truth of this formula may be easily established by 
induction ; for if we differentiate both sides we obtain a similar 
formula with n — 1 in place of n. 
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MISCELLANEOUS EXAMPLES 
I 

2. r ^ 



'/{2ax—s^ 



= iro. 






5. If ^ (a;) = ^ (o + aj), shew that 

J ^{x)dx = nj <j>{x)dx, 

6. Shewthat/J^(a,)^=^|V(*±? + *^a,)db. 

7. Shew that I -z-r 5— = -7- • (Change x into ir—x\) 

J^ 1 + cos'a? 4 ^ ° ' 

8. Shew that f *" (2aic - ai»)* vers-* - db = ^ . 

Jo a 16 

(Change a; into 2a — a;'.) 

9. Find the limit when n is infinite of 
11.1 1 



w^v(«'-i) v(w"-2*)^ ^vK-(w-i)'r 



Beault. —. 



T. I. 0» 
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10. Find the limit when n is infinite of 

V2 ^ 2nJ \2 2nJ ^ \2 2nJ ^ 



Result. 



1 ' 



-® 



11. Find the limit when n is infinite of -IHr*. 

Result. -. (Take the logarithm of the expression.) 

6 

ir 

12. Shew that i log tan xdx^O. 

IT 

13. Shew that I sina? log sin a; c& = l6g 2 — 1. 

14. If f{x) be positive and finite from x=^a to x=^a + c, 

shew how to find the limit of 

when n is infinite ; and prove thftt the limit in ques- 
tion is less than - i f{x) dxy assuming that the geo- 

metric mean of a finite number of positive quantities 
whidi are not all equal is less than the arithmetic. 

TT t"^ f* 

Hence prove that e'^ is less than I 6*da:, unless u 

J 

be constant from a? = to a? = 1. 



MISCELLANEOUS EXAMPLES. 67 

15. The value of the definite integral I * log (1 + n cos" ff) dO 

may "be fotlnd whatever positive value is given to n 
from the formula 



Jo 



,tr 

TT 



* log (1 + ncos'^rf^ = Jlog [{l+n) (l+7ij*(l+w,)^..} 

where n, n^^ti,,...... are quantities connected by the 

equation 



4(n,+ l)" 

16. Shew that 

f «« 7 e"* cos (oa: — <f>) . ^ ^ 

le** cos oojda: = — /a _2Nt + a constant, 
• J (a* + cr)* 

where tan^ = -. Hence shew that if e'^cosoa; be 
^ c 

integrated n times successively the result is 
."co8(aa.-n^)^ ^_^ ^^^^ ^^ ^^^ 









5-2 
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CHAPTER V. 



DOUBLE INTEGRATION. 



56. Let <f> {x) denote any {unction of x ; then we have 
seen that the integral of (a;) is a quantity u such that 

-j-=<f>{x). The integral may also be regarded as the limit 

of a certain sum (see Arts. 2 — 6), and hence is derived the 

symbol lif}(x)dx by which the integral is denoted. We 

now proceed to extend these conceptions of an integral to 
cases where we have more than one independent variable. 

57. Suppose we have to find the value of u which satis- 

fies the equation , , = <f>{x, y), where <f>{xy y) is a ftmction 

of the independent variables x and y. The equation may be 
written 

du rm 

if v = -J- . Thus V must be a function such that if we differ- 
ax 

entiate it with respect to y^ considering x as oonstanty the 

result will be ^ (a?, y). We may therefore put 

v^^<t>{x,y)dy, 
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Hence u must be such a function that if we differentiate it 
with respect to x^ considering y constant, the result will be 

the function denoted by I (ar, y) dy. Hence 



tt=||j^Ky)%|^. 



The method of obtaining u may be described by saying 
that we first inte^ate ^ {x, y) with respect to y, and then 
integrate the resiut with respect to x. 

The above expression for u may be more concisely written 
thus, 

\]4> (^» y) ^y ^» ^^ j] ^ i^y y) ^ ^y- 

On this point of notation writers are not quite uniform ; we 
shall in tne present work adopt the latter form, that is, of the 
two symbols dx and dy we shall put dy to the right, when we 
consider the integration with respect to y performed before the 
integration with respect to a;, and vice versa. 

68. We might find u by integrating first with respect to 
X and then with respect to y \ this process would be indicated 
by the equation 

W = jj <l> {x, y) dy dx. 

59. Since we haye thus two methods of finding u from the 

d^u 
equation , , = <f> (a?, y), it will be desirable to investigate if 

more than one result can be obtained. Suppose then that u^ 
and u^ are two functions either of which when put for u satis- 
fies the given equation, so that 

We have, by subtraction, 

dxdy dxdy ' 
that is, ^ i-j-j = 0, where v = Wj — w,. 
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Now from an equation -j-^^ we infer that w must be a 

constant^ that is, must be a constant so far as relates to a; ; in 
other words, w cannot be a function of a;, but may be a func- 
tion of any other variable which occurs in the question we are 
considering. 

Thus from the equation t- 1-7- ) « we infer that -j- 

^ ax \dyj ay 

cannot be a frinction of Xy but may be any arbitrary function 

of y. Thus we may put 

By integration we deduce 

^ ~ \f{y) ^y + constant. 

Here the constant, as we call it, must not contain y, but 
may contain a;; we may denote it by x(a?). And \f{y) dy 
we will denote by '^ (y) ; thus finally 

Therefore two values of u which satisfy the equation 
, , = j> [x, y) can only differ by the sum of two arbitrary 
functions, one of a? only and the other of y only. 

60. We shall now shew the connexion between double 
integration and summation. Let <f> (a?, y) be a function of x 
and y, which remains finite and continuous so long as x lies 
between the fixed values a and i, and y between the fixed 

values a and p. Let a, aj^, a,, x^^y J be a series of 

quantities in order of magnitude ; also let a, y ^ , ^j , y^ ^ , fi 

be another series of quantities in order of magnitude. 

Let ajj — a = Aj, a?, — a?j=Aj,.....,...J — a?,»_j = A^; 
also let yj-.a = i„ y^-y^^K, ^-y»-i = *m- 
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We propose now to find the limit of the sum of a certain 
series in wnich every term is of the form 

where r takes all integral values between 1 and n inclusive, 
and s takes aU integral values between 1 and m inclusive; and 
ultimately m and n are to be supposed infinite; also x^ and 
y^ are to be considered equivalent to a and a respectively. 
Thus we may take hJe<l> {x, y) as the type of the terms we 
wish to sum, or we may take AxAy<l> {xy y) as a still more 
expressive symbol. The series then is 

+K {K4> (^i» a) +K<I> {^t^y^'^h4>{^vy^ +^m^(a?i,y«_J} 

+ K [K4> (^--i^ «) + *. ^ (^lu-i, yj + + ^« <^ (a;«_i, y«_i)}. 

Consider one of the horizontal rows of terms which we 
may write 

The limit of the series within the brackets when \y\^...lc^ 
are indefinitely diminished is, by Art. 3, 

4> {^ry y) dy. 



/: 



Since this is the limit of the series, we may suppose the 
series itself equal to 



r 

J a 






where p^^^ ultimately vanishes. 



Let I ^ (a;,, y) dy be denoted by -^(a;,) ; then add all the 

horizontal rows and we obtain a result which we may de- 
note by 

%h yjr {x) + ^hp. 
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Now diminish indefinitely each tenn of which A is the type, 
then Xhp vanishes, and we have finally 



/, 






that is, / 1 / ^ (^» y) ^y\ ^' 

This is more concisely written 



J aJ i 



4>{x,y)dxdy, 



dy being placed to the right of dx because the integration is 
performea first with respect to y, 

61. We may again remind the student that writers are 
not all agreed as to the notation for double integrals. Thus 

we use I \ 4^{xy y) dx dy to imply the following order of 

J a J <i^ 

operations : integrate <f) (a:, y) with respect to y between the 
limits a and )9 ; then integrate the result with respect to sc 
between the limits a and b. Some writers would denote the 

same order of operations by / I {x, y) dydx. 

62. We might have found the limit of the sum in Art. 60 
by first taking all the terms in one vertical column, and then 
taking all the columns. In this way we should obtain as the 

sum / j <f> {xy y)dydx; and consequently 



f I <^(aJ>y)^y^=[ \ 4>{^,y)dxdy. 

63. Hitherto we have integrated both with respect to x 
and y between constant limits; in applications of double 
integration, however, the limits in the first integration are 
often functions of the other variable. Thus, for example, the 
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if> {xy y)dxdy will denote the following opera- 

tions : first integrate with respect to y considering x constant ; 
suppose F{x^ y) to be the integral; then by taking the in- 
tegral between the assigned limits we have the resmt 

F{x,^{x)]--F[x,x{x)V 
We have finally to obtain the integral indicated by 

\F{x,'^{x)]'-F{x,x{^)]'\dx. 



. 



The only difference which is rejinired in the sxunmatorv 
process of .Ait. 60 is, that the quantities a, y^, y„...ym_i will 
not have the same meaning in each horizontal line. In the 
(r + 1)*^ line, for example, that is, in 

we must consider a as standing for x (^)> ^^^ yv Vt^ ^ ^ 

series of quantities, such that y (a?,), y^, y„ y^^, ^(a?,), 

are in order of magnitude, and that the difference between any 
consecutive two ultimately vanishes. Hence, proceeding as 

before, we get i j> {x„ y) dy for the limit of the sum of the 

terms in the (r + 1)*** line. 

64. It is not necessarv to suppose the same number of 
terms in all the horizontal rows ; for m is ultimately made 
indefinitely great, so that we obtain the same expression for 
the limit of the (r + 1)*** line whatever may be the number of 
terms with which we start. 

65. When the limits in the first integration are functions 
of the other variable we cannot perform the integrations in a 
different order, as in Art. 62, without special investigation to 
determine what the limits will then be. This question will 
be considered in a subsequent chapter. 

66. From the definition of double integration, it follows 
that when the limits of both integrations are constant, 

\j4^ (a?) '^{y)dxdy =j<f> (a?) da? x Nr {y) dy, 
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supposing that the limits in l'^{y) dy are the same as in the 
integration with respect to y in the left-hand member, and the 
limits in j<f){x) dx the same as in the integration with respect 

to X in the left-hand member. For the left-hand member is 
the limit of the sum of a series of terms, such as 

and the right-hand member is the limit of the product of 

and Jc.ylr (yj + k^f (yj + k.^r (yj + K^^in^^* 

67. The reader will now be able to extend the processes 
given in this chapter to triple integrals and to multiple 
integrals generally. The syinbol 



/ 7 f '<l>{xyt/,z)dxdydz 



will indicate that the following series of operations must be 

{)erformed : integrate (j) {x, y, z) with respect to z between the 
imits 5jj and C considering x and y constant ; next integrate 
the result with respect to y between the limits % and rj^ con- 
sidering X constant ; lastly integrate this result with respect 
to X between the limits f^ and f^. Here ^ and (^ may be 
ftmctions of both x and y ; and 97^ and rj^ may be functions 
of X. This triple integral is the limit of a certain series 
which may be denoted by %<f> (a?, y, z) Ao? Ay A«. 
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Obtain the following eight integrals* 

dx^ (Put y == «*.) 






V(a'-aJ») 



Result. - sin"*-^. 
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2 [ a?dx 

J{x''a) (oj — J) (a? — c) * 

(a — J)(a — c) (J — a)(J — c) (c — a)(c — J)* 

« /* tana;c£c -n i^ log (cos'a? + w" sin'a?) 
3. I- TT — i- • Besult. ,,, ^ — r;^ . 

5. /sec a; sec 2a; cZr. 

T> T 1 1 l+V^sinoj 1, l + sina? 

BeSuU. -jT log -^j^—-, log :; ; — . 

^ rtana — tana; , 

6. 1 7 r-. dx. 

J tana 



+ tana? 

Besult. sin 2a log sin {a + x)—x cos 2a. 



7 f ^ 

'• ja;* + aV + a*' 



1 , a?+ax-\'C? 1 • ^i xa^/S 



Besult. T-alog-j ; — «+^r-8~7^ tan *-= — 

4a' ^a?-ax + a* 2aV3 a*- 

8. l—7rz3 — / X «Mi * (Put - + Ja; = y.) 
Ja;V{«c^"-(« — Jar)"} ^ a? "^ ' 



9' 

0? 



Besult. cos ^ 



V(c + 4aJ)* 
9. Find the limit when n is infinite of 



1 



f . TT . 27r . Stt . nTT — 7rl» 7> 7^ 1 

Jsin- sin — sin — sin r . MesuU. -. 

\ n n n n ) ^ 
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10. Shew that 

fx {tsn'xy db = ^ (^ - l) + log V2. 



11. Shew that 









0-0-0 ^4 8 

12. Let-4 = l|a;'c£cdy, B^Uxydxdy^ C=jjy*dxdt/, 

and suppose the limits of the intentions the same in the 
three integrals ; then prove that A u is greater than £*• 
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Plane Curves. Bectangular ctMyrdbuites. 

68. Let P be any point (mi the carve APQ^ and let a?, y 
be its co-ordinates ; let a denote tiie length of the arc AP 
measured from a fixed point ^ up to P; 




then {piff. Col. Art. 807) 



Hence 






From the equation to the curve we may express -^ in 
t^rms of x^ and thus bj integration a becomes known* 



69. The process of finding the length of a curve is called 
the rectification af the curve^ oecause we maj suppose the 
question to be this : find a ryht lirie equal in length to any 
assigned portion of the curve. 
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In the preceding article we have shewn that the length of 
an arc of a curve will be known if a certain integral can be 
obtained. It may happen in many cases that this integral 
cannot be obtained. Whenever the length of an arc of a 
curve can be expressed in terms of one or both of the co- 
ordinates of the variable extremity of the arc, the curve is 
said to be rectifiahle. 

70. Application to the Parahola. 

The equation to the parabola is y =V(^^ ; hence 

^ — /^ ^ — /(^ "*■ ^^ 

thus 8 = {j{^^\ dx (See Ex. 6, p. 1 9.) 

= ts/{ax-\-c^-\-a\og[»Jx'\-hJ{a-\-x)]-\- C. 

Here G denotes some constant quantity, that is, some quan- 
tity which does not depend upon x ; its value will depend 
upon the position of the fixed point from which the arc 8 is 
measured. If we measure from the vertex then 8 vanishes 
with X ; hence to determine G we have 

alogV«+ C=0; 
and thus 8 = */{ax + a^) + alQg{s/x + »/{a + x)}'-a log^a 

if BN 1 Jx + */(a + x) 

^is/{ax + a?)'{-alog- ^ -. 

Ma 

If then we require the length of the curve measured from 
the vertex to the point which has any assigned abscissa, we 
have only to put that assigned abscissa for x in the last 
expression. Thus, for example, for an extremity of the 
latus rectum a? = a; hence the length of the arc between 
the vertex and one extremity of the latus rectum is 

aV2 + alog(l + V'2). 

71. In the preceding article we have found the value of 
the constant Gy but in applying the formula to ascertain the 
lengths of assigned portions of ciirves this is not necessary. 



• 
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For suppose it required to find tlie length of the arc of a 
curve measured from the point whose abscissa is x^ up to the 
point whose abscissa is qp^. Let -^ {x) denote the integral of 

a/y + (;/ ) p ^^^ ^®* *i *^^ *t ^ ^^ lengths of arcs of the 

curve measured firom any fixed point up to the points whose 
abscissas are x and x^ respectively, so that «- — «. is the 
required length; then 



8 



- j s/ {' ^ it)) ^-^ (")*<'■' 



hence s^ = -^ (a;J + C; «» = -^ (a?J + (7; 

therefore «, — «j = -^ {x^ — yfr (ajj . 

Hence to find the required length we have to put x^ and a?, 
successively for a? in -^ {x) and subtract the first result firom 
the second. Thus we need not take any notice of the constant 
C; in fact our result may be written 



••-.-i:v^(i)}^ 



72. Application to the Cycloid, 

In the cycloid, if the origin be at the vertex and the axis 
of y the tangent at^that point, we have {J^if. Cal, Art. 368) 



ds ^ /f^\ 
dx^yKx)' 



therefore a = */{8ax) + C. 

' The constant will be zero if we measures the arc s firom the 
vertex. 

Conversely if ^ = xji^cuc) + (7 we infer that the curve is . la 
cycloid. And more generally if we have 

where A, B, 0^, and C, are constants, we infer that the cnrre 
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is a cycloid. For by suitable changes in the origin and 
axes the last equation can be put in the foim 

«=V(8aaj) + (7. 

73. Application to the Catenary. 

The equation to the catenary is y = - («• + « *) ; hence 

thus « = iJ(^ + e"'*)c& = -(6^-e*^ + C, 

The constant will be zero if we measure the arc a from the 
point for which a? = 0. 

74. Application to the Curve given hy the equation 

Here ^ = -^* ^ = f^±yh* = 5*. 

dx a-i' dx \ «* / oj*' 

. 1 {dx 3aM , ^ 

thus ,=aiJ_=__ + (7. 

The constant wiU be zero if we measure the arc from the 
point for which a? = 0. The curve is an hypocycloid in which 
the radius of the revolving circle is one-fourth of the radius of 

the fixed circle. [See Diff. Gal. Art. 360, and put 6 = 7). 

75. In the same way as the result in Art. 68 is obtained 
we may shew that 



8 



-M-(|)]*- 



Or we may derive this result from the former &US ; 
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-M-(i)]*- 

From the equation to the curve we may express -7- in 

terms of y, and thus by integration s becomes known. In 
some cases this formula may be more convenient than that in 
Art 68. 

76. AppUcation to ike Logarithmic Ourve. 

X 

The equation to this curve is y = b(fy ox y^h^ if we 
suppose a = ^; thus»=clogT9 

dy y^ dy y 

and ,-f ^^(^+y^ j.-f ^^y ,/• y^y 

and »_J y. <<y-jyV(c*+y.)+JV(c'+y')- 
The latter integral is V(<^ + ^ > ^^^ former is 

Hence * = glog c+y(^4.y') +V(<^+y*) + ^- 

77. If X and y are each functions of a third variable t, 
we have {Dif. Ctd. Art. 307) 

78. The equation to the ellipse is ^ +^ = 1. We may 
T. I. c. 6 
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therefore assume fl; = a8in^, y^icos^, so that ^ is the 
complement of the eoccentric angle {Plane Co-ordinate Oeo- 
metry, Art. 168). Therefore, by the preceding article, 

— - = >^(a*cos* ^ + &* sin' 0), 

and 9= jV(^cos*^ + &*sin"0)e2^ = a |V(1— e'sin'^)d5^. 

The exact integral cannot be obtained ; we may however 
expand V(l — ^ siir 0) in a series, so that 

==aj{l-ie»sin*^--^e*sin*^-^^^e«sin"^ }# 

and each term can be integrated separately. To obtain the 
length of the elliptic quadrant we must integrate between the 

limits and — . 

Plane Curves. Polar Co-ordinates. 

79. Let rj be the polar co-ordinates of any point of 
a curve, and s the length of the arc measured from any fixed 
point up to this point ; then [Dif. Cal. Art. 311) 



8 



hence s 






80. Ajpplication to the Spiral of Archimedes. 

dr 
In this carve r = ad, thus jg = <» > 

hence 8=jtJ{t' + a*)de = aW{l + ff) dd 

=YV(i + ^) + flog{<>+V(i+^} + C. 

The -constant will be zero if we measure the arc s from the 
pole, that is, from the point where ^ = 0. 



s 



LEKOTHS OF CURVES.: 83 

81. Application to the Cardioide. 
The equation to this curve is r = a (1 + cos ^ ; thus 

= [via" (1 + cos ff)^ + a' sin" e]de = a [v(2 + 2 cos ff) d0 

to 

= 2a Icos r-d0=ia sin - + (7. 

j 2 2 

The constant will be zero if we measure the arc s from the 
point for which ^ = 0, that is, from the point where the curve 
crosses the initial line. 

The length of that part^of the curve which is comprised 
between the initial line and a line through the pole at right 

angles to the initial line is 4a sin j . The length of half tjie 
perimeter of the curve is 4a sin — , that is, 4a. 

82. Suppose we require the length of the complete peri- 
meter of the cardioide; we might at first suppose that it 

[^ 
would be equal to 2a I cos - d.0 ; but this would give zero as 

the result, which is obviously inadmissible. The reason of 
this may be easily seen ; we have in fact shewn that 

ds 

^=aV(2 + 2cos^), 



and this ought not to be put equal to 2a cos - but to + 2a cos - , 

iS 2 

and the proper sign should be determined in any application 
of the formula. Now by s we understand a positive quantity, 
and we may measure 8 so that it increases with 0, and thus 

-7^ is positive. Hence when cos- is positive, we take the 

upper sign and put -7^ = 2a cos - ; when cos - is negative, we 

take the lower ^ign and put -1^ = — 2a cos-. Hence the 

6—2 
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length of the complete perimeter is not 2a I cos - dOj but 

C' r*' 

2a I cos - (ftf - 2a I cos - d0, that is, 8a. This result might 

have been anticipated, for it will be obvious from the sym- 
metry of the figure that the length of the complete perimeter 
is double the length of the part which is situated on one side 
of the initial line, and this was shewn to be 4a in the preced- 
ing article. 

83. It may sometimes be more convenient to find the 
length of a curve from the formula 



s 



-M-(S)'-}*. 



which follows immediately from that in Art. 79. 

84. Application to the Logarithmic Spiral. 

The equation to this curve is r = ha, or r = be^ if we sup- 
pose a = 6** ; thus ^==o logr; therefore ;7- = - and 



8 



=JV(l + cO<fr = V(l + c*)r + (7. 



Thus the length of the portion of the curve which has r, 
and r, for the radii vectores of its extreme points is 



I 



'"V(l + «0 ^^^ that is, V(l + <^ ('•.-♦•i)- 



The angle between the radius vector and the corresponding 
tangent at any point of this curve is constant {Dif. ual. Art 
354) ; and if that angle be denoted by a we have c = tan a; 

thusV(l + c*)=seca; therefore ^ = sec a, and« = rseca + C7. 

Hence (r, — r^ sec a is the length of the portion mentioned 
above. 
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FormtUcB involving the rtxdiua vector and j^erpendicular. 

85. Let (f> be the angle between the radius veetor r of 
an J point of a curve and the tangent at that point; then 

cos^ = ^ {Dtf. Cat. Alt. 310), Let p be the perpendicular 

from the pole on the same tangent ; then 

sin^='2, therefore cos^ = — ^^ —; 

da r ' 

!/.&»• if vdr 

therefore ^ = ;7p:r^, «nd *=J;^pz^. 

86. Application to the Epicycloid. 

With the notation and figure in Dif. Col. Art 360, it maj 
be shewn that the equation to the tangent to the epicycloid 
at Pis 

cosff— cos— T— 

smff — sm— =— 

o 

where x and y are the co-ordinates of P, and x' and y' the 
variable co-ordinates. Hence it will be found that the per- 
pendicular p from the origin on the tangent at P is given bj 

2? = (a + 2&)sin2j; 
also r*»=a?4-46(a + 6) sin'^; 

thus P^^'-^ s"^, where c = a + 2&. 

Hence, by Art. 85, 
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At a cuspr = a, and at a vertex r = c; thus the length of 
the portion of the curve between a cusp and the adjacent 
vertex is 

'Ji<?-<^rrdr ^^.^t^ that is *li^±i) . 

Hence the length of the portion between two consecutive cusps 

IS — ^^ . 

a 

87. A remark may be made here similar to that in 
Art. 82. If we apply the formula 

a ^ ' 

to find the length between two consecutive cusps, we arrive 
at the result zero, since r = a at both limits. The reason is 
that we have used the formula 

da V(<^'"-«") ^ 



dr a V(c" — O 

while the true formula is 

ds V(c' — g*) r 

Since s may be taken to increase continually, it follows that 
-T- is positive when r is increasing, and negative when r is 

diminishing. Now in passing along the curve from a cusp to 

da * 
the adjacent verted r increases, thus -j- is positive, and we 

should take the wpper sign in the formula for -j ; then in 
passing from the vertex to the next cusp r diminishes, thus 

/TO 

-J- is negative, and the hwer sign must be taken. Hence the 
length from one cusp to the next cusp is 
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rdr 






88. From what is stated in the preceding article, it ap- 
pears that if the arc s begin at a yertex the proper formula is 

dr" a V(c"-0* 

therefore , = --^-— i J-^^^— j^ = -L^ 

No constant is required since we begin to measure at the 
point for which r^c\ the formula holds for values of s less 



a 



It may be observed that thus 

« = — J— V(^-i>"). 

a ^ 

89. Similarly for the hypocycloid we may shew that 

© = — 4 — r- > where c = a — 26. 

Suppose c* less than c? ; then we may shew that 

ds _ i>J{c?'-(?) r 

and thus s may be found. The length of the curve between 
two adjacent cusps is — . 



Next suppose c' greater than a"; then we should write 
the value of ^ thus, 



ds _ , V(c' "- o') r 



88 
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in this case h is greater tlian a, and we shall find the length 
of the cture between two adjacent cusps to be — • 

When a= 26 we have c = and jp = ; in this case the 
hypocycloid becomes a straight line coinciding with a dia- 
meter of the fixed circle. 

1£a==b we have <?^c?\ in this case the denominator in 
the value of p^ vanishes ; it will be found that the hypocy- 
doid is then reduced to a point, and r = a. 

It may be shewn as in Art. 88, that if ^ be measured firom 
a vertex to a point not beyond the adjacent cusp, we have 

the upper or lower sign being taken according as c is greater 
or less than a. 



FormuUB involving the Perpendicular and its Inclination^ 

90. Another method of expressing the length of a curve is 
worthy of notice. 




Let P be a point in a curve ; a?, y its co-ordinates. Let s 
be the length of th^ arc measured, from a fixed point A up 
to P. Draw OF a perpendicular i&rom the origin on the 
tangent at P, suppose OY^pj PY=^Uj YOx = 0; then 



LENGTHS OF CUBYEB. 89 

^ =aj COS fl + y an d, 

M = a? sin tf — y cos fl, 

dy j./% da ^ 

-^= — cotff, -j- = — cosecff; 

therefore 

^ = — 05 sin tf + y cos tf + cos ^ -j2 + sin tf -^ = — w, 

^dx . da 

ther^ore, bj integration, 

therefore * ~ ^ "'" jP^^ > 

this may also be written 

«+M= jj>d0. 

Suppose a^ and u^ the values of a and t^ when d has the 
value dj, and a^ and t^, their values when has the value 0,, then 






We have measured w in the direction of revolution from P 
and have taken it as positive in this case ; when u is negative 
it will indicate that T is on the other side of P. 

The preceding results may be used for different purposes, 
among wnich two may be noticed. 

(1) To determine the length of any portion of a curve 
when the equation to the curve is given ; for from that equa- 
tion together with ^ = — cot tf we can find x and y in terms 

of 5, and therefore j> which is equal to a? cos ^ +y sin ; then 
8 may be found from the equation 



a 



-l+u 



90 
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(2) To find a curve fiucli that bj means of its arc a pro- 
posed integral may be represented ; for if the proposed inte- 
gral be lpd$y where / is a function of 0y the required curve is 
found by eliminating between the equations 

a?=j?cosfl-3^sintf, y=^sin^ + ;;^costf, 



d0 



dO 



dp 



and then the integral may be represented ty « — ^ . 

This article has been derived firom Hymers's Integral Cal- 
culusy Art. 136. 

91. The results of the preceding article may be obtained 
in another way. Let p denote the radius of curvature of the 




a: 



curve at P; let 0P= r, and let «, w, and have the same 
meaning as before, then from the Differential Calculus we 
have 



da 



dr 



Also 



and pssr-^f therefore ,^ 

Pr=rcosOPr=-rf^: 

ds^ 



dp ^ dr 



&• 
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therefore "r^ = "" P^ = — w. 

Let PC be the radius of curvature at P; draw OQ perpen- 
dicular to PC. The locus of G is the evolute of the curve 
AP\ and QC la with respect to this locus what PY is with 
respect to the locus of P. Let ffj p be the polar co-ordi- 
nates of Qi and let QC=u; then 

^' = ^ — ~ and jp' = w. 

And QL-u — dff~ de- dd-dep' 

Also /) = P(2+<2^=i> + w'=i?+^; 

but /^ ~ ^ ' therefore ^ = -^+ IpdO* 

From the value of PFwe can obtain an easy proof of a 
theorem of some interest in the Diflferential Calculus {Dif* 
Oal. AxL 329), Let p denote the perpendicular from on 
the locus of Y; then {btf. Gal Art. 284) 

Pi "/ F W^/ ' 

since p is the radius vector of Y. Thus 

therefore ??i=^- 

A particular case of the formula 

should be noticed. Suppose we take a complete oval curve 
without singular points; then flj=^j + 27r, andWj = Wj; thus 

the complete perimeter of the curve is i pdd. 

J 6 
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92. Ajjplication to the ElMpae. 




c A 

Let APB be a quadrant of an ellipse, CY the perpendiou- 
lar on the tangent at P; let -4(7r=^. Then {Plane Co- 
ordinate Geometry y Art. 196) CY— a V(l — e* sin* ff) ; 

therefore AP+ Pr= a [v(l - e" sin* 0) d9, 

the constant to be added to the integral is supposed to be so 
ti&en that the integral may vanish with 0. If 5 be a point 

such that its exoentric angle is — — d, we have, bj Art. 78, 



AP+PY==BB. 



thus 

. , PV— dp _ a^ sin cos 

And ri 55""V(l-e'sin"^* 

Let X be the abscissa of P; then by Art. 90, 

a;=^cos^ — ^sind 



(1). 



d0 



=aV(l-c"fim*^costf + 



acoB0 



ae^ sin* tf cos _ 

V{l-e"sin*d)""V(l-e'Bin*^)' 

Thus PF= e*aj sin ; and if x' be the abscissa of B we have 
aj'ssacosf- — 5jsothatPF= r. Thus (1) may be written 



BB-AP^^^-xx'. 
a 



(2); 



this result is called Fagnani's Theorem. 
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From the ascertained values of x and of we have 

^"'l-e'sin'g"", ^0^' 

^~ a» 

therefore e'a^a'* - ^ (oi* + a?'*) + a* =^ 0. 

Thus the equation which connects x and t! involyes these 
quantities symTnetticaUy ; hence from (2) we can infer that 

a 

This is also obvious from the figure. 

We may observe that the value of PTmaj be obtained 
more simply by means of a known properly of the eUipse. 
For suppose the normal at P to be drawn meeting CA in O ; 
and through P draw a line parallel to OA meeting CY in Q. 
Then PQ = CG = e'a:, by the nature of the ellipse ; and 

Pr=P^ sine = e'ajsinft 

93. Application to the HypeThola* 

Let G be the centre and A the vertex of an hyperbola, 
Crthe perpendicular on the tangent at P. Let AOY^O 
and CY=sp ; then it may be proved that 

PY^AP^ah{l'-(?sm*e)d0. 
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This may be proved in the same manner as the corresponding 
result of the preceding article; we may either make the 
requisite changes of sign in the formulas of Art. 90, which 
are produced hj difference of figure ; or we may begin from the 
beginning agam in the manner of that article. The constant 
to be adikd to the integral is supposed to be ^o taken that the 
integral may vanish with 0. 

Suppose a the greatest value which can have, then 
{Plane Co-ordinate Geometry^ Art. 257) cot a = V(^ — !)• 
When P moves off to an inhnite distance PY^ AP becomes 
the difference between the length of the asymptote from G 
and the infinite hyperbolic arc from A. Thus this differ- 
ence is 



a[V(l-e'sin»^)rf5. 



Inverse questions on the lengths of Curves, 

94. In the preceding articles we have shewn how the 
length of an arc of a known curve is to be found in terms of 
the abscissa of its variable extremity; we will now briefly 
notice the inverse problem, to find a curve such that the arc 
shall be a given fimction of the abscissa of its variable ex^ 
tremity. 

Suppose ^ {x) the given ftmction ; then « = ^ (a?) ; 
therefore f (o^) = g ^^ (i)} '' 

thus l^afCa')}*-!]*, 

and y=j[{<f>'ix)Y-l]idx. 

95. As an example of the preceding method, suppose 
<f>{x) = i^{icx); thus <f>'{x)—j^/-; therefore 
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curve 



= tj{cx — a^ + r vers"* h CL 

Z c 

We may write y' iox y^ G and thus we find that the 
re is a cycloid. {Dif. Ual. Art. 358.) 



96. For another example suppose ^(a?) = aloga;; thus 



aO 



_ f cfdx _ f adb 



= "^^g a+V(«'-aO ''^^°'"'^^''^- 



/nWt^^ and Evolutes. 

97. We may express the length of an arc of a curve with- 
out integration when we know the equation to the involute of 
tke curve. Suppose s' to represent the length of an arc of a 
curve, p the radius of curvature at that point of the involute 
which corresponds to the variable extremity of «', then {Dif* 
Cal. Art. 331) s' ± p = lj where Z is a constant. If the equa-i 
tion to the involute is known, p can be found in terms of the 
co-ordinates of the point in the involute ; then these co-ordi- 
nates can be expressed in terms of the co-ordinates of the 
corresponding point of the evolute, and thus «' is known. 
By this method we have to perform the processes of diflferen- 
tiation and algebraical reduction instead of integration. 



96 LENGTHS OF CUBYES. 

98. Application to the Evolute of the Parabola. 

Take for the involute the paxabola which has for its equa- 
tion ^ = 4aaj ; let a?', y' be the co-ordinates of the point of 
the evolute which corresponds to the point (a?, y) on the para- 
bola. Then by the ordinary methods {Dif. CaL Art. 330) we 
have 

x' = 2a + Sxy y' = -^«> 

3 « fa + x\i 
and p = 2al 1 . 

Thus we shall obtain for the equation to* the evolute 

27ay'* = 4(a;'-2a)'; 

therefore s' ±2a(^^'j*=l 

Suppose we measure s' from the point fot which a?' = 2a, 
that is, n:om the point which corresponds to the vertex of the 
parabola ; then we see that s' increases with x\ so that we 
must take the lower sign in the last equation ; also by sup- 
posing x' = 2a and «' = we find Z = — 2a ; thus 

^x' + a\i 

8 






This value of a' may also be obtained by the application of 
the ordinary method of integration. 

99. When the length of the arc of a curve is known in 
terms of the co-ordinates of its variable extremity, the equa- 
tion to the involute can be found by ordinary processes of 
elimination. 

For we have {Dif. Col. Art. 331) 

dx _ 1&' 



a^— « pdx 
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where the accented letters refer to a point in a curve, and the 
unaccented letters to the corresponding point in the involute. 
Thus 

^^^'^PW (^)- 

Similarly y^y' T p^ (2). 

If then 8 is known in terms of a?', or of y\ or of both, by 

means of this relation and the known equation to the curve 

dx' dy 

we may find ^-7 and ^; and p is known from the equation 

8* '^ p = l. It only remains then to eliminate x* and y from 
(1) and (2) and the known equation to the curve ; we obtain 
thus an equation between x and y^ which is the required 
equation to the involute, 

100. Application to the Gaienary. 
The equation to the catenary is 

and «' = -(e«-e «)> 

supposing 8* measured from the point for which a?' = and 
y^c\ we shall now find the equation to that involute to 
the catenary which begins at the point of the curve just 
specified. 



We have then 



thus 



dx* c ' daf c ' 

dy' _^8* dx' _c 

d^^y" l^^y'' 



and p = «', no constant being required, because by supposition 
p vanishes with 8*. 

T. I. c. 7 
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Hence equations (1) and (2) of the preceding article become 

, 8C 

" " y y y 

And »' = V(y''-c')=y^-c«) = ^V(c'-30; 

therefore f; = V(^rjQ 

y c 

thus x=:x' — »/{c*—y^; therefore x' = n/{<?—y^+x. 

We have then to substitute these values of x' and y' in the 
equation to the catena^, and thus obtain the required rela- 
tion between x and y. The substitution may be conveniently 
performed thus, 



c,^ 



therefore \/(y'* — c") = 5 (e° — e~ «) ; 

therefore y ' + V (y '* - c^) = ces 

therefore a?' = c log ^ +^^(y^'-^') . 

c 

Thus finally, a? + V(c' - y') = c log ^+y(^"y°) . 

This curve is called the tractory ; on account of the radi- 
cal, there are two values of x for every value of y less than c, 
these two values being numerically equal, but of opposite 
signs. There is a cusp at the point for which x = and 
y = c; and the axis of x is an asymptote. 

101. The polar formulae may also be used in like manner 
to determine tne involute when the length of an arc of the 
evolute can be expressed in terms of the polar co-ordinates of 
its variable extremity. We have {Diff. CaL Art. 332) 

r'' = p' + r^-2pp (1), 

y« = r*-/ (2). 
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Here, as before, the accented letters belong to the known 
curve, that is, to the evolute, and the unaccented letters to the 
required involute ; thus since the evolute is known, there is a 
known relation between^' and r . And «' + p = Z, so that if 
8 can be expressed in terms of »' and / we may eliminate 
p and r' by means of (1), (2), and!^the known relation between 
p and r. Thus we obtain an equation connecting p and r, 
which serves to determine the involute* 

102, Application to the Equiangular Spiral. 

In this curve p = r sin a, where a is the constant angle of 
the spiral. If we suppose the involute to begin from the 
pole of the spiral, and a to be measured from that point, we 
have p = s'=/seca (Art. 84). Thus (1) of the preceding 
article becomes 

r'* = r" sec* a + r* — 2r'^ sec a 

= r'* sec* a + r'* sin* a +y - 2rp sec a, by (2). 

From this quadratic for^ we obtain 

2? — r sec a = + r' cos a. 

y' f 1 "f" cos ff^ 

If we take the upper sign we find p = — ^ , and 

then from (2) we find r* = ^ — r *. But this solution 

^ ' cos a 

must be rejected, because from it we should find p or 

r-7^ = «-T ^'> which is inconsistent with the 

dp cos a (I + cos a) 

equation p = r* sec a. 

If we take the lower si^n we find p = , and then 

° -^ cos a 

7*'* sin* ct 

from (2) we find r* = « — : thus » = r sin a. Hence the 

^ ' cos* a ^ 

involute is an equiangular spiral with the same constant 
angle as the evolute has. 



7—2 
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Intrinsic Equation to a Curve. 

103. Let 8 denote the len^h of an arc of a curve measured 
from some fixed point, <b the mclination of the tangent at the 
variable extremity to tae tangent at some fixed point of the 
curve; then the equation which determines tne relation 
between s and <^ is called the intrinsic equation to the curve. 
In some investigations, especially those relating to involutes 
and evolutes, this method of determining a curve is simpler 
than the ordinary method of referring the curve to rectangular 
axes which are extrinsic lines. 

104. We will first shew how the intrinsic equation may 
be obtained from the ordinary equation. 

Suppose y =/(«) the eauation to a curve, the origin 
being a point on the curve, and the axis of ^ a tangent at that 
point ; fiom the given equation we have 

thus X is known in terms of tan ^, say a?=s jP(tan ^) ; then 

^ = i?"(taii^)3ec'«/.j 

. ds , . 

also ^ = C08ec9; 

ds 
therefore -tjt = F* (tan ^) sec' ^ cosec ^ ; 

from this equation s may be found in terms of ^ by integra- 
tion. A similar restdt will be obtained if at the origin the 
axis of X be the axis which we suppose to coincide with a 
tangent. 

105. Application to the Cycloid. 
By Diff. Cal Art. 358, we have 



dx y\ X / tan^' 
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therefore 



therefore 



2a 1 ft • « i 

— == .«, , a; = 2a sin o, 
X sin* ^ ^ 

^ = 4a sin ^ cos ^, 

— = cosec 9 -TjT = 4acos 9 ; 
« = 4a sin ^ + C7. 



The constant will be zero if we suppose s measured from 
the fixed point where the first tangent is drawn, that is, from 
the vertex of the curve. 

106. Having given the intrinsic equation to deduce the 
ordinary equation. 

We have -r- = sin ^ ; 



therefore 



Similarly 



ds 



X 



= Ids sin^. 
y= Ids cos^. 



Now s is "by supposition known in terms of ^ ; thus by 
integration we may nnd x and y in terms of ^, and then by 
eliminating ij> we obtain the ordinary equation to the curve in 
terms of x and y. 

107. Application to the Cycloid. 
Here « = 4a sin ^ ; 

thus X =- ids sin ^ = 4a f sin ^ cos fj>dfj>= G — a cos 2^, 

y = Idi cos ^ = 4a Icos' j>dj>^ G'+2a(j> + a sin 2^, 

Hence by eliminating (j> we can obtain the ordinary equa- 
tion; if the origin of the rectangular axes is the vertex of 
the curve, we shall have G=a and G' = 0. 
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108. We shall now give some miscelliuieoiis examples of 
intrmsic equations. 

The intrinflic equation to the circle is obyionslj s = cuj}. 

109. The equation to the catenaiy is 

the origin being on the curve. Hence 

thus if ^ be the angle which the tangent at anj point makes 
with the tangent at the origin, 

8 = c tan ^. 

110. We have seen in Art 86, that fwr the epicycloid 

/I « + */! 

, cos ^ — cos — 5 — 

ay o . , 

sm — T — 0— smff 
o 

thus ^"^"2*"^' 

Again, from the same article, 

a ^ * 

= i^-^— ^ cos -7 +(7 

a 26 



""^ Yh) ' 



if we suppose a measured from the point for which ^ = 0. 
Thus , = **Mi)fi_cos-^). 

We may simplify this result by putting 
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this amounts to measuring the arc from a vertex instead of 
from a cusp. Thus 

, 4:b(a + b) . ad> 
8 = — ^ ' sm ^'— 



a a + 2b^ 

where the accent may now be dropped. 

111. Similarly the intrinsic equation to the hypocycloid 

may be written 

4i (a — h) . ad> 
« = — ^^ sm — ^ . 

112. It appears from the last two articles that s = Z sin n<f> 
represents an epicycloid or hypocycloid, according as n is less 
or greater than unity. For example, if 

5 = Zsin^, « = Zsin^, « = Zsin2, « = Zsin^,... 

2 5 4 5 

we have epicycloids in which - = o > 1> o > 2, ... 

If « = Zsin2^, «=:Zsin3^, ^ = Zsin4^, 8 = lsm5<j>, ... 
we have hypocycloids in which -=7, «, q, t->--. 

CK 4: O o O 

113. If p be the radius of curvature of the curve at the 
point determined by a and ^, we have {Diff. CaL Art. 324) 

ds 

In the logarithmic spiral we know that p varies as s if the 
arc be measured from the pole ; thus 

7 ds 

therefore ^ = " jt > ^^^ therefore by integration 

k<l> + constant = log s ; 
therefore 8 = oe**, 



104 
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where a is a constant. If we put « = «'+a we have 

^' = a(e**-l), 
and now a' is measured from the point for which ^ = 0. 

114. If the intrinsic equation to a curve be known, that 
to the evolute can be found. 





Let AP be a curve, BQ the evolute ; let « be the length of 
an arc of AP measured from some fixed point up to P; a* the 
length of an arc of BQ measured from some fixed point up 
to Q. It is evident that ^ is the same both for s and s\ if in 
BQ w^ measure ^ from BA^ which is perpendicular to the 
line from which ^ is measured in AP. 

In the left-hand figure a'^p-^ ^~^"' ^* 

da 



In the right-hand figure a'^C'-p^O" 



d<l>' 



Thus if « be known in terms of ^, we can find a' in terms 
of <l>. The constant C is equal to the value of p at the 
point corresponding to that for which a = 0. 

115. For example, in the cycloid « = 4a sin ^ ; thus 

«'= (7— 4a cos^. 
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Put ^ = -^ + - and «' = o" + C; thus 

ir=i4za sin '^. 
This shews that the evolute is an equal cycloii 

116. Similarly if the intrinsic equation to a curve be 
known, that to the involute may be found. For by Art. 114 

therefore s = nO ± s) dif>. 

Thus if «' be known in terms of ^, we can find s in terms 
of ^. 

117. For example, in the circle s' = a<f>. Thus 

= f ( C7 ± a^) d<l>=G<l>±^+C. 

K we suppose. 5 to begin where ^ = we have C' = 0, and 
fiirther, if 8 begins where the involute meets the circle we 
have (7=0; thus « = ^ • (See Dif. Gal Art. 333.) 

118. It is obvious that by the methods of Arts. 114 and 
116 we ma^ find the evolute of the evolute of a curve, or the 
involute oi the involute of a curve, and so on. 

119. The student may exercise himself in tracing curves 
from their intrinsic equations ; he will find it useful to take 
such a curve as the cycloid, the form of which is well known, 
and ascertain that the intrinsic equation does lead to that 
form ; he may then take some of the epicycloids or hypocy- 
cloids given in Art. 112. For further information on this 
subject, and for illustrative figures, the student is referred to 
two memoirs by Dr Whewell, published in the Cambridge 
Philosophical Transactions, Vol. viil. page 659, and Vol. IX. 
page 150. 
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Curves of douhle Curvature. 

120. Let X, y, z be the co-ordinates of a point on a curve 
in space; x + Ax, y + Ay, z + ^ the co-ordinates of an 
adjacent point on the curve. Then it is known by the prin- 
ciples of solid geometry, that the length of the chord joining 

these two points is V{(^^)*+ (^y)'+ {^^Y}' ^^^ * ^^ *^® 
length of the arc of the curve measured from some fixed point 
up to (a;, y, z) ; and let 5 + A* be the length of the arc measured 
from the same fixed point up to {x + Ax, y + Ay, z + Az). 
We shall assume that A* bears to the chord joining the adja- 
cent points a ratio which is ultimately equal to unity when 
the second point moves along the curve up to the first point. 
Thus the limit of 

As 

As , . « Ax 

is unily. Hence 

From the equations to the curve -^ and -7- may be ex- 
pressed in terms of a;, and then by integration s is known in 
terms of x. 

121. With respect to the assumption in the preceding 
article, the student may refer to Dtff. Cal. Arts. 307, 308 ; he 
may also hereafter consult De Morgan's Differential and 
Integral CalculitSy page 444, and Homersham Cox's Integral 
CahuluSy psLge 95. 

122. Suppose, for example, that the curve is determined 
by the equations 

y=4aaj (1), 

z = V(2caj ''X^)'\'C vers"* - (2), 

c 
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SO that the curve is formed by the intersection of two cylin- 
ders, namely a cylinder which has its generating lines parallel 
to the axis of «, and which stands upon the parabola in the 
plane of {x, y) given by (1), and a cylinder which has its 
generating lines parallel to the axis of y, and which stands on 
the cycloid in the plane of (aj, z) given by (2). Then 

dy _ //«^ dz _ I f'ic — oS\ 

therefore s = V(2c + a) -7- = 2 V(2c + a) »slx: 

J sjx 

No constant is required if we measure the arc from the origin 
of co-ordinates. 

123. The formula given in Art. 120 may be changed into 

-M-(|)'-(l)}* 
•=Vh(S)"HI)}*- 

and in some cases these forms may be more convenient than 
that in Art. 120. 

124. Sometimes a curve in space is determined by three 
equations, which express a;, y, z respectively in terms of an 
auxiliary variable ; then by eliminating this variable, we may, 
if necessary, obtain two equations connecting a?, y , and «, and 
thus determine the curve in the ordinary way. Suppose then 
«, y, z each a known function of t \ then 

dy dz 

dy __dt ^ ^^ ^^^ , 

dx^c^^ dx c^' 

di dt 
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=/y{(S)MI)MS)}^- 

125. Application to the Helix. 

This curve may be determined by the equations 
x=^acoBtf y = asin^, z = ct; 

thus « = V(a* + c^ [<?<=« V(a' + c^ + C^- 

126. When polar co-ordinates are used to determine the 
position of a point in space, we have the following equations 
connecting the rectangular and polar co-ordinates of any 
pointy 

a? = r sin 5 cos ^, y = r sinO sin ^, « = r cos 0. 

And as a curve in space is determined by two equations 
between x, y, and z, it may also be determined by two equa- 
tions between r, 0y and <f>. Thus we may conceive r and 
<^ to be known functions of 0, and therefore Xj y^ and z 
become known fimctions of 0. 

Hence 

^ = sm^ cos^ -^"T sm5 sm9--^ + r cosff cos^, 

-^ =s sin ^ sin ^ -j^ + r sin 5 cos ^ ^ + r cos ^ sin ^, 

dz ^dr . ^ 

^ = cos0^-ram0. 
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This may be transformed into 

127. If ^ be the perpendicular from the origin on the 
tangent to a curve in space, then the equation 

ds T 



,«\ > 



dr ^J{f-f) 

which was proved for a "plane curve in Art. 85, will still 
hold. For each member of the equation expresses the secant 
of the angle which the tangent makes with the radius vector 
at the point of contact. 



Therefore b 



__ f rdr 



EXAMPLES. 

1. For what values of m and n are the curves a"y" = scT** 

reetifiailef (See Art. 15i) 

ft ft \ 

Result, li -r— or - — h ^ is an inteffer, 
2m 2m 2 ° ' 

2. Shew that the length of the arc of a Tractory measured 

from the cusp is determined by « = clog — . 

3. Shew that the Cissoid is rectifiable. 

4. Shew that the whole length of the curve whose equation 

is 4 (a^ + ^ — o* = 3a^y ^ is equal to 6a. 

[It may be proved that (-7- ) = — 3 — = =7 . 
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5. The length of the arc of the curve 

(aj.+ y)^ — (a? — y)^ = a' 
between the limits (a?^, yj and (a;,- y) is 

6. If 5 = ae* , find the relation between x and y. 

7. Shew that the intrinsic equation to the parabola is 

ds 2a a , 1 + sin 6 a sin d> 

■JX^ — 3-i or5 = -logq ^-T + ^ ^TT- 

d(l> cos (p 2 ° 1 — sm ^ 1 — sm*^ 

8. The intrinsic equation to the curve y^ = ax^ is 

« = 27(sec'^-l). 

9. Shew that the length of the arc of the evolute of a 

parabola from the cusp to the point where the evolute 
meets the parabola is 2a (3 V3 — 1) ; where 4a is the 
latus rectum of the parabola. 

10. The evolute of an epicycloid is an epicycloid, the radius 

of the fixed circle beinff — -—r and the radius of the 

° a + 26 

generating circle ■ , . (Arts. 110 and 114.) 

11. Shew that if the equation to a curve be found by 

eliminating 6 between the equations 

a; = sind^'(5) + cos5^"(5), 
and y = cos tf f {0) - sin 0yjr" {0) , 

then 8 = ylr{0) + ylr"{0). 

12. Shew that the length of the curve 8a'y = a;*+6aV 

measured from the origin is — g- {x^ + 4a*)*. 

oa 



CHAPTER Vn. 

ABEAS OF PLANE CURVES AND OF SURFACES. 
Plane Areas. Rectangular FormulcB.- Single Integration. 




128. Let DPE be a cnrve, of which the equatioQ is 
y = A (a;), and suppose a;, y to be the co-otdinates of a point 
P. Let A denote the area included between the curve, the 
axis of a;, the ordinate PM, aad some fixed ordinate AD, then 
{Dig. Gal. Art. 43) 






hence 



A=^ 



J4.[x)d 



\ thus 



Let ■^ (a:) + C be the integral of ^ [so] 

A = f{x) + G. 

Let A^ denote the area when the variable ordinate is at a 
distance x from the axis of y, and let j4, denote the area when 



112 ABEAS OF PLANE CUBYES AND OF SUBFACES. 

the vaxiable ordinate is at a distance x^ from the axis of y; 
then 

therefore -4^, — -4^ = -^/r {x^ — -^(ajj = I ■ (j>{x)dx. 

J Xi 

129. Application to the Circle, 

The equation to the circle referred to its centre as origin 
is y* = a* — a? ; here ^ (a?) = V(«' — ^ 9 thus 

-4= f^ (a:)&;=fv(a'-a^cfe = ^^^^'""^'^ + ^' 8in-^-+ G. 
J J A A d 

The constant G vanishes if we suppose the Jixed ordincUe 
to coincide with the axis of y. It will be seen by drawing a 
fiffure, that the area comprised between the axis of x, the axis 
of y, the circle, and the ordinate at the distance x from the 
axis of y, may be divided into a triangle and a sector, the 
values of which are given by the first and second terms in the 
above expression for A. This remark may serve to assist the 
student in remembering the important integral 

f // 2 ^\ ^ xtJ{c? — Qf) , a* . ^.x 
j^{a^-a?)dx = -^ /+_.sm'*-. 

130, Application to the Ellipse, 

Suppose it required to find the whole area of the ellipse. 

The equation to the ellipse may be written y*= -5 (a*.— a*). 

a 

Hence the area of one quadrant of the ellipse 

hence the area of the ellipse is irah, 

131. Application to the Parabola. 

The equation to the parabola is y' = ^ax ; here then 
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and j'/i^cix) dx = -^ a?* + C; 

thus with the notation of Art. 128 

If ajj = we have for the area —^ a? ', that is, two thirds 
of the product of the abscissa a;, and the ordinate /^(jLax^. 

132. Application to the Cycloid, 

The integration required by the formula jydx becomes 

sometimes more easy if we express a? and y in terms of a new 
variable. Thus, tor example, in the cycloid we can put 
{Dif. Gal Art. 358) 

a = a(l — cos^, y = a(^ + sin^); 
therefore / ydx = a* I (^ + sin 0) sin d0 

^a'l0sm0d0 + jl{l-cOB20)d0; 

this gives . a"(-^cos^ + sin^) +^r^ 2~")* 

If we take this between the limits and tt for 0y we obtain 
the area of half a cycloid ; the result ^s — — - . Hence the 

area of the whole cycloid is equal to three times that of the 
generating circle. 

133* The equations to the companion to the cycloid are 

a? = a (1 —cos ^), y = a0; 

hence it may be shewn that the area of the whole curve is 
twice lliat of the generating circle. 

134. If a curve be determined by the equation x = ^{y), 
then the area contained between the curve, the axis of y, and 

T. I. c. 8 
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lines drawn parallel to the axis of x at distances respectively 
equal to y^ and ^j ^® ^ (y) ^y* ^^^^ is obvious after the 
proof of the similar proposition in Art. 128. 

135. The formulae in Arts. 128 and 134 furnish one of 
the most simple and important examples of the application of 
the Integral Calculus. As we have already remarked, the 
problem of determining the areas of curves was one of those 
which gave rise to the Integral Calculus, and the symbols 
used are very expressive of the process necessary for solving 
the problem. In the figure to Art. 128, the student will see 
that the rectangle PpNM may be appropriately denoted by 
yAo;, and the process of finding the area of ADEB amounts 
to this; we first effect the addition denoted by SyAa;, and 
then diminish Aa? indefinitely. 

136. Suppose we require the area contained between the 
curve y= c sin- , the axis of a;, and ordinates at the distances 

a?j and x^ respectively from the axis of y. We have 

r*2 . aj , / x. x^ 

c \ sm— aa; = ca cos — — cos -^ . 

Jxi a \ a aj 

Suppose then a?j = and x=a7r\ the area is 2ca. Next 
suppose a?j = and x^ = 2a7r ; the result 

ca cos — — cos -2 
\ a a J 

becomes zero in this ^ case, which is obviously inadmissible, 
since the area must be some positive quantity. In fact sin - 
is negative from x=- air to a; = 2a7r, but in the proof that the 
area is equal to \ydx^ it is supposed that y is positive. If 

y be really negative the area will be I (— y) dx. 
Thus in the present example the area will not be 

sm - oa? but c / sm - aa; + c I — sm - ax. 
Jo a Jo « Jttif \ a/ 
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that is, 



I sm - aa? — c I sm - ax ; 

Jo « Jair « 



this will give 2ca + 2ca, that is, 4ca. 

Plane Areas. Rectangular FormulcB. Double Integration. 

137. In Art. 128 we have obtained a formula for finding 
the area of a curve ; that formula supposes the area to be the 
limit of a number of elemental areas, each element being a 
quantity of which yC^x is the type. We shall now proceed to 
explain another mode of decomposing the required area into 
elemental areas. 




Suppose we require the area included between the curves 
BPQE and Ipqe^ and the straight lines Bh and Ee. Let a 
series of lines be drawn parallel to the axis of y, and another 
series parallel to the axis of x. Let st represent one of the 
rectangles thus formed, and suppose x and y to be the co-ordi- 
nates of s, and x + Ao; and y + hy the co-ordinates of t ; then 
the area of the rectangle st is Ax Ay. Hence the required 
area may be found by summing up all the values of Ax Ay, 
and then proceeding to the limit obtained by supposing Ax 
and A^ to diminish mdefinitely. 

We effect the required summation of such terms as Ax Ay 
in the following way: we first collect all the rectangles 

8—2 
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similar to sf which are contained in the strip PQqp, and 
we thus obtain the area of this strip; then we sum up all 
the strips similar to this strip which lie between Bb and 
Ee. The error we may make by neglecting the element of 
area which lies at the top and bottom of each strip, and 
which is not a complete rectangle, will disappear in the limit 
when Ax and Ay are indefinitely diminishea. 

Let y = ^[x) be the equation to the upper curve, and 
y = ylr{x) the equation to the lower curve; let OC=c and 
0H= A, then if A denote the required area, we have 

rh r<t>(x) 
-4=1 I axat/ ; 

J e J^{x) 

for the symbolical expression here given denotes the process 
which we have just stated in words. 

Now Idy — y^ therefore / dy = <f>{x)—'^ [x) ; thus we 

have 



^ = I {^ (a;) — -^/r {x)] dx* 



In this form we can at once see the truth of the expression, 
for ^ [x) —yfr {x) =PL -'pL= Pp ; thus {<^ (a?) — "^/^ (a?) } Aa; may 
be taken for the area of the strip PQqp, and the formula asserts 
that A is equal to the limit of the sum of such strips. 

The lines in the figure are not necessarily equidistant: 
that is, the elements of which Ax Ay is the type are not 
necessarily all of the same area. 

138. The result of the preceding article is, that the area 
A is found from the equation 

-4 = 1 {^ (as) — -^/r (a;)} dx. 

This result may be obtained in a very simple manner as 
shewn in the latter part of the preceding article, so that it was 
not absolutely necessary to introduce the formula of double 
integration. We have however drawn attention to the 
formula 

dxdy 

P(x) 
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because of the illustration which is here given of the process 
of double integration ; the student may thus find it easier to 
apply the processes of double integration to those cases where 
it la absolutely necessary, of which examples will occur here- 
after. 

139. If the area which is to be evaluated is bounded 
by the curves a; = '>/^(y), and a; = <^(y), and straight lines 
parallel to the axis of x at distances respectively equal to c 
and hf we have in a similar manner 

dydx^l {</>(y)-'^(y)}%. 

Hv) J c 

Some examples of the formulse of Arts. 137 and 139 will 
now be considered ; we shall see that either of these formulae 
may be used in an example, though generally one will be 
more simple than the other. 

140« Bequired the area included between the parabola 
y* = aa; and the circle y* = 2ax — a?. 

The curves pass through the origin and meet at the point 
for which x^a\ thus if we take only that area which lies 
on the positive side of the axis of a?, we have 

Jo 4 o 

* 

The whole area will therefore be 2 i—r r- J . 

Suppose that we wish in this example to integrate with 
respect to x first. From the equation y*= 2ax — a?' we deduce 
aj = a + \/(^* — y*)) and it will appear at once from a figure 
that we must take the lower sign in the present question. 

Thus let a?j stand for a— VC^' — y*)? ^^^ ^% for — , then 

o* , . nrc? iro* 2a* , » 
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The reader should draw the figure and pay close attention 
to the limits of the integrations. 

141. In the accompanying figure 8 Is the centre of a 
circle BLD, Sis also the focus of a parabola ALC; we shall 




indicate the integrations that should be performed in order to 
obtain the areas ALB and LDC. This example is introduced 
for the purpose of illustrating the processes oi double integra- 
tion, and not for any interest in the results : the areas can be 
easily ascertained by means of formulae already given ; thus 
ALB is the difference of the parabolic area AL8 and the 
quadrant SLB; and similar^ LBG is known. 

Take S for origin. In midlng the apea ALB it will be 
convenient to suppose the positive direction of the axis of x 
to be that towards the left hand ; thus if 4a be the latus 
rectum of the parabola, and therefore 2a the radius of the 
circle, the equation to the parabola is ^ = 4a (a — a?), and that 
to the circle y' = 4a* — a?. 

Suppose we integrate with respect to x first, then 



area 



r2a rx^ 

ALB= I / dydxy 

Jo Jx^ 



where 



X. 



^ 



a-f^, a!. = V(4a«-/). 



For here (a?, — x^ Ay represents a strip included between 
the two curves and two lines parallel to the axis of x; and 
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strips are situated at distances from the axis of x ranging 
between and 2a, so that the integration with respect to y is 
taken between the limits and 2a. 

Suppose we integrate with respect to y first ; we shall then 
have to divide the area into two parts by the line AF, Let 

y, = V(4a* - 4aa;), y^ = V(4a' - a^ ; 

then area-4XjF'= I I dxdy^l (ya "" yJ ^^ 5 

Jo^yj Jo 

* 

area -4-FIB =» I I dxdy=^j y^dx; 

J a J J a 

the sum of these two parts expresses the area ALB. 

Next take the area LDC; suppose now the positive direc- 
tion of the axis of x to be that towards the right hand, then 
the equation to the parabola is y^ = 4a (a + a?), and that to the 
circle y* = 4a* — a;'. 

Suppose we integrate with respect to y first ; let 
y^ = V(4«" — aJ^) and y^ = V(4a" + 4aa?) ; 



then area DLG 



= /oX'^'^^* 



Suppose we integrate with respect to x first; we shall then 
have to divide the area into two parts by the line LK, Let 

then we shall find that DG^2a»Ji^b suppose ; thus 



/•2a pa • 

= 1 j dydxy 

J J m^ 



area DLK 

J I 

h r2a 

area CLK 



Co r2a 
= / I dydx; 

the sum of these two parts expresses the area LDC. 
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142. One case in which the formulsd of Arts. 137 and 
139 are nsefiil is that in which the bounding curves are 
different branches of the same curve. Suppose the equa- 
tion to a curve to be (y — mx — c)* = a* — a* ; thus 

Here we may put 

•^ {x) = mx + c — V («' — ^*) > 

^ (a?) = waj + c+ V(«* — ^); 

thus ^(a;)— '^(a?) = 2/v/(a' — a?), and the complete area of 
the curve is 

I 2tJ{d^^x^)dx^ that is, Tra*. 

143. We have hitherto supposed the axes rectangular, 
but if they are oblique and inclined at an angle co, the for- 
mula in Axt. 128 becomes 



-4 = sin CD |^(a?)da?, 



and a similar change is made in all the other formulte. It is 
obvious that such elements of area as are denoted by yAo; 
and AyAx when the axes are rectangular will be denoted by 
sin (o y Ao; and sin co Ay Aa; when the axes are inclined at an 
angle to. 

For example, the equation to the parabola is y^=4a'aj when 
the axes are the oblique system formed by a diameter and 
the tangent at its extremitv; hence the area included be- 
tween the curve, the axis of a?, and an ordinate at the point 
for which a; = c, is 

smeo I v(4aa;)aaj= ^ , 

Jo o 

that is, two thirds of the parallelogram which has the abscissa 
c and the ordinate at its extremity for adjacent sides. 
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Plane Areas. Polar Formulce, Single Integration. 




144. Let CPQ be a curve, of which the polar equation is 
r=<f>{0)j and suppose r, 6 to be the co-ordinates of a point P. 
Let A denote the area included between the curve, the radius 
vector 8G drawn to a fixed point (7, and the radius vector 
8P, then {Dif. Gal. Art. 313) 

dA _ {<!> {e)Y 

Hence ^ = i|{^W}V^. 

Let 1^ {0) be the integral of ^^^^ , then 

^ = ^(5) + C7. 

Let -4j denote the area when the variable radius vector is 
at an angular distance 0^ from the initial line, and let A^ 
denote the area when the variable radius vector is at an an- 
gular distance 0^ from the initial line; then 

therefore A,- A, = ^^ {$;) - ^ (^J = i f ''{^ (0)}* dd. 

145* A^lication to the Equiangular Spiral. 
Li this curve r = &e« ; thus 

3« W^ iB 
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and 






where r^ and r^ are the extreme radii vectores of the area 
considered. 



146. Application to the Parabola. 
Let the focus be the pole, then 



r = A ; thus -4 = ^ 



cos«2 



J cos* 5 



J^Jfl _!*._ ^ I <**i__8^ 



= ^1^1 + tan*|) 8ec*|rf^= o«tan| + |- tan'|+ (7. 
Hence ^.-^j = a'(tan|« -tan|) +^(tan'|'-tan'|). 



Suppose that ^^ = and ^, = -r , then we obtain for the 



a' ., . . 4a" 



area a* + -^ , that is, — ; this agrees with Art. 131. 

For another example we will suppose the parabola refer* 
red to the intersection of the directrix and the axis as pole, 
the axis being the initial line. Here 

^^ cosg-V(co8 2g) 
"^^^"^ ^^ ' 

thus A^2a^ fcos'g + cos2g-- 2 cosgV(cos2g) ^^ 

J sm 6 

J sm*^ J BwrO 
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Now j^-^^^^^^^ ^^ =/(2 cot'^ - 1) cosec«5 dO 

= -|cot»^ + cot^. 

^^ J ai^ J ^^ ' 

assume sin ^ = - , then the integral becomes 

- I^{t' - 2) t dt, that is, - J (^ - 2)^. 
Hence, adding the constant, we have 

4a* s 4/2* 

A = ^ (cosec'^ - 2)* — ^ cot»5 + 2a*cot^ + G 

o o 

o « +/)_L^«* (C08 25)*-C0S«5 , ^ 

= 2a*oot^ + -^-^^ 4-jr2 + 0. 

o sm a 

The constant will be zero if A commences from the initial 
line; for it will be found on investigation that 

^ ,^ 4 (cos 25)* - cos' 5 • T. 1. /I /v 

2 cot a + - ^^ ^-T7i vamshes when = 0. 

3 am 

» ' 
147. Ajipltcation to the curve r = a (d + sin 0). Here 

^ = ||(5 + sin «)» de = ^ f (^ + 26 sin ^ + sin*^) d0 ; 
and |dsin^rf5 = -^C08^ + 8in^ 

f sin"^ de = i|(l - cos 2^ (?d = I - ^-i^ , 
thus ^ = |||-25co8e + 28in^ + f-^}+a 

Suppose we require the area of the smallest portion which 
is bounded by the curve and by a radius vector which is 



124 AEEA8 OF PLANE CDRTEa AND OP SURFACES. 

inclined to the initiaJ line at a right angle ; then we have 
and ^ as the limits of the integration. Thus the repaired 
area is 

iYtxMe Curves. Polar Formuke. Doiible Jnteffration. 

148. In Art 144 we have ohtiuned a formula for finding 
the area of a curve; that formula supposes the area to be the 
limit of a number of elemental areas, each element being a 
quantih- of which ^*Afl is the type. "We shall now proceed 
to explain another mode of decomposing the required area 
into elemental areas. 




Suppose we require the area included between the curves 
BPQE and bpqe, and the straight lines Bb and Ee. Let a 
series of radii vectores be drawn from 0, and a series of circles 
with as centre ; thus the plane area is divided into a series 
of curvilinear quadrilaterals. Xiet st represent one of these 
elements, and BuppoBc r and d to be the polar co-ordinates of 
s, and r + Ar and S + A^ the polar co-ordinates of t ; then the 
area of the element st will be ultimately rAfl Ar. Hence the 
required area is to be found by summing up all the values of 
rA^Ar, and then proceeding to the limit obtained by snp- 
posing Ad and Ar to diminish indefinitely. 
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We effect the required summation of such terms as rAd Ar 
in the following way: we first collect all the elements similar 
to 8t which are contained in the strip PQqp, and thus obtain 
the area of the strip; then we sum up all the strips similar to 
this strip which lie between Bb and J5s. 

Let r = <f>{0) he the equation to the curve BPQE and 
r = '>^{jSf) the equation to the curve hpqe, let a and ^ be the 
angles which OB and OE make respectively with Ox ; and 
let A denote the required area, then 

A^\ rdOdr; 

for the symbolical expression here given denotes the process 
which we have just stated in words. 

Now I rdr = — , therefore 






thus we have 

In this form we can see at once the truth of the expres- 
sion, for OP=(f){0) and Op = '^|r(d), and thus 

may be taken for the area of the strip PQap^ and the formula 
asserts that the area A is equal to the mnit of the sum of 
such strips. 

149. The remark made in Art. 138 may be repeated 
here; we have introduced the process in the former part of the 
preceding article, not because double integration is absolutely 
necessary for finding the area of a curve, but because the 
process of finding the area of a curve illustrates double inte- 
gration. 

150. If the area which is to be evaluated is bounded by 
the curves whose equations are 0=^{r)j 0=s'\^(r) respectively, 
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and by the circles whose equations are r = a and r=i re- 
spectively, it will be convenient to integrate with respect to 
first. In this case, instead of first summing up all the 
elements like st, which form the strip PQqp, we first sum up 
all the elements similar to st which are included between the 
two circles which bound st and the curves determined by 
0z=(f){r) and d = ylr{r). Thus we have 



rdr dQn 



Some examples of the formulae in Arts. 148 and 150 will 
now be considered ; we shall see that either of these formulae 
may be used in an example, although one may be more con- 
venient than the other. 



151. We will apply the formulae to find the area between 
the two semicircles uFB and Opb and the straight line bJB, 




Let Oh = c, OB^k, then the equation to OPB ia r = h cos ^, 
and the equation to Ojpb is r = c cos 0, Thus the area 



-/:/ 



it 

2 rhcos€ 



rd0 dr. 



qJ ccosB 



Now 



rh COB 9 



CC0S9 



thus the area = i (A* - c") f 'cos' ^ (?5 = J (A* - c'). 

Suppose we wish to integrate with respect to first ; we 
shall then have to divide the area into two parts by describing 
an arc of a circle from as centre, with radius Ob. Then 
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the area bounded by this arc, the straight line Bh^ and the 
larger semicircle is 



rdrdO, 



IX 



eJQ 

The area bounded by the aforesaid arc, the semicircle Opb, 
and the larger semicircle is 



r 
e rcos-i-r 

^ rdr dO. 

0-/ cos-i- 
c 



fl 



The sum of these two parts expresses the required area. 

152. Let us apply polar formulae to the example in 
Art. 141. With iS'as pole, the polar equation to the parabola is 

r (1 + cos 0) = 2a or r cos'- = a, where is measured from 

SB; and the polar equation to the circle is r = 2a. Hence, 
if we integrate with respect to r first. 



IT 

area ALB^ \ I .^ rd0dr. 

J Q J a\ 



r sec oT 



If we integrate with respect to first, we shall have if 

^ _i 2a - r 
V = cos 

T 

area ALB = I I rdr d0. 

J a Jo 

Next consider the area BLC. The equation to DC is 
r cos ^ = — 2a ; the length of 8G is 4a, and the angle B8G 

is -^ . Let 0, = cos"* ^"^ , 0^ = cos""* T^^-^ I . Then if 
3 * r ■ \ r J 

we integrate with respect to first, 

area i)i:C= rdrd0. 



J 2aJ $1 



If we integrate with respect to r first, we shall have to 
divide the area into two parts, by the line joining 8 with C. 
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The area of the portion which has LCioT one of its bounda- 
ries is 



asec'-s 



J wJ2a 



rdO dr. 



The area of the remaining portion is 



IT r-^a8ec9 



i 2irJ 2a 



rdQ dr. 



The sum of these two parts expresses the required area. 

153. A good example is supplied by the problem of find- 
ing the area included between two radii vectores and two 
different branches of the same polar curve. 




Suppose BFphy CQqc to be two different arcs of a spiral, 
and that the area is to be evaluated which is bounded by 
these arcs and the straight lines BG and be ; then the area is 



ijir:-r,')dd, 
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where r^ denotes any radius vector of the exterior arc, as 8Q, 
and r^ the corresponding radius vector 8P of the interior arc. 
The limits of will be given by the angles which SB and 
Sb respectively make with the initial line. 

Take for example the spiral of Archimedes ; let be the 
whole angle which the radius vector has revolved through 
from the initial line until it takes the position 8P; so that 
may be an angle of any magnitude. 1 rom the nature of the 
curve we have 8P or r = ad, where a is some constant. If 
then CQ is the next branch to BF we shall have 

8Q = a{0 + 27r). 

Suppose 0^ and 0^ the values of for /SB and 8b respectively; 
thus the area BbcG 

154. The student will remark a certain difference between 

the formulae jldxdy and l\rd0dr, which express the area 

of a plane figure. The former supposes the area decomposed 
into a number of rectangles and Ax Ay represents the true 
area of one rectangle. Hence in taking the aggregate of 
these rectangles to represent the required area the only error 
that can arise is owing to the neglect of the irregular elements 
which occur at the top and bottom of each strip ; as we have 
already remarked in Art. 137. But in the second case rJ\0/\r 
is not the accurate value of the area of one of the elements, 
so that an error is made in the case of every element. It is 
therefore important to shew formally that the error disappears 
in the limit, which may be done as follows. The element st 
in the figure of Art. 148 is the difierence of two circular sectors, 
and its exact area is 

that is, rArA0 + i (Ar)' A^. 

T. T. c. 9 
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In taking the former term to represent the area we neglect 
^(Ar)*A^. Hence the ratio of the term neglected to the 
term retained 

^ ^ (Ar)' Ag ^ Ar 

r Ar A^ 2r * 

By taking Ar small enough this ratio may be made as small 
as we please. Hence we may infer that the sum of the 
neglected terms will ultimately vanish in comparison with 
the sum of the terms retained, that is, all error disappears in 
the limit* 



Other Polar FormuUe. 

155. Let s be the length of the arc of a curve measured 
from some fixed point up to the point whose co-ordinates are 
r and 0] let ^ be the perpendicular from the origin on the 
tangent at the latter point; then the sine of the angle between 

this tangent and the corresponding radius vector is r-v- {Diff- 

Cal. Art. 310); also ^ is another expression for this sine; 

hence, r ,-=^. Let A denote the area between the curve 
ow r 

and certain limiting radii vectores ; then 

the limits of s in the latter integral must be such as correspond 
to the limiting radii vectores of the area considered. 

The result can be illustrated geometrically ; suppose P, Q 
adjacent points on a curve, 8 the pole, p the perpendicular 
from 8 on the chord FQ ; then, the area of the triangle PQS 

= ^p X chord PQ. 

Now suppose Q to approach indefinitely near to P, then^'=^, 
and the limit of the ratio of the chord PQ to the arc PQ is 
unity. 
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156. Si'^ce/j^ = /pJrf.=/-^^(Art.85),. 
we have ^ = jj_^^. 

157. Application to the Epicycloids 
Here »* = — ^ s-^ : thus 

J — l [(^ s/ {^^ — o^ 'rdr _ ^ f ij {t^ — J) rdr 



= ;r" |-77-t 2 sTj where z^^t^ — a^ 

2a J*J{c^ — ar — e^ ' 



Now 

r z'dz _f z''-{c'-a') J ^f^ ^ f dz 

_ c* — g* . -i_____^___ ZhJ{<? — c? — z*) 

-^ZL?L%in-»V(r^Il^ V(r>-a»)V(o'-r») 
" 2 ^"^ V(c*-a») 2 • 

Taking this between the limits r = a and r = c, we get 
— - — — , that is, i (a + J) tt. Hence the area is — J (a+ J) tt, 

that is, ^— ^ -^ — . By doubling this result we ob- 
tain the area between the curve and the radii vectores drawn 
to two consecutive cusps, which is therefore — ^ — . 

The area of the circular sector which forms part of this area is 
irab ; subtract the latter and we obtain the area between an 
arc of the epicycloid extending from one cusp to the next cusp 

9—2 
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and the fixed circle on which the generating circle rolls ; the 
result is 

— (3a + 2&). 

158. Similarly in the hypocycloid the area between the 
fixed circle and the part of the curve which extends between 
two consecutive cusps may be found. If a is greater than b 
the result is 

— (3a - ib). 



Area between a Curve and its EvolvAe* 

159. In the figures to Art. 114, if we suppose the string 
or line PQ to move through a small angle A^, the figure 
between the two positions of the line and the curve AP may 
be considered ultimatelv as a sector of a circle ; its area will 
therefore be i/>"A<^, where p = PQ. Thus if A denote the 
whole area bounded by the curve, its evolute, and two radii 
of curvature corresponding to the values <f>^ and <f>^ of <f>, we 
have 



Since -^ = - , we may also write this 
as p '' 

A = ^ jpds, 

the limits of 8 being properly taken so as to correspond with 
the known limits of ff>. 

160. Application to the Catenary. 
Here 8 = c tan ^, Art. 109 ; 

therefore p = c sec* <f>, -4 = ^1 c' sec*<^ d(f) ; 
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and I aec^<f>d<f> = tan ^ + J tan'^ + C; 

tlfos A is known. 



Area of Surfaces of Revolution. Rectangular Formulas. 



^ 


T 


. « 


/ 




IP^ 


. _. . , v 




-^-jt-^""^"^^^ 




— M. 


€ 


^ Ji 


r «7P 


<• JC. 



161. Let -4 be a fixed point in the curve APQ; let a?, y 
be the co-ordinates of any point Py and « the length of the 
arc AP. Suppose the curve to revolve round the axis of x, 
and let S denote the area of the surface formed by the revolu- 
tion of ^Pj then {Dif. Gal. Art. 315) 



d8 „ 



therefore 



thus 



and 






8^J2-7nf^dy 



S 



s 



da 



(1); 

(2), 
.(3). 



Of these three forms we can choose in any particular ex- 
ample that which is most convenient. If v can be easily 

expressed in terms of a we may use (1) ; if -j- can be easily 

expressed in terms of y we may use (3) ; in some cases it may 

ds 
be more convenient to express y and ^ in terms of a? and 

use (2), 
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In each case the area of the surface generated by the arc 
of the curve which lies between assi^ed points will be found 
bj integrating between appropriate limits. 

162, Application to the Cylinder. 

Suppose a straight line parallel to the axis of a; to revolve 
round the axis of oj, thus generating a right circular cylinder: 
let a be the distance of the revolving line from the axis of x ; 

then y = «> aiid -^ = 1 ; 

thus by equation (2) of Art. 161, 

8-2^ ladx-2'jrax+C. 

Suppose the abscisssB of the extreme points of the portion 
of the line which revolves to be x^ and x^; then the surface 
generated 



= 27ra| c&J=fi29ra(ajj, — a?J. 

J X. 



163* Application to the Gone. 

Let a straight line which passes through the origin and is 
inclined to the axis of a; at an angle a revolve rouna the axis 
of Xf and thus generate a conical surface. Then 

y = a;tana, and ^=seca; 
thus by equation (2) of Art. 161 , 

/S=27r| tanasecaa;(2z;=:7rtanasecaa;*+ C. 

Hence the surface of the frustum of a cone cut off by planes 
perpendicular to its axis at distances x^^ x^ respectively from 
the vertex is 

TT tan a sec a (^g*— ajj*). 

Suppose x^ ss 0, and let r be the radius of the section made 
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by the plane at the distance x^, then r = a;,tana, and the 
area is 

wcosecar*. 

164. Application to the Sphere, 

Let the circle given hy the equation y^^^a^ — a? revolve 
round the axis of x ; here 

rfy __ X 

•^ £Vh(S)"IV^?)i- 

Hence by equation (2) of Art. 161, 

8=2irly-dx^2'iraldx=^2'n-ax+C. 

Thus the surface included between the planes determined by 

x = x^ and aj = a;j is 27ra (aj^ — ojj. 

Hence the area of a zone of a sphere depends only on the 
height of the zone and the radius of the spnere, and is equal 
to the area which the planes that bound it would cut off from 
a cylinder having its axis perpendicular to the planes and 
circumscribing the sphere ; and thus the surface of the whole 
sphere is Aircr. These results are very important. 

165. Application to the Prolate Spheroid. 

Let the ellipse given by a^y* + J V = a' J' revolve round the 
axis of x whicn is supposed to coincide with the major axis 
of the ellipse ; here 

dy h*x 

dx" d^y^ 
Hence by equation (2) of Art. 161, 



-?M?-')^">^?)- 
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The surface generated by the revolution of a quadrant of 
the ellipse will be obtained by taking and a afei the limits of 
X in the integration. This gives 



7raj|v(l-6»)+^^^l. 



166. Suppose one curve to have for its equation y = <^ (a?), 
and another curve to have for its equation y = '^(a;), and let 
both curves revolve round the axis of x. Let s^ and s^ denote 
the lengths of arcs measured from fixed points in the two 
cm'ves up to the point whose abscissa is a?. Let 8 denote the 
sum of the areas of both surfaces intercepted between two 
planes perpendicular to the axis of x at the distances x^ 
and x^ respectively from the origin. Then, by Art. 161, 

Suppose, for example, that there is a curve which is bisected 
by the line y = a, so that we may put y = a + x(^) ^^^ *^® 
upper branch and y = a — X (^) ^'^^ ^^ lower branch. Hence 

dx dx^ 

and S'=^ lira j --^dx^ 4^a I ds^, 

the limits for s^^ being taken so as to correspond with the 
assigned limits of x. 

Hence, if there be any complete curve which is bisected by 
a straight line and made to revolve round an axis which is 
parallel to this line at a distance a from it and which does not 
cut the curve, the area of the whole surface generated is equal 
to the length of the curve multiplied by 27ra. 

167. For example, take the circle given by the equation 

■ 

Here the area of the whole surface generated by the revolu- 
tion of the circle round the axis of x will be 27rk x 2irc, 
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There is no difficulty in this example in obtaining sepa- 
rately the two portions of the surface. For the part above 

the line y = A;, we have 2*jr lyds, that is, 

27rfe+V{c'-(a?-A)*}]*, 

that is, 2wlkds+ 27r U\(? - (a? - hy] ds. 

The former of these integrals is 2wAs ; the latter is equal to 

which will reduce to 27r Icdx, that is, 2'jrcx. Hence the sur- 
face required is found by taking the expression 27rks + 2'jrcx 
between proper limits. 

Area of Surfaces ofRevohuion. Polar Formulce. 

168. It may be sometimes convenient to use polar co- 
ordinates ; thus from Art. 161 we deduce 

S=-J2'7n/ds=^J2in/ %d0=^ kirr sin ^ ^ d0^ 



where 



SVl-'^©]- 



169. Application to the Cardidde. 

Here r = a (1 + cos 5) ; thus 

ds 

^=aV{(l+cos^' + sin*^}=aV(2 + 2cos5)=2acos-; 

theiefore 

r T 

S = 4tira^ I (1 + cos 0) cos - sin 0d0 = 167ra* Icos* - sin - d0 

= — ^-cos*- + a 
o 2 
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The surface formed by the revolution of the complete 

curve about the initial line will be obtained by taking 

327ra' 
and ic as the limits of 5 in the integral. This gives — — • 

Any SurfoLce. Douhle Integration. 

170. Let Xf y, z be the co-ordinates of any point;? of a 
surface; aj + Aa?, y + Ay, z + Az the co-ordinates of an ad- 




JL^ 



jacent point j. Through p draw a plane parallel to that 
of (a?, z), and a plane parallel to that of (y, z) ; also through 
q draw a plane parallel to that of {x, z) and a plane parallel 
to that of (y, z). These planes will intercept an element pq 
of the curved surface, and the projection of this element on 
the plane of (05, y) will be the rectangle PQ. Suppose the 
tangent plane to the surface at ^ to be inclined to the plane 
of {xj y) at an angle 7, then it is known from solid geometry 
that 



sec 



dz 



-y{-®'-(i)}. 



dz 

where -r- and ^ must be found from the known equation to 
ax ay ^ 
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the surface. Now the area of PQ is Aa: Ay, hence by solid 
geometry the area of the element of the tangent plane at p of 
which PQ is the projection is Ax Ay sec 7. We shall assume 
that the Hmit of the sum of such terms as Ax Ay sec 7 for all 
values of x and y comprised between assigned limits is the 
area of the surface corresponding to those limits. Let then 8 
denote this surface; thus 

the limits of the integrations being dependent upon the 
portion of the surface considered. 

171. With respect to the point assumed in the preceding 
article, the reader is referred to the remarks on a similar point 
in Dijff^. CaL Art. 308. He may als<J hereafter consult De 
Morgan's Differential and Integral Calculus^ page 444, and 
Homersham Cox^s Integral Gatculus, page 96. 

172. Application to the Sphere. 

Let it be required to find the area of the eighth part of the 
surface of the sphere given by the equation 

af+y*+z' = a\ 

* 

dx^ z\ dy'^ z' 



*- ^-ilvi'^i^w'^Hfw^^- 



Now in the figure we stippose OL = x ; put y, for iZ, then 
fft = V(«' — aJ^)* for the value of y^ is obtained from the equa- 
tion to the surface by supposing « = 0. K we integrate with 
respect to y between the limits and yj, we sum up all the 
elements comprised in a strip of which LMml is the projec- 
tion on the plane of (a;, y). Now 

fy^ dy f y dy tt 
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thus S= — jdx^ 

If we integrate with respect to x from 0; to a, we sum up 
all the strips comprised in the surface of which OAB is the 

projection. Thus -~- is the required result ; and therefore 

the whole surface of the sphere is iircf^ 

If we integrate with respect to x first, we shall have 

rarxi adydx 

where x^^ fJio?- ^). 

173. As another example let it be required to find the 
area of that part of the surface given by the equation 

«'-f (ojcosa+y sin a)' — a* = 0, 

which is situated in the positive compartment of co-ordinates. 
This surface is a right circular cylinder, having for its axis 
the line determined by z = 0, a?cos a+jf sina==^0, and a is. 
the radius of a circular section of it. Here 

, dz _^ cosa(a?cosa + ysina) 

dx z ' 

dz _ sin g (x cos a 4-y sin a) 
^"" z '' 

thus ^^ffi^^^f f ^^^y , 

J J « J J V {« — (a; cos a + y sm a)*} 

The co-ordinate plane of (a?, y) cuts the surface in the 
straight lines a = + (a? cos a + y sin a), and if the upper sign 
be taken, we have a line lying in the positive quadrant of 
the plane of {x, y). 

To obtain the value of S we integrate first with respect to 
y between the limits y = and y^ifl — x cos a) cosec a ; now 



/; 



dy 1 . .ifljcosa + y sina 

*' :^ , Sin * 

tj[c? — (aj cos a+y sin a)*}, sin a a ' 
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take tkis between the assigned limits, and we obtain 

1 /tt . _.ajcosa\ 

-7 — h:-sin 1; 

sin a \2 a / 



therefore >S «= -; — h tt — sln"^ [ dx, 

sm a J [2 a ) ' 

and the limits of the integration are and . Hence we 

° cos a 

shall find 



8^^ "' 



sm a cos a 



174. Instead of taking the element of the tangent plane 
at any point of a surface, so that its projection shall be the 
rectangle Ax Ay, it may be in some cases more convenient to 
take it so that its projection shall be the polar element rA0 Ar. 
Thus we shall have 



'S= j Uecy rd0dr^ 



For example, suppose we require the area of the smface 
xt/=:az, which is cut off by the surface x^ +y^ = c^; here 

Thus s=r'r5^i^±^ri«*.?i((o' +«•)•-»•). 

175. Suppose x=r sin cos <^, y=r sin sin <^, z=r cos 0y 
so that r, 0, <f) are the usual polar co-ordinates of a point in 
space ; then we shall shew hereafter that the equation 

may be transformed into 
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An independent geometrical proof will be fonnd in the 
Cambridge and Dvblin Mathematical Journal^ Vol. IX., and 
also in Carmichaers Treaiise on the Cahulua of Operations. 
It will be remembered that in this formula r = V(ic"+y' + «'), 
while in Art. 174 we denote V(^ +y^ by r. 

Approximate Values of Integrals^ 
176. Suppose y a fdnction of a?, and that we require 
I ydx. If the indefinite integral lydx is known we can at 

once ascertain the required definite integral If the inde- 
finite integral is imknown, we may still determine approxi- 
mately the value of the definite integral. This process of 
approximation is best illustrated by supposing y to be an ordi- 
nate of a curve so that I ydx represents a certain area. 

Divide c — a into n parts each equal to h and draw n — 1 
ordinates at equal distances between the initial and final 

ordinates; then the ordinates may be denoted by y^, y,, 

Vn > ^iHi • Hence we may take 

^ an approximate value of the required area« Or we may 
take 

*(y2+y8 +yiHi) 

as an approximate value. 

We may obtain another approximation thus ; suppose the 
extremities of the r^ and r H- ll ordinates joined ; thus we 

have a trapezium, the area of which is (y^ + yr+i) 5 • The 

sum of all such trapeziums gives as an approximate value of 
the area 

AJI+y.+y. +y.+^'}. 

This result is in fact half the sum of the two former re- 
sults. It is obvious we may make the approximation as close 
as we please by sufficiently increasing n. 
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177. The following is another method of approximation. 
Let a parabola be drawn having its axis parallel to that of y \ 
^®* yi> ys* Vz represent three equidistant ordinates, h the dist- 
ance between y^ and y,, and therefore also between y^ and y^. 
Then it may be proved that the area contained between the 
parabola, the axis of x^ and the two extreme ordinates is 

g(yi + 4y, + y3). 

This will be easily shewn by a figure, as the area consists of 
a trapezium and a parabolic segment, and the area of the 
latter is known by Art. 143. 

Let us now suppose that n is even, so that the area we have 
to estimate is divided into an even number of pieces. Then 
assume that the area of the first two pieces is 

3(yi + 4y,+y3), 
that the area of the third and fourth pieces is 

gCys + ^y^ + y^)^ 
and so on. Thus we shall have finally as an approximate result 

3{yi + 2(y3+y, + ^n-i) + y«+i + 4 (y, + y, +y.)}. 

Hence we have the following rule : add together the first 
ordinate, the last ordinate, twice the sum of all the other odd 
ordinates, and four times the sum of all the even ordinates ; 
then multiply the result by one-third the common distance 
of the ordinates. This rule is called SimpaovCa Rule* 



EXAMPLES. 

1. If -4 denote the area contained between the catenary, 
the axis of x^ the axis of y, and an ordinate at tne 
extremity of the arc «, shew that A = c8. The arc s 
begins at the lowest point of the curve. 
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2. The whole area of the curve 



©-(!)- 



is f TToJ. (The integration may be effected by as- 
suming cc = a cos'<^.) 

3. The area of the curve y {a? + c?) = c' (a — x) from aj= 

to a; = a is c' f - — J log 2 j . 

4. The area of the curve y*a? = 4a* (2a — a?) from a; = to 

x = 2a is 47ra". 

5. Find the whole area between the curve y^ {a? + a") = cl^x^ 

and its asymptotes. Eesult. 4a^. 

•Z/ icL -4- aj I 

6. Find the area of the loop of the curve y^ = — ^^ ^ . 

Result. 2a*r.l-~V 

a? (a ~l~ aj I 

7. Find the area bounded by the curve y^ = — ^^ and 

•^ " a — a; 

the asymptote x^a^ excluding the loop. 

'Result. 2a' (l + ^) . 

8. Find the whole area between the curve y'^ (2a — a?) = a;' 

and its asymptote. Result. Sira^. 

9. Find the whole area of the curve [y —xY^d^" x^. 

Result, ird^. 

10. Find the area included between the curves 

y^ — 4aa; = 0, a? —Aay = 0. Result. — — , 

11. Find the whole area of the curve a^ + JV = a'JV. 

Result, ^db. 
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12. Find the area of a loop of the curve a^j^ = a;* (a* — sf). 

MeauU. -^ . 
d 

13. The area between the tractorj, the axis of y, and the 

asymptote is — . (See Art. lOO,) 

14. Find the area of a loop of the curve 

2^(a» + ai»)=ai'(a*-jB»), BemU. ^(7r-2). 

15. Find the area of the loop of the curve 

16ay = JV(a*-2aa:). Beimlt. ^. 

16. Find the area of the loop of the curve 

2y"(a« + a») = (a*-iB»)«. 

Result. a» (3 ^2 log (1 + »J2) - 2}. 

1 7. Find the whole area of the curve 

2/(a" + aj») -4ay (a^-a?*) + (a*^aj*)*=:0. 

B4i8uU. aVJ4--^-l. 

18. Find the area of the curve 

y = c sin - . log sin - 
jfrom a; = to aj=sa7r, BemU. 2ac(l — log2). 

19. Find the area of the curve «^ = ( - ) between a? = a and 

c \aj 

ax^l3f and from the result deduce the area of the hy- 
perbola icy = cf between the same limits. 

20. Find the area of the ellipse whose equation is 

aa? + 2hxy + c^=il. Result, -r? — ^Tsx • 
T. I. a 10 
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21. Find the area o£ a. loop of the cur^e r' » a'^cos 3d. 



Result, — 



22. Fmd the acea contained bj all the loops of the curve 



9 9 

Jtesult —jr- or — - according as « is odd or even. 



23. Fin;d the area between the curves r=^aeosn0 and r = a. 

24. Find the area of a loop of the curve r^ cos d = a' sin S0: 

Q 9 9 

Besult. -7- — •«- log 2. 

25. Find the whole area of the curve r^sa (cos 20 + sin 20). 

Besult, ira^. 

26. Find the area of a loop of the curve {a? + y^Y = ^c?a?y^. 

Result. —- . 

27. Find the whole area of the curve 

(ai«+yy = 4aV+46y. Remit. 27r(a? + J*). 

28. Find the whole area of the curve 

29. Find the area of the loop of the curve 

y'-3aajy + aj'=0. Result. —-. 

30. Find the area of the loop of the curve 

rcos^ssaco^ad^ Remit. [2 — ^] a*. 
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31. Find the area of the cojtre 



a» 



^ = Tn — 15 — rs\ + * c^s 0y 
V(a — "cos^) 

a being greater than K ResuU. ' // 2j.^8\ + "o~ • 

32. In a logarithmic spiral find the area between the enrve 

and two radii yectores darawn from the pole* 

33. Find the area Between the conchoid r^a-^'h cosec 6 

and two radii vectores drawn from the pole. 

34. In an ellipse find the atea^ between the curve and two 

radii vectores drawn from tie centre. 

35. In a parabola find the area between the curve and two 

radii vectores drawn from the vertex. 

36. Find the area included between the cnrve 

r = a (sec ^ + tan ^ 

and its asymptote r cos 6 = 2a. Result, (x + 2 j a*. 

37. The whole aiea of the curve r = o (2 cos ^+1) is 

<^f2'jr + — r— ], and llie area of the inner loop » 

38. Find the whole area of the curve r = a cos ^ + S, where 

a is greater than b. Also find the area of the inner 
loop. 

39. If X and y be the co-ordinates of an equilateral hyper- 

bola a^ — t/^^a^ shew that 

where u is the area intercepted between the corre, the 
central radius vector, and the axis. 

10—2 
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40. Find the whole area of the curve which is the locus of 

the intersection of two normals to an ellipse at right 
angles. Result. 7r{a'' 6)'. 

It may be shewn that the equation to the curve is 

>»(a' + J')(a'sin'5 + ycos'5)« 

= (a»-jy(a«sin»^-J«cos«^)". 

41. Find the area included within anv arc traced hj the 

extremity of the radius vector of a spiral in a com- 
plete revolution, and the straight line joining the ex- 
tremities of the arc. If, for example, the equation to 

' the spiral be r = a f — 1 , prove that the area corre- 
sponding to* any value of greater than 27r is 



uiT-ii-n 



42. Find the area contained between a parabola, its evolute, 

and two radii of curvature of the parabola. (Art. 159.) 

43. Find the area contained between a cycloid, its evolute, 

and two radii of curvature of the cycloid. 

44. Find the area of the surface generated by the revolution 

round the axis of x of the curve ay = i*. 

m 

45. Also of the curve y = oe*. 



c ' 



46. Also of the catenary y = « (^+ ^ *)• 

47. Shew that the whole surface of an oblate spheroid is 

48. A cycloid revolves round the tangent at the vertex; 

32 

shew that the whole surface generated is —- Tra*. 

3 
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49. A cycloid revolves round its base ; shew that the whole 

surface generated is — ircf. 

50. A cycloid revolves round its axis ; shew that the whole 

surface generated is 87ra' (tt — |), 

51. The whole sui&ce generated by the revolution of the 

tractoiy round the axis of a; is 49rc^. 

52. A sphere is pierced perpendicularly to the plane of one 

of its great circles by two right cylinders, of which 
the diameters are equal to the radius of the sphere and 
the axes pass through the middle points of two radii 
that compose a diameter of this great circle. Find the 
surface of thkt portion of the sphere not included 
within the cylinders. 

ItesuU, Twice the square of the diameter of the 
sphere. 

53. Find the surface generated by the portion of the curve 

y = a±alog— between the limits x^a a3aix = ae. 

BeeuU. iira* |l + V(l+e^ - V2+ log ^ ^^ 1",^^ „ | . 

54. Find I — , where d8 represents an element of surface, 

J p 
and p the perpendicular from the origin upon the 

tangent plane of the element, the integral being ex- 
tended over ihe whole of the ellipsoid -j +^ + ^ = 1. 
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GHAPTEB VHI- 



VOLUMES OP SOLIDS. 



F^nn^Aci in^Mang Singh LOegration. Solid of 

Bevolution. 




"Ir^^ r^^ — -jj^ 



178. I^T ^ be * fixed poiat in a jesnre APQ^ and P any 
other point on the curve whose co-ordinates are x and y. Let 
the curve revolve round the axis of a?, and let F denote the 
volume of the sdiid bounded bj the surface generated bj ihe 
curve and bj two planes perpendicnlar to the axis of a?, one 
through A HJid the other through P; then {fiiff. Cal. Art. 
314) 

dV 



dx 



therefore 



'^ I in^dx» 



From the equation to the curve y is a known function of x ; 
suppose -^ (a?) to be the integral of Try* ; then 

F=^(a;) + a 
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Let V^ denote the volame when the point P has x^ for its 
abscissa, and V^ the volume when the point P has a?, for its 
abscissa; thus 

therefore F,— Fi = -^ (a?J — -^ (^i) = ^ I V^^- 

179. ^4)^1"^^^^^ "^ ^^ £t^A^ dradar Cone. 

Let a straight line pass through the origin and make an 
angle a with the axis <^ x; then this straight line will gene- 
rate a right circular cone bj revolving round the axis of x. 
Herey— ^tana; thus 



= / w tan* a 



^^^T^a?+C. 



Suppose <Cj = 0, and let r = a?j ian a ; thus the vohiTne 

a right circular cone is one-third fhe product of the area of 
the base into the altitttde. 

180. Ajopltccttion to the Sphere. 

Here taking the origin at the centre of the sphere we have 
y"=V— '0^; thus 

ra 27ra' 

The volume of a hemisphere = I 'iry'dx = — q— . 

181. Application to the Faraholmd. 

Here the generating curve is the parabola, so that 
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Thus F,- Fj=7r j *iaxclx = 2a7r{x^'-x^. 

Suppose ajj = 0, then the volume becomes 2a7ra?/, fliat is 
\^%^%i where y^ = 4,(ix^ ; thus the volume is half that of a 
cylinder which nas the same height, namelv x^^ and the same 
base, namely a circle of which y, is the radius. 

182. Application to the Solid formed hy a Gydotd. 

Let a cycloid revolve round its axis ; here {Diff. Gcd. Art. 
358) 



X 



y = V(2oa: — a?) + a vers"* - . 

The integration is best eflfected by putting for x and y their 
values in terms of {Diff. Gal. Art. 358). Thus 



IT 



[fdx = 7ra*j{0 + sin 0^ sin d0. 



To obtain the volume generated by a semi-cycloid the 
limits for x would be and 2a ; thus the corresponding limits 
for ^ are and ir. 

Now I0'&m0d0^-ff'co&0 + 2l0cos0d0 

= -^cos^ + 2^sin^ + 2cos^, 
therefore [Vsindc?d«w^-4; 

^ f/i • 9/1 7/1 T/i/^ «/i\ T/1 ^ dsin2^ cos 20 
2 j0 am^ d0 =^ 10 {1 — QO&20) d0 = - — , 

therefore 2 j dsin'^(?ds=^. 







And rsin»^c?0=2 rsin»^(?^=2.|, (Art. 35.) 

Thus the required volume 
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183. This formula for the volume of a solid of revolution, 

F= jin^dxy like others which we have noticed, is one, the 

truth of which is obvious, as soon as the notation of the Inte- 
gral Calculus is understood. In the figure to Art. 128, if 
PM be y and MN be denoted by Aa, then in^Ax is the 
volume of the solid generated by the revolution of MNpP 
about the axis of x. Thus S^ry* Aa? will differ from the volume 
generated by the revolution of ADEB by the sum of such 
volumes as are generated bv J^Q, and me latter sum will 
vanish in the limit. Thus the volume generated by the revo- 
lution of ADEB is equal to the limit of Stt^* Aa:, that is, to 



/«y«db. 



184. Similarly, if V denote the volume bounded by the 
surface formed by a curve which revolves round the axis of y , 
and by planes perpendicular to the axis of y, we shall have 

And, as in Art. 178, we shall have 

185. Suppose two curves to revolve round the axis of a?, 
and thus to generate two surfaces, and that we require the 
differevbce of two volumes, one bounded by the first surface 
and by planes perpendicular to the axis of a;, and the other 
bounded by the second surface and by the planes already 
assigned. Let y = ^(cc) be the equation to the first curve, 
and y=^'^{x) that to the second. Then if V denote the 
required difference, we have 



r^jirl^ (a?)}'^- Jtt {-f {x)Ydx 
= 7r|[{0(a:)}«-{^(a:)ne&. . 
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If liie {dames wbieh bound tlie sequiBed vbluzne sre de- 
termined by x^x^ and a? = 3?^, we must integrate between 
the limits x^ and x^ for x. 

186. Suppose, for example, that a olesed cunre is such 
that the line y « a bisects everj odrdinate pajrallel to the axis 
of y; then we have 4^ixj^a + xi^) Mid lir(aj) ==«— ^{aj), 
wheice xi^) denotes .some fiinction ^ .re. Thus 

and iF= tt \^x W ^ 

Suppose the abscisses of the extreme points of the ^cmnre 
are x^ and x^^ then the volume generated by the revolution 

of the tdoaed cur6*e Douad &e Axis of a? is %mri xi^ ^* 
And 2 1 'xia^dx is the «rea <rf tbe closed curve, so that tiie 

J Xi 

volume is equal to the product of :2a7r into the area. This 
demonstration supposes tnat the generating curve lies entirely 
on one side of the axis of a;. 

K the generating curve T)e the circle given by 

(a;-ir+(y-*)»«c», 

we have irc* for its area, and therefore 2kc?7i^ for the volume 
generated by the revolution of it round the axis of ^. 

187. In a similar way if the curves a? = ^(y), a? = ^lfv)» 
revolve round the axis of y we obtain for the volume bounded 
by these surfaces and by planes perpendicular to tbe axis of y 



r=^j[{<i>{i/)y-\fbm^' 



188. The method given in Art. 178 for finding the volume 
of a solid of revolution may be adapted to any solid. The 
method may be described thus : conceive the solid cut up into 
thin slices by a series of parallel planes, estimate approxi- 
mately the volume of each slice and add these volumes ; the 
limit of this sum when each slice becomes indefinitely thin is 
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tiie ToluQiB <^ th^ Bolid reqaired* Suppose ikat a solid is cut 
up into sliceB by planes perpeBdicolaar to the axis o{ x; let 
4>W} be the area of a ^ectiou of tbe edid raade by a plaae 
which is at a distaaoe w from the origin, and let » + Ase be 
the distance of the next plane from the <origin; thus these 
two planes intercept a slice of which the thickness is Ax^ and 
of which the volume may fee Tepreeented by ^ (a?) Ax. The 
volume of the solid will therefore be the limit of X<f> {x) Ax^ 

that is, it will be |^ {x) dx ; the limits of the integration will 

depend upon the particular Bolid or portion of a solid under 
consideration. 

189. Application to an Ellipsoid. 
The equation to the ellipsoid is 

if a section be made by a fdane perpendicndaAr to the axis of x 
at a distance x from the origin, the boundary of the section is 

an ellipse, of which the semiaxes are &a/(i — a) ^^^ 

hence the area of this ellipse is irhc ( 1 5 



^J{'-^' 



I «8 



this is therefore the value ^ ^IfS). Hence the volume of 
the ellipsoid 

190. Applioatton to a IPyramtS. 

Let there be a pyramid, fhe base of wtich is any jectilinear 
%ai:e ; let ^ be the area :of the base and h the height. 
Take tbe origin of co-ordinates at the vertex of the pyramid, 
and tiie aadui of x pearpeaidicular to fthe base cf the pyramid, 
then the volume of the pyramid 



/ ^{x)dx. 
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Now the section of the pyramid made by any plane paral- 
lel to the base is a rectilinear figore similar to the base, and 
the areas of similar fimires are as the squares of their homolo- 
gous sides; and x and A are proportional to homologous sides; 
hence we infer that 

a? 



Thus the volume of the pyramid 

This investigation also holds for a cone, the base of- which is 
any closed curve. 

191. As an example we will find the volume lying be- 
tween an hyperboloid of one sheet, its asymptotic cone and 
two planes perpendicular to their common axis. 

Let the equation to the hyperboloid be 

a?" v' «■ 
-T-fr — 5 + 1 = 0, 

and that to the cone 

If a section of the former surface be made by a plane 
perpendicular to the axis of x and at a distance x from 
the origin, the boundary is an ellipse of which the area is 

Trie [-ji + l]; the section of the second surface made by 

the same plane also has an ellipse for its boundary, and its 

area is — =— . Therefore the difference of the areas is irhc^ 
a 

Hence the required volume, supposing it bounded by the 

planes x=^x^ and x^x^y is 






nrhcdxy that is, nrhc (a?, — a?|)« 
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167 



192. Sometiines it may be conTenient to make sections 
hj parallel planes not perpendicular to the axis of x. If a 
as the inclination of the axis of 2; to the parallel planes, then 
^ {x) sin aAx may he taken aa the volnme of a slice and 
the integration performed as before. 



FormulcB invohnnff DoiAle Integration, 



— p-dz--^ 

, 11 , I 



193. We will first give a formula for the volume of a solid 
of revolution. In the figure, let x, y be the co-ordinates of s, 
and X + Aa;, y + Ly those of t. Suppose the whole figure to 
revolve round the axis of x, then the element s( will generate 
a ring, the volume of which will be ultimately liry Lxbty: 
this follows from the consideration that Aa^Av is the area of 
«t and 1'rry the perimeter of the circle described by s. Hence 
the volume generated by the figure BE^^ or by any portion 
of it, will be the limit of the sum of such terms aa VmyHiX^y. 
Let P^ denote the required volume, then 



r=27r 



jjydxdy; 



the limits of the integration being so taken as to include all 
the elements of the reijuired volume. 

194. Suppose that the volume required is that which is 
obtfuned by tne revolution of all the figure BE^; let y = (f>{x) 
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be the equation to the npper curve; y»^ (a?) that? tOf the lower 
curve, ^nd let OG^x^y OH^x^ We should then integrate 
first with respect to y between: the limits v=*'^(a?) and 
y^^{x)\ we thus cvtun up all the elements like 2*/nf^xtiy 
which are contained in the. solid formed by the revolution of 
the strip PQqp ; then we integrate with respect to x between 
the limits x^ and x^. Thus to express the operation sym- 
bolically 



F=27rl / ydxdy 



x^J^m 






The second expression i» obtained by efiectin^ the integra- 
tion with respect to y between, the assigned limits, and it 
coincides with that already obtained in Art. 185. 

195. Thus in the preceding article we divide the solid 
into elementary rings, of which 27n/AxAy is the type; in 
the first integration we collect a number of these rings, so as 
to form a figure, which is the difierence of two concentric 
drcular slices ; in the second integration we collect all these 
figures and thus obtain the volume of the required solid. 

196. Suppose the figure which revolves round the axis of 
x to be bounaed by the curves aj = ^(y) and a: = '^(y), and 
by the straight lines v=y, and y=yr; then in applying the 
formula for V it will be convenient to integrate tost with 
respect to x; thus 

V^2ir\ I ydyctx. 

In this case in the integration with respect to x we collect 
all the elements like 2^Ay Aa? which have the same radius 
y, so that the sum of the elements is a thin cylindrical shell, 
of which Ay is the thickness, y is tiie radius, and ^(y) — '^^(y) 
the height. Thus 



F*27r r{^ (y) '-f{i/)}ydy. 
''ft 
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197. As a& example of tiba preeeding fiarmtilae, let it be 
required to find the volume of the solid generated by the re- 
Yolution of the area ALB round the axis of x in the figure 
already given in Art. 141. This volume is the excess of the 
hemisphere generated by the revolution of SLB over the para- 
boloid generated by the revolution of ASL; the result is 
therefore known, and we propose the example, not for the 
sake of the result, but for illustration of the formulae of double 
integration. 

Let S be the origin. Suppose the positive direction of the 
axis of a? to the left, then the equation to AL is y* = 4a (a — x) 
and that to BL is y' = 4o*— a?. Let Fbe the required volume, 
then 

2wy dy dx. 

liar 

If we wish to integrate with respect to y first, we must, as 
in Art. 141, suppose the figure ALB divided into two parts; 
thus 

2irydxdy+\ ^irydxdy. 

Again,. let it be required to find the volume generated by 
the levoiation of LJOG about the axis o£ x. Let the positive 
direction of the axis of x be now to the right, then me eqna- 
tioEL to LO is y*=4a(a-h a:) and that to LD is y=4a?— x*. 
Let. V be the required voliune, tiien 

V^ I I 2nrydxdy. 

If we wish to integrate with respect to x firsts we must, as 
ia Art. 141^ suppose the figure LDG divided into two parts; 
thus 

4a 

198. Similarly, if a solid is formed by the revolution of 
a. curve sound, the axis o£ y, we have 
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199. We now proceed to consider any soUd. 




X*' 



Let Xj y, z he the co-ordinates of any point p of s, 
surface, x + Axy y + Ay, z + Az the co-ordinates of an adja- 
cent point q. Through p draw planes parallel to the co-ordi- 
nate planes of {x, z) and (y, z) ; through S^&lso draw planes 
parallel to the same co-ordinate planes. These four planes 
will include between them a column, of which PQ is the base 
and I^ the height. The volume of this column will be ulti- 
mately zAxAy, and the volume between an assigned portion 
of the given surface and the plane of (a?, y) will be found by 
taking the limit of the sum of a series of terms like zAxAy, 
Let F denote this volume, then 



= \\zdxdy. 



The equation to the surface gives is as a function of x and 
y; the limits of the integration must be taken so as to include 
all the elements of the proposed solid. 
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If we integrate first with "respect to y, we sum up the 
columns which form a sKce comprised between two planes per- 
pendicular to the axis of x; thus the limits of integi'ation with 
respect to y may be functions of x, and we shall obtain 



jzdtf =/(a:), 



where y (a?) is in fact the area of the section of the solid consi- 
dered made by a plane perpendicular to the axis of a; at a 
distance x from the origin. Then finally 

V^jf{x)dx;. 
this coincides with the formula already given in Art. 188. 

200. Application to the Ellipsoid. 

Let it be required to find the volume of the eighth part of 
the ellipsoid determined by the equation 

Here we have to find 

First integrate with respect to y, then the limits of y are 
and LI, that is, and i a/( 1 — 5) J "^^ thus obtain the sum 

of all the columns which form the slice between the planes 
Lpl s,ni Mqm. Now between the assigned limits 

thus ^=/i*^^-S^- 

The limits of a> are and a ; we thus obtain the sum of 
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all the slices which are comprised in the solid OABC. Hence 



201. Suppose the given surface to be determined by 
xy=^aZy and we require the volume bounded by the plane 
of (a:, y), by the given surface, and by the four planes aj = a?j, 
a? = a?j, y = y^9 y = yr Here the volume is given by 

= 4^ (»i - «i) (y» - yJ Kyi + »,y» + «iy. + a;,y,} 
= 4K-a'i) (y.-yi) (2i+2»+«.+«4). 

where z^j z^, z^, z^ are the ordinates of the four comer points 
of the selected portion. 

202. Find the volume comprised between the plane « = 
and the surfaces xy^az and (a: — A)* + (y — hy = c*. 

Here we have to integrate \\—dxdy between limits de- 
termined by (a? — Kf + (y — hy = c*. 

Now jydt/=^^f and the limits of y are 

*-V{c"-(«-A)'} a^d ;fe + V{c" -(«-*)•}. 

Thus we obtain 

2Jc^{c''-{x^hy}. 

Thus finally the required volume 

where the limits of a are A — c and A + c. 
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And 

Put x — h = t; thus we obtain 

The Kmits of ^ are — c and + c ; therefore the result is 
; and the reqmred volume is . 

This result however assumes that ay is positive throughout 
the limits of the integration ; that is, the circle determined by 
{x — hy+iy — hy = c is supposed to lie entirely in the first 
quadrant or entirely in the third quadrant. If this condition 
be not fulfilled our result does not give the arithmetical value 
of the volume, but the balance arising from estimating some 
part of the volume as positive and some part as negative ; for 
example, if h and h vanish our result vanishes. 

Similarly in the result of the preceding article, it is assum*- 
ed that xy \& positive throughout the limits of the integration. 

203. Instead of dividing a solid into columns standing 
on rectangular bases, so that zAxAy is the volume of the 
column, we may divide it into columns standing upon the 
polar element of area; hence zrAdAr is the volume of the 
column. Therefore for the volume Fof a solid we have the 
formula 



-!!' 



zrdOdr, 



From the equation to the surface z must be expressed as a 
function of r and 0. 

For example, required the volume comprised between 13x6 
plane « = 0, and the surfaces as" + y* = 4mz and y* = 2caj— (A 

nere « "» j- ; and the limits of r and must be such as to 

11—2 
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extend the integration over the whole area of the circle 
y^ = 2ca? — of. Let r^ = 2c cob ^ ; then the required volume 

^ dOdr 



« - cos^ 









2c* /••* 4 
= — cos I 
a Jo 



= --i4-? (Art. 35)' 
a 4 2 2 ^ ■ 

_37rc* 

204. Bequired the volume of the solid comprised between 
the plane of (a?, y) and the surface whose equation is 

•Here, since a?+j^^T^f 

V^^ajji^rdOdr. 

The surface extends to an infinite distance from the origin, 
in every direction; thus the limits of are and 27r, and 
those of r are and qo . 



Now 



{bus 






P- m 



And f £» = 27r. 

Jo 

Hence the required volume is irac?. 
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FormulcB involving Triple Integration. % 

205. In the figure to Art. 199, suppode we draw a series 
of planes perpendicular to the axis oi z\ let 2; be the distance 
of one plane firom the origin and z-\'^z the distance of the 
next. These planes intercept from the column pqPQ an 
elementary rectangular parallelopiped, the volume ofwhich is 
AxAyAz. The whole solid maj be considered as the limit 
of the sum of such elements. Hence if F denote its volume^ 

F= llldxdydz. 

206. Required the volume of a portion of the cylinder 
determined bj the equation 

which is intercepted between the planes 

z^^xtajiQL and z=^xtaiifi. 
Here if tf^ stand for V(2aa? — aJ^, we have 

F=/ \' \ dxdydz 

= 1 I (tan )8 — tan a) ajda? Jy 

= 2 (tan/S — tana) I x^{2ax'-a?)dx 

J 

:=2(tan/9-tana)^*. 

207. The polar element of plane area is, as we have seen 
in previous articles, r^OAr. Suppose this were to revolve 
round the initial line through an angle 2ir, then a solid ring 
ivoold be generated, of whiw the volume is 27rr sin r Ad Ar, 
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since 27rr sin is the circumference of the circle described by 
the point whose polar co-ordinates are r and 0. Let ^ denote 
the angle which the plane of the element in anj position 
dmkes with the initial position of the plane, ^ + A^ the an^le 
which the plane in a consecutive position makes with the 
initial plane ; then the part of the solid ring which is inter- 
cepted Detween the revolving plane in these two positions is 
to the whole ring in the same proportion as A^ is to 27r. 
Hence the volume of this intercepted part is 

r* sin A(^ Ad Ar. 

This is therefore an expression in polar co-ordinates for an 
element of anv solid. Hence the volume of the whole solid 
may be found by taking the limit of the sum of such ele- 
ments ; that is, if V denote the reqidred volume, 



r^jjjf^ain0d<f>d0dr. 



The limits of the integration must be so taken as to in- 
clude in the integration all the elements of the proposed solid. 
The student will remember that r denotes the distance of any 
point from the origin, the angle which this distance makes 
with some fixed Ime through the origin, and ^ the angle 
which the plane passing through this distance and the fixed 
line makes with some fixed plane passing through the fixed 
line, 

208. Suppose, for example, that we apply the formula to 
find the volume of the eighth part of a sphere* Integrate 
with respect to r first ; we nave 



/■ 



r'dr^'^. 



Suppose a the radius of the sphere, then the limits of r are 
and a; thus 



r=jj^Bm0d<l>d0. 



In thus integrating with respect to r, we collect all the 
elements like r'sindA^AdAr which compose a pyramidal 
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solid, having its vertex at the centre of the sphere, and for its 
base the curvilinear element of spherical surface, which is 
denoted by a'sin^A^A^. 

Integrate next with respect to d ; we have 



I' 



the limits of ^ are and — ; thus 



•-/|V 



In thus integrating with respect to ^, we collect all the 

pyramids similar to — sin Atf} A0 which form a wedge- 

shaped slice of the solid contained between the two planes 
through the fixed line corresponding to (f> and ^ + A^. 

Lastly, integrate with respect to (f> from to — ; thus 

V-— 

r 6 • 

In this exp.mple the integrations may be performed in any 
order, and the student should examine and illustrate them. 

209. A right cone has its vertex on the surface of a 
sphere, and its axis coincident with the diameter of the 
sphere passing through that point; find the volume com- 
mon to the cone and the sphere. 

Let a be the radius of the sphere; a the semi-vertical 
angle of the cone, V the required volume, then the polar 
equation to the sphere with the vertex of the cone as origin 
is r = 2o cos 0. Therefore 

/*2v ra /*2acoB0 

F= r^aia0d<l>d0dr. 

Joi JoJo 

210. The curve r = a (1 + cos ^) revolves round the ini- 
tial line, find the volume of the solid generated. 
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Here the required yolume 



=f/7 



w /"Jr /*a(l+coi9) 




2ird 



r (1 + cos ey sin d0. 



.It will be found that this = —=— 



EXAMPLES, 

1. If the curve y" (a; — 4a) = oa; (a?— 3a) revolve round the 

axis of Xy the volume generated from a? = to a? = 3a 

is !!^' (15 -16 log 2). 

2. A <5ycloid revolves round the tangent at the vertex; 

shew that the volume generated hj the curve is 7r*a*. 

3. A cvdoid revolves round it9 base; shew that the 

volume generated hj the curve is 57r*a'. 

4. The curve y"(2a — a;)=sa;* revolves round its asymp- 

tote ; shew that the volume generated is 27r'a*. 

5. The curve a?y' = 4a*(2a— a?) revolves round its asymp- 

tote ; shew that the volume generated is 47r^a*. 

6. Find the volume of the closed portion of the solid 

generated by the revolution of the curve (y*— J*)'=a*a? 

round the axis of y. 

ry - 256 irV 
MesuU. TTTT —5- . 
315 or 

m 

7. Express the volume of a frustum of a sphere in terms of 

its height and the radii of its ends. 
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8. If the ciunre ^ » ^mx + no? reyolve about the axis of x^ 

find the volume of anj frustum; and shew that it 
may be expressed either by 

^(J» + c«- JnA«) or \rj TA(r»+§*), 

where A is the altitude of the frustum and 5, c, r are 
the radii of its two ends and middle section. Deduce 
expressions for the volume of a cone and spheroid. 

9. Find by integration the volume included between a 

right cone whose vertical angle is 60°, and a sphere 
of given radius touching it along a circle. 

BesuU. -T-. 
6 

10. If a paraboloid have its vertex in the base, and axis in 

the surface of a cylinder, the cylinder will be divided 
into parts which are as 3 : 5 by the surface of the 
paraboloid ; the altitude and diameter of the base of 
the cylinder and the latus rectum of the paraboloid 
being all equal. 

11. A paraboloid of revolution and a right cone have the 

same base, axis, and vertex, and a sphere is described 
upon this axis as diameter ; shew that the volume in- 
tercepted between the paraboloid and cone bears the 
same ratio to the volume of the sphere that the latus 
rectum of the parabola bears to the diameter of the 
sphere. 

12. Find the whole volume of the solid bounded by the 

surface of which the equation is 

BesuU. ^. 

13. Find the whole volume of the solid bounded by the 

surface of which the equation is 

(a?* + y" + zy = 27 a^xyz. 

9 
BesuU. -a*. 



170 EXAMPLES. 

14. Find the volume of the solid formed by the revolution 

of the curve [a? + y^* = aV + iV about the axis of a?, 
supposing a greater than b. Shew what the result 
becomes when a = J. 

15. Determine the volume of the solid generated by the re- 

volution of the curve {a? +^y =^ a'a? + b*t/* about the 
axis of Vy supposing a greater than b. Shew what 
the result becomes when a = b. 

BesuU. J(2j« + 3a«)J+— ^^sin-^^^^::^. 
6 ^ ' 2v(a — 6) d 

16. Find th^ volume of the solid formed by the revolution 

of the curve (y" + a?*)* = a* (ic* — y") round the axis of a?. 



SesuU. !^*|-^log(l + V2)-i}. 



17. A paraboloid of revolution has its axis coincident with 

a diameter of a sphere, and its vertex outside the 
sphere; find the volume of the portion of the sphere 
outside the paraboloid. 

Result. -T— , where A is the distance of the two 

planes in which the curves of intersection of the sur- 
faces are situated. 

18. Find the volume cut off from the surface 

c 

by a plane parallel to that of (y, z) at a distance a 
from it. Result. 7ra*»J{bc). 

19. A quadrant of an ellipse revolves round a tangent at 

the end of the minor axis of the ellipse ; shew that 
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the volume included by the surface formed hy the 
curve is 

^'(10-3^). 

20. Find the volume enclosed by the surfaces defined by 

the equations 

illustrating by figures the progress of the summation. 

BesulL -t;^ . 

21. If ;8^ be a closed surface, dS an element of 8 about a 

point P at a distance r from a fixed point 0, and 
<f> the angle which the normal at P drawn inwards 
makes with the radius vector OP, shew that the 
volume contained by the surface 



= J ir cos <f>dSy 



the summation being extended over the whole sur- 
face. 

Taking the centre of an ellipsoid as the point 0, 
apply this formula to find its volume, interpretmg geo- 
metrically the steps of the integration. 

22. Find the value of Ijjafdxdydz over the volume of an 

ellipsoid. Result. . 

23. Determine the limits of integration in order to obtain 

-the volume contained between the plane of (a;, y) and 
the surface whose equation is 

24. State the limits of the integration to be used in apply- 

ing the formula jjldxdydz to find the volimie of a 

closed surface of the second order whose equation is 
oix? + bt^ + C7? + dy^ + Vxz + dxy = 1. 
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25. State between what limits the integrations in 



jjjdxdy 



must be performed, in order to obtain the volume 
contained between the conical surface whose equa^ 
tion is 

« = a-V(a5'+y'), 

and the planes whose equations are x = z and a; = ; 
. and find the volume by tnis or by any other method* 

BesuU. -^. 
<# 

26. State between what limits the integrations must be 

taken in order to find the volume of the solid con- 
tained between the two surfaces cz=^ina? + n^ and 

z = <zx + byi and shew that the volume is -r- when 

o 

27. A cavity is just large enough to allow of the complete 

revolution of a circular disc of radius c, whose centre 
describes a circle of the same radius c, while the plane 
of the disc is constantly parallel to a fixed plane, and 
perpendicular to that of the circle in which its centre 
moves. Shew that the volume of the cavity is 

y(37r + 8). 

28. The axis of a right cone coincides with the generating 

line of a cylinder; the diameter of both cone and 
cylinder is equal to the common altitude; find the 
surface and volume of each part into which the cone is 
divided by the cylinder. 

JResuUs. 

Suxfeces, ^^^^-^^^^ «• and ^JLJ^l+M^a^ , 

6 6 
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^- 87r+27V3-64 , ,64-27V3-27r , 
Vommes, ^ a' and a' ; 

where a is the radius of the base of the cone or 
cylinder. 

29. Find the volume t)f the cono-cuneus determined hy 

which is contained between the planes x=iO and x = a. 

Result, . 

30. A conoid is generated by a straight line which passes 

through the axis of z and is perpendicular to it. Two 
sections are made bj parallel planes, both planes 
being parallel to the axis of z. Shew that the 
volume of the conoid included between the planes is 
equal to the product of the distance. of the planes into 
half the sum of the areas of the sections made bj the 
planes. 
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CHAPTEE IX. 

DIFFERENTIATION OF AN INTEGRAL WITH RESPECT TO ANY 
QUANTITY WHICH IT MAY INVOLVE. 

211. It is sometimes necessary to differentiate an Inte- 
gral with respect to some Quantity which it involves; this 
question we shall now consiaer. 

Required the differential coefficient of / ^ (x) dx with 

respect to h^ supposing ^ {x) not to contain h^ and a to be 

independent of h. 

rb 
Let w = I <f>{x)dx; 

J a 

suppose h changed Into h + Ab^ in consequence of which 

u becomes u + Au; thus 

rb+Ab 
w + Aw = I j>{x)dx'y 

J a 

rb+Ab rb 

therefore Au =1 if>{x)dx'-l if>{x)dx 

J a J a 



-/, 



b+6b 

6 (x) dx* 
b 



Now, by Art. 40, 



/, 



b+Ab 

^{x)dx^Ah<l>{h + dAb)f 
b 



where is some proper fraction ; thus 
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Let Al and Au diminish without limit ; thus 

212. Similarly, if we diflferentiate u with respect to a, 
posing d> {x) not to contain a, and b to be independent 



supposing 

of a, we ot)tain 






213. Suppose (f> {x) to contain a quantity c, and let it 
be required to find the differential coefficient of / ^ (a?) dx 

J a 

with respect to c, supposing a and b independent of c. 

Instead of ^ (aj) it will be convenient to write ^ (a;, c), 
so that the presence of the quantity c may be more clearly 
indicated; denote the integral by Uy thus 

tt =5 I ^ (xjc) dx. 

J a 

Suppose c changed into c + Acy in consequence of which u 
becomes u + Au; thus 

u + Au^l <l>{x,c + Ac) dx; 

J a ^ 

therefore Aw == 1 <t>{x,c + Ac) dx—l if} (a?, c) dx 

la J a 

rb 

«| {<^(aj,o + Ac)-^(a?,c)}&j; 

J a 

thus Au^f'<l>{x,c + Ac)^<f>{x,c)^^ 

Ac J a ^0 

"Now by the nature of a differential coefficient we have 
6(x,c + Ac)—6{x,c} d6{XfC) . 

^ A3 5r"+^' 
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where p is a quantity which diminishes without limit when 
Ac does so. Thus we have 



'£-i:^^-f/^ 



When Ac is diminished indefinitely^ the second integral 
vanishes ; for it is not greater than (ft — a) p', where p is 
the greatest value p can have, and p' ultimately vanishes. 
Hence proceeding to the limit, we have 

du_ [^ d<f>(x,c) jj^ 
ac J a dc 

214. It should be noticed that the preceding article sup- 
poses that neither a nor ft is infinite ; if, for example, ft were 
mfinite, we could not assert that Ih-^a^p would necessarily 
vanish in the limit. 

215. We have shewn then in Art. 213 that 

^i!*'-')-^-/:^^ (»• 

We will point out a useful application of this equation. 
Suppose that -^(a?, c) is the function of which i^[x^c) is 
the differential coefficient with respect to a;, and that xi^^ ^) 

is the function of which ^ ^ is the differential coefficient 

ac 

with respect to x ; thus (1) may be written 

ciWr(ft, c) ciWr(a,c) « . , . ,_. 

• ^ ^^^^^=-3i(^»«)-X(«»c) (2), 

let us suppose that ft does not occur in <f){x,c)t and that 
a is also independent of ft ] then (2) may be written 

where C demotes terms whick are independent of ft, that 
is, are constant with respect to ft* Hence as ft may have 
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any valae we please in (3), we may replace h by a;, 'and 
write 



x(x,o)=^5fl^ + cr (4). 



dc 



This equation may be applied to find % (aj, c) ; as the 
constant may be introduced if required, we may dispense 
with writing it, and put (4) in the form 

For example, let ^ (a?, c) = j-^ ; then 

jif, {x, c) dx =/ 1":^^ = I tan-' ex, 



-/, 



2ca? , 
dx. 



(1 + cV)' 

f die 
Thus from knowing the value of \- j—s ^^ ^^ *We to 

J -L "t" C •*/ 

deduce by differentiation the value of the more complex 
216. Bequired the differential coefficient of I ^ (a;, c) (£2; 

J a ^ 

Tvith respect to c when both i and a are functions of c. 

du 
Denote the integral by u ; then -7- consists of three terms, 

one arising from the fact that A (a;, c) contains c, one from 
the fact that b contains c, and one from the fact that a 
contains c 

t, I. a 12 
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Hence bj the preceding articles, 

dc'~Ja dc db dc da dc 

[^d6(x,c)y , .db ., .da 

217. With the suppositions of the preceding article we 

d^u 
may proceed to find -^ . By differentiating with respect to c 

the term / ^\ ' dx we obtain 
J a dc 

C ^^Jl^^I/? <?<^ (5, c) db dfp (g, c) da 
jfi d(? dc dc dc dc' 

From the other terms in -v- we obtain by differentiation 

^ ,, .d^b d6{b,c) fdby . d6 {b,c) db 
"^^^^""^l^^-db^KdcJ-^—d^Tc 

,. . ePa d^ (a, c) /dd^ d<f> (a, c) da 
-<l>{a,c)-^ d^[dSJ d^~dii' 

Thus ^=r^!^e& 

oc ]a d(y 

, , » <?a dd> (a, c) [da^ ^ dd> (a, c) da 

cPu 
Similarly ^ may be found and higher differential co- 
efficients of u if required. 
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218. The following geometrical illustration may be given 
of Art. 216. 




M M' 



JV JV' 



y= 



Let y = <l>{Xf c) be the equation to the curve APQ, and 
^ (aj, c + Ac) the equation to the curve A'P'Q\ 



Let 






Then u denotes the area PMNQ, and u + Au denotes the 
Sixea.P'M'N'g. Hence 



and 



Au = rj>qg + QNN'q - PMM'p, 
Au^ FpqQ' QNN'q PMM'p 



Ac Ac 



Ac 



Ac 



It may easily be seen that the limit of the first term is the 
limit of r ^^^>^ + ^/^""^^^^^^ (fe, that the limit of the 

Ja Ac 

. . * AJ 

second term is the limit of ^(i^,c) -r-, and that the limit 



Ac 

of the third term is the limit of j> (a, c) j— . This gives the 

result of Art. 216. 

12—2 
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219. Example. Find a curve such that the area between 
the curve, the axis of x, and any ordinate, shall bear a con- 
stant ratio to the rectangle contained by that ordinate and the 
corresponding abscissa. 

Suppose ^ {x) the ordinate of the curve to the abscissa x ; 

then I ^{x)dx expresses the area between the curve, the 

axis 01 a;, and the ordinate j> (c) : hence by supposition we 
must have 

where n is some constant. This is to hold for all values of c ; 
hence we may differentiate with respect to c ; thus 



,(,).*M,?tW, 



n n 

therefore c(p' (c) = (n — 1) ^ (c) , 

^(c) c 
By integration log ^ (c) = (w - 1) log c + constant ; 
thus ^ (c) = -4c""S 

and ^ {x) = Ax*''^ 

which determines the required curve. 

220. Find the form of ^ (x), so that for all values of c 

'dx 



f x{<f>{x)}\ 

J o 



C 

n 



By the supposition 

Jo "' J a 



'vm^^m'mmm'^ammmmmmm^mamm^mmmmmmimmmmmmsmmm 
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Differentiate with respect to c ; thns 

c{<l>{c)Y=lj\<l>{x)Ydx+l{<f>{c)Y', 

Differentiate again with respect to c ; 

thns (l-i){^(c)l' + 2c(l-i)^(c)f(c)=l^*; 

hence (l -|) ^(c) + 2c(l-i)f (c) = 0; 

therefore ^=2-^1. 

<l> (c) 2 (n — 1) c 

Integrate; thus 

2 — r W 

log (f> (c) = 2(n^i) ^^S c + constant ; 



2-n 



therefore ^ (c) = ^c^ <" -i), 

where A is some constant ; thus we have finally 



2-n 



This is the solution of a problem in Analytical Statics, 
which may be enunciated thus. The distance of the centre 
of gravity of a segment of a solid of revolution from the 

vertex is always -th part of the height of the segment ; find 



n 



the generating curve. The required equation is y = ^ (a;). 

221. Find the form of ^ (a?) so that the integral -77-^ — ^. 

may be independent of c. 

Denote the integral by u, and suppose x=:cz; thus 
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Since u is to be independent of c, the differential coefficient 
of u with respect to c must vanish. Now 



de i» V(l - «) 

- j„ 2cJ(c-x) '*'• 



2c V(c — a;) 

This last integral then must vanish whatever c may be ; 
hence we must have 

(f>{x)+2xif>'{x) = 0; 
therefore vPf = ; 

therefore log ^ (a;) = — J log a; + constant, 

therefore ^ (a;) = -r- . 

\ X 

This is the solution of a problem in Dvnamics, which may 
be thus enunciated. Find a curve, such that the time of 
falling down an arc of the curve from any point to the lowest 
point may be the same. If a denote the arc of the curve 
measured from the lowest point, x the horizontal abscissa of 
the extremity of *, then we have 

^ = ^ (a;) and a = 2-4 V^ ; 
so that the curve is a cycloid (Art. 72). 

MISCELLANEOUS EXAMPLES. 

1. If the straight line SP^P^P^ meet three successive revo- 
lutions of an equiangular spiral, whose equation is 
r = a^f in the pomts P^, P,, Pg, find the area included 
between P^P^^ P^P^^ and the two curve lines PJ^^, PJ\. 

Bemlt. r-i^— (P,PJ". 

4logea^ '^^ 
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2. Find the area of the curve y* — oayy^ + a?* =* 0. 

Result. ,- . 
16 

3. Find the area of the curve a^ + y** = a* (a?y)*"S where n 

is a positive integer. 

aV 
Result If n is an even integer — — ; if n is an odd 

° 2n 



integer 



n 



4. A string the length of which is equal to the perimeter 
of an oval is wound completelv round the oval, and 
an involute is formed by unwinding the string, begin- 
ning at any point ; shew that when the length of the 
involute is a maximum or a minimum the length of 
the string is equal to the perimeter of the circle of 
curvature at the point from which the unwinding 
begins. 

5- Find the portion of the cylinder oj^ + y" — ra; = inter- 
cepted between the planes 

aaj + iy + c«=0 and a'aj + Jy + c«=sO. 



Result* 



TT [a* — a) r' 
8o 



6. Find the volume of the solid bounded by the para- 
boloid y'+a*=4a(aj+a) and the sphere a'+y'+»*=c*, 
supposing greater than a. 

Result. 2ira (^ — -« ) •. 
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CHAPTER X. 



ELLIPTIC INTEGEALS. 



222. The integrals /^(^ -^sin' ^ ' /^^^ " ''' ^"^^ ^^ '^^' 

and |-r— J— Tm — 77; o ' 2 /i\ » ^6 called elliptic funo- 

J (I + a sin' ^) V (1 — c sin* ^) ' /- ^ 

^ioiw or elliptic integrals of the first, second, and third order 

respectively; the first is denoted by jP(c, 6), the second by 

E{Cy 0), and the third by 11 (c, a, 0). The integrals are all 

supposed to be taken between the limits and 0, so that they 

vanish with 0; is called the amplitude of the function. 

The constant c is supposed less than unity ; it is called the 

modulus of the function. The constant a, which occurs in the 

function of the third order, is called the parameter. When 

the integrals are taken between the limits and — , they 

axe called complete functions; that is, the amplitude of a 

complete function is — . 



223. The second elliptic integral expresses the length of 
a portion of the arc of an ellipse measured from the end of 
the minor axis, the excentricity of the ellipse being the 
modulus of the function. From this circumstance, and from 
the fact that the three integrals are connected by remark- 
able properties, the name elliptic integrals has been de- 
rived. 
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224. The subject of elliptic integrals is very extensive ; 
we shall merely give a few of the simpler results, and refer 
the student for fuller investigations to Hymers's Integral 
Ckdcultis, or to the writings of Legendre, Jacobi and Abel. 

225. If and <f> are connected by the equation 

where /it is a constant ; then will 

cos cos ^ — sin ^ sin <f> \/(l - c* sin* /it) = cos /it. 

Consider and <f> as functions of a new variable t, and 
differentiate the given equation ; thjis 

T. + -77^-J^J:Tlr^ :^ = (i). 



V(l-c'sin'^) dt ' V(l - c* sin'* ^) dt 

Now as Ms a new arbitrary variable, we are at liberty to 
assume 

g = V(l-c'sin'^, 

thus from the equation (1) 

§ = -V(l-c'Bm«^). 

Square these two equations and differentiate ; thus 

— = — c" sin ^ cos ^, -^ = — c* sin ^ cos ^ ; 

therefore "^^ ^^J^ ^^ = - ^ (sin 20 ± sin 2^). 
Let d + <f> = ylr and ^ — ^ = % ; thus 

-^^-c'sm'^cosx, -^ = -c'smxcos'^. 
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therefore 



therefore 



df . dt . , 

dt "Si dt dt 



d A d'>h\ d . . d f. dy\ d . . , 

therefore log -r- = log sin % + constant, 



(2), 



dt, 
therefore -p = -4 sin ;^ 

and similarly, § = ^8^°^ 

where A and B are constants. 

Hence -4sin;^-~ = 5sini/r-Xj 

therefore -4 cosx = J9cos'^ + (7 (3). 

Now from the original given equation we see that if <^ = 

therefore then 5 = /it and x = '^ = a*J 

thus from (3) (-4 — 5) cos /Lt = (7; 

thus A cos {0'^<f>)=^B cos (5 + ^) + (-4 — J?) cos /Lt ; 

therefore 

(^4 — J?) cos 5 cos ^ + {A+B) sin 5sin ^= (ul— jB) cos /a.. .(4). 

In (2) put for -X its value 

V(l - c» sin" ^) -^ V(l - <>" sin* <^), 
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and for -^ its value 
at 

V(l - (? Bm*e) + V(l - c" sin«^), 
and then suppose <f>^0; thus 

V(l — (f sin*/*) — 1 = ^ sin /Lt, 
and V(l — c" sin'/Lt) + 1 = 5 sin /i. 

Substitute for ^ - 5 and ^ + 5 in (4) ; 

thus cos 5 cos ^ — sin 5 sin <^ */{l — c' sin' /it) = cos /*. 

226. The relation just found may be put in a different 
form. Clear the equation of radicals ; thus 

(cos 5 cos ^ — cos /a)" = (1 — c" sinV) sin'^ sin*^ ; 

therefore 

oos'^ + cos*^ + cos*/A — 2 cos 5 cos ^ cos fl 

=s 1 — c' sin'yL6 sin'^ sin"<^. 

Add cos'^ cos'/* to both sides and transpose ; thus 

(cos 5 — cos <^ cos /a)' 

= 1 — cos'^ — cos'/6 + cos'^ cos'/* — c' sin'/* sin'5 sin'^ 

= sin'^ sin'/6 (1 — c" sin'^ ; 

therefore cos ^ = cos ^ cos /6 + sin ^ sin /* V(l — c* sin'^. 

The positive sign of the radical is taken, because when 
^ = 0, we must have ^s=/*. 

227. We shall now shew how an elliptic function of the 
first order may be connected with another having a different 
modulus. 

Let F{c^ ff) denote the function ; assume 

, ^ sin 2<^ 
c + cos 2<f> 



a 9 
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therefore -^^^ = 1^^^ 

COS a<f> (c + cos 29) 

J,. jy dO 2 (1 + c cos 2<f>) 

therefore -^r = z — ^7;^ a \ • 

rf0 1 + 2c cos 2^ + c* 

A J , J • 2/1 1 c'sin'2<f> 

And l--c'sm'^ = l-- — -^ z 

1 + 2c cos 2</) + c* 



therefore 



_ 1 + 2c cos 2^ + c* cos'2<^ ^ 
1 + 2c cos 2^ + c' ' 



r d0 f 2 (1 + c cos 2^) V(l + 2c cos 2<^ + c') , , 

J V(l - c* sin''^) "" jl + 2c cos 2</) + c'' l + ccos2^ ^ 

_ r d<l> 2 f d<f> 




V(l + 2ccos2^ + c») 1 + cf /(. 4c ^ 3-^,»J' 

No constant is added, because ^ vanishes with ^. Thus 



4c 



c/ = 



-5 and tan = ^-i • 



"^ (1 + c)' c + cos 2</) 

The last relation may be written thus, 

c sin 5 = sin (2^ — 0). 

We may notice that c^ is greater than c, for 



^'- ^ 



c''"c(l + c)«' 
and since c is less than unity, 4 is greater than c (1 + c)'. 



If ^ = - , then = ir; thus 



if«^(<'..i)=-^(«.')-^^(».i)- 
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228. We will give one more proposition in this subject, 
hj establishing a relation among Elliptic Functions of the 
second order, analogous to that proved in Art 225 for fanc- 
tions of the first order. 

If cos 5 cos <^ — sin 5 sin ^ \/(l "^ <^^ sin'/*) = cos /l6, 
then will 

E{c, 0) -{-Eic, <f>) -Eicy fM)=^c* sin ^ sin ^ sin /A. 

By virtue of the given equation connecting the amplitudes, 
^ is a fanction of 0; thus we may assume 

E{o, 0) ^E{c, 4>) -E{c, At) =/(^. 
Differentiate; thus 
/ (^ = V(l - c* 8in»^ + V(l - c" 8in»^) ^ 

__COS^ — COS<^ COS/A C0S<^ — C0S^C0S/L6 d<f> 

sin <f> sin ^ &mO sin fi dO 

(by Art. 226), 

_ d{An^0-\- sin'<^ + 2 cosd cos<^ cos/l&} 1 

dO 2sin^ sin^ sin/i ' 

But sin'^ + sin'^ + 2 cos cos ^ cos fi 

= 1 + cos'/Lt + c* sin'5 sin*^ sin*/Lt ; 

., /•f//i\ a • c? (sin 5 sin 6) 

thus / {0) = c* sm fi — ^ — -12 — ^ . 

Therefore, by integration 

f{JSf) = c* sin 5 sin ^ sin /a. 

No constant is added, because f{0) obviously vanishes 
with 0. 
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MISCELLANEOUS EXAMPLES. 

1. Find the whole volnine of the solid bounded by the 
surface of which the equation is 






8 

Eesult. —-^ ; supposing the radical restricted to the posi- 
tive sign. 

2, Find the whole volume of the solid bounded by the sur- 
face of which the equation is 



• ©'-(D'Hj)'-- 



^ , 4t7rahc 
Mesult. — -—— 
35 



3. Prove that the volume of that portion of the solid 

bounded by the surface whose equation is 

a?z + ay' = « (a' — «'), 

which lies on the positive side of the plane of xy is 
87ra' 

4. Find the value of I -i^ , where dS denotes the element 

of the surface of a sphere, and r the distance of this 
element from a fixed point without the sphere; the 
integration being extended over the whole surface of 
the sphere. 

BesulU -7 ^ ■! , r;j== — 7 — ; — r^zif ; whcrc a is the 

radius of the sphere, and c the distiance of the fixed 
point from the centre of the sphere. 

5. A cylinder is constructed on a single loop of the curve 

r=acos7i^ having its generating lines perpendicular 
to the plane of this curve ; determine the area of the 
portion of the surface of the sphere a:^ + y* + «'=a' 
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which the cylinder intercepts ; determine also the 
volume of the cylinder which the sphere intercepts. 

Results. The area = — (t: — 1 1 : 

the volume =gg-|). 

6. Find the volume of the solid generated by the revolution 

of the closed part of the curve 

a?'* — 3aa?y + y' = 

round the line a? + y = 0. -n i^ Sii^a' 

^ ResuU. ^r— 777 . 

7. If the axes of two equal circular cylinders of radius a 

intersect at an angle /8, the volume common to both is 

-T- —, — 77 : and the surface of each intercepted by the 
8a* 



other is 



sin^* 



8. The centre of a variable circle moves along the arc of a 

fixed circle; its plane is normal to the fixed circle, 
and its radius equal to the distance of its centre from a 
fixed diameter ; find the volume generated ; and if the 
solid so formed revolve round the fixed diameter, shew 
that the volume swept through is to the volume of the 
solid as 5 to 2. 

9. The centre of a regular hexagon moves along a diameter 

of a given circle (radius = a), the plane of the hexagon 
being perpendicular to this diameter and its magni- 
tude varying in such a manner that one of its diago- 
nals always coincides with a chord of the circle ; shew 
that the volume of the solid generated is 2^3 a'. 
Shew also that the surface of the solid is 

a'(27r + 3V3). 
10. Prove that 
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CHAPTER XL 



CHANGE OF THE VAEIABLES IN A MULTIPLE INTEGRAL. 



229. We have seen in Art. 62 that the double integral 

a<f) (a?, y) dx dy is equal to I I ^ (a:, y) dy dx when the 

limits are constant, that is, a change in the order of integra- 
tion produces no change in the limits for the two integrations. 
But when the limits of the first integration are functions of 
the other variable, this statement no longer holds, as we have 
seen in several examples in the seventh and eighth chapters. 
We give here a few additional examples. 

230. Change the order of integration in 

<f> {x, y) dx dy. 



r 




The limits of the integration with respect to y here are 
y = and y^ 'Jid^ — x^) that is, we may consider the 



CHANGE OP THE VAEIABLES, &C. 



193 



integral extending from the axis of x to the boundary of a 
circle, having its centre at the origin, and radius equal to a. 
Then the integration with, respect to x extends from the axis 
of y to the extreme point A of the quadrant. Thus if we 
consider « = <^(a?, y) as the equation to a surface, the above 
double integral represents the volume of that solid which is 
contained between the surface, the plane of {x, y), and a line 
moving perpendicularly to this plane round the boundary 
OAPBO. 

It is then obvious from the figure that if the integration 
with respect to a; is performed first, the limits will be a; = 
and a5 = \/(«*--y*)> ^^^ then the limits for y will be y = 
and y=^a. Thus the transformed integral is 



231. Change the order of integration in 

n2aoos0 
<f> {r, 0) r de dr. 




Let 0A = 2a, and describe a semicircle on OA as dia- 
meter. Let POX= 0, then 0P= 2a cos 0. Thus the double 
integral may be considered as the limit of a summation of 
values of <f>{r, 0yrA0Ar over all the area of the semicircle. 
Hence when the order is changed we must integrate for from 

to cos"* — , and for r from to 2a. 

JuCt 



T. I. C. 



13 



1&4 
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the tnns&nned izkiegxal is 






♦ w^ ^. »• J^^- 



232. Change the order of integntion in 




The integration for y la taken from y = j^ to y = 3a — ar. 

The equation y-^^ belongs to a parabola OLD, and 

y^Za^x to a straight line jBL(7, which passes through X, 
the extremity of the latns rectum of the parabola. 

Thus the integration may be considered as extending over 
the area 0LB80. Now let the order of integration be 
changed; we shall have to consider separately the spaces 
OLo and BL8. For the space 0L8 we must integrate 
from ajeO to x^2ij{ay)^ and then from y = to y = a; 
and for the space BL8 we must integrate from a; = to 
0B8a— y, and then from y^a to y*^3a. Thus the trans- 
formed integral is 

<l>{xjy)dydx'{-j j <f> {x, y) dy dx. 



QJ 
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233. Change the order of integration in 



1 /•«(2-«) 

^ (a?, y) dx dy. 






Here the integration with respect to y is taken from y = x 
to y = x{2''x). The equation y=^x represents a straight 
line, and y = x{2-x) represents a parabola. The reader 
will find on examining a figure, that the transformed inte- 
gral is 



a 



1 rv 

<l> {xj y) dy dx. 



/:/. 



. 234. Change the order of integration in 

'a rx+2a 

<l> {x, y) dx dy. 

Here the integration with respect to y is taken from 
y = ^(a' — 03*) to y = a? + 2a. The equation y — ^{a* — af) 
represents a circle, and y = x + 2a represents a straight line. 
The reader will find on examining a figure, that when the 
integration with respect to x is performed first, the integral 
must be separated into three portions; the transformed in- 
tegral is 



na r2a ra 

<f>{ix:yy)dydx'\-j i>{x,y)dydx 



rZa ra 

+ 1 / ^{Xiy)dydx. 



235. Change the order of integration in 

b 



I \<f>{x,y)dxdy. 



Here the integration with respect to y is taken from y = 
to y^j-T-—- The equation y=: , represents an hyper- 

"T" X O "T" X 

bola; let BDE be this hyperbola, and let 0-4 = a. Then 
the integration may be considered as extending over the 

13—2 
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space OBDA. Let the order of the integration be changed; 
we shall then have to consider separately the spaces OADG 
and CDB. For the space OADG we must integrate from 

a? = to a? = a, and then from v = to y = 7 . For the 

space CDB we must integrate from aj = to a?= ^ "" , 

h 
and then from y = -r- — to v = 1. Thus the transformed in- 

tegral is 

fb+afO' C^ f V 

236. Change the order of integration in 

(l>{x,y)dxdy, 

J oJ \x 

where A = r— ; — . The transformed integral is 
X + /A ° 

I \ 4> {«!, y) dy dx + r f " ^ (a, y) dydx. 



-;«— 3.-;;^:: — ro-S"- 
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237. Change the order of integration in 

my 
<f> {x, t/f z) dx dy dz. 
.. .. ji 



C 0'' 



The integration here may "be considered to be extended 
throughout a pyramid, the bounding planes of which are 
giyen by the equations 

j5 = 0, «=y, y = i», x=^a. 

The inte^al may be transformed in different ways, and 
thus we obtam 



mv 
4>{Xyy,z)dydxdz, 



C If 



or 



or 



or 



mo • 
^{x,y,z)dydzdx, 
w w ir 
ma 
^{x,y,z)dzdydx, 
.. _ u 



C »•' W 



mat 
<f> {x, y, z) dx dz dy, 
w w ■» 



or 



mx 
<f>{x, y, z)dzdxdy. 
w - * 

These transformations may be verified by putting for 

ti {xj y, z) some simple iunction, so that the integrals can 
e actually obtained; for example, if we replace ^{x, y, z) 

a' 
by unity, we find — as the value of any one of the six 

6 

forms. 

238. These examples will sufficiently illustrate the sub- 
ject ; it is impossible to lav down any simple rules for the 
discovery of the limits of the transformed integral. It is not 
absolutely necessary to draw figures as we have done, for the 
figures convey no information which could not be obtained by 
reflection on the different values which the variables must 
have, in order to make the integration extend over the range 
indicated by the given limits. But the figures materially 
assist in arriving speedily and correctly at the result. 
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We now pioceed to the problem wUdi is the main object 
of the present chapter, namelj, the chanse of the yariables in 
a muUtple integral We begin with £e case of a double 
integral. 

239. The problem to be solved is the following. Beqnired 

to transform the double integral jjVdxdy^ where F is a 

function of x and y, into another double inte^l in which the 
variables are u and t?, the old and new variables being con- 
nected bj the equations 

^x i^y y^ ^^ ^) = 0> ^2 (^> y» w, v) = (1). 

We suppose that the original integral is to be taken be- 
tween known limits of y and x\ as we integrate with respect 
to y first, the limits of y may be fdnctions of x. Of course 
while integrating with respect to y we regard x as constant. 

We first transform the integral with respect to y into an 
integral with respect to v. This is theoretically very simple ; 
from equations (1) eliminate u and obtain y as a function of 
X and V, say 

y = t(a?,t;) (2), 

from which we get 

dy^'^ {xy v)dvy 

where •^' (a?, v) means the differential coefficient of -^ (a?, v) 
with respect to t>. 

Substitute then for y and dy in IVdy, and we obtain 

j Fj-^' (a?, v) dvy where Fj is what F becomes when we put 

for y its value in F. Hence the original double integral 
becomes 



jjv^it' {x, v) dx dv. 



Thus we have removed y and taken v instead. As the 
limiting values of y between which we had originally to 
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integrate are known, we shall from (2) know the limiting 
values of v, between which we ought to integrate. It will be 

observed, that in finding -f^ from (2), we supposed x constant ; 

this we do because, as already remarked, when we integrate 
the proposed expression with respect to y we must consider x 
constant. 

The next step is to change the order of the above integra- 
tions with respect to x and v, that is, to perform the integra- 
tion with respect to x first This is a subject which we have 
already examined ; all we have to do is to determine the new 
limits properly. Thus supposing this point settled, we have 
changed the original expression mto 



1 1 V[y^' {x, v) dv dx. 



It remains to remove x from this expression and replace it 
by u. We proceed precisely as before. From equations (1) 
eliminate y, and obtain a; as a function of v and u, say 

aj = x(t?,w) (3), 

from which we get 

dx = x{^, u) dUf 

where x (^> ^) '^aeans the differential coefficient of x (v, u) 
with respect to u. 

Substitute then for x and die, and the double integral be- 
comes 



jjV'y^' {x, v) x' (^> w) ^v clu, 



where F' is what V[ becomes when we put for x its value in 
Fj. Thus the double integral now contains only u and t?, 
since for the x which occurs in y^' {x, v) we suppose its value 
substituted, namely, x(v, w). Moreover since the limits 
between which the integration with respect to x was to be 
taken have been already settled, we know the limits between 
which the integration with respect to u must be taken. 
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We have thus given the complete theoretical solution of 
the problem ; it onlj remains to add a practical method for 
determining '^' (a?, v) and %' (v, u) ; to this we proceed. 

We observe that '^' {x, t?) or ^ is to be found from equa- 
tions (1) by eliminating m, considering x constant; the fol- 
lowing is exactly equivalent ; from (1) 

dy dv du dv dv ' 

^_^di^d^du^^^^^ 
dy dv du dv dv 

Eliminate -y-i thus 
dv 

d^dy^d^ #, dy ^ d(f>^ 
dy dv dv __ dy dv dv 

du du 

d^^ d<f}^ d(f}^ d<f>^ 

dy dv du du dv 

dv d<f>^ a^j d<f}^ d<l>^ ' 

du dy dy du 

This then is an equivalent for '^'(xy v), supposing that after 
the differentiations are performed we put for y and u their 
values in terms of a? and v from (1). 

dx 
Again, x (^> ^) ^^ ^ is to be found from equations (1) by 

eliminating y, regarding v as constant; the following is 
exactly equivalent ; from (1) 

^^^^dy^d4^^^^ 
dx du dy du du ' 

d<f>^dx^d<l>^dy ^ #,^q^ 
dx du dy du du 



therefore 
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From these equations by eliminating ^ we find 

dx ^ du dy dy du 
du d^^ dif)^ dif>^ dff>^ ' 
dy dx dx dy 

This then is an equivalent for x' (^> **)• 

d<f>^ dff>^ ^ d^ d<l>^ 

mi ,, f K , f K dv du du dv 

Thus f ia>,v)x{v,u)^^^-^-^^. 

dy dx dx dy 
Hence the conclusion is that 

d^^ d^^ d<f>^ d<f>^ 

II^^HI^MtM:'"' '*'■ 

dy dx dx dy 

where after the differentiations have been performed, we must 
put for X and y their values in terms of u and v to be found 
trom (1) ; also the values of x and y must be substituted 
in V. 

An important particular case is that in which x and y are 
given eosplicitly as jfunctions of u and t;; the equations (1) 
then take the lonn 

»-/i (w> v) = <^j y-/.(«*jv) =<> (5). 

tt™ #1-1 ^^i-o ^«-0 #«-! 

^^ d^"^' dy'^r dx"^^ "^-"^' 

and the transformed integral becomes 

J J \du dv dv du) * 

where we must substitute for x and y their values from 
(5) in F. 
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Thus we may write 

//r*..,.//r(g|-||)**, (6). 

The fonnulae in (4) and (6) are those which are usnally 
given ; they contain a simple solution of the proposed problem 
in those cases where the limits of the new integrations are 
obvious. But in some examples the difficulty of determininff 
the limits of the new integrations would be very great, and 
to ensure a correct result it would be necessary instead of 
using these formulae, to carry on the process precisely in the 
manner indicated in the theory, by removing one of the old 
variables at a time. 

240. The following is an example. 

Required to transform / / Vdx dy^ having given 

From the given equations we have 

rx dx ^ dx dy dy 

thus ^ = l-v. ^ = -«, ±=v, ^ = «; 

dx dv dx d'u 

therefore -r- H^ — j- ^ == « (1 — v) +«v = w. 

du dv dv du 

Hence by equation (6) of Art. 239, we have 



I I Vdx dy=^ jjVudvdu; 



but we have not determined the limits of the integrations with 
respect to u and v, so that the result is of little value. We 
will now solve this example by following the steps indicated 
in the theory given above. 
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From the given equations connecting the old and new 
variables we eliminate u; thus we have 

vx 1 - dy X 
y = 1 > therefore -y- = -rz r, ; 

to the limits y = and y = &, correspond respectively « = 

and V = 7 ; thus 

b + x 

6 

rrrdxdtf=n^^''r,x{i--vydxdv. 

We have now to change the order of integration in 



V 

I I 'V^x{l-'v)'^dxdv. 

This question has been solved in Art. 235 ; hence we obtain 

h 
Vdxdy=^l V^x{l'-vydxdv 

..A J A J a 



0" •'CO 



= j^^j V^x{l-vydvdx+ I ^ j * V^xil-'vydvdx. 





b+a 



We have now to change x for u where 

/ V dx 

thus we obtain 

& a b 





a+6 



since to the limits and a for x correspond respectively and 
for M, and to the limits and — for x correspond 

1 — 1? V ^ 



respectively and - for u. 
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If ass h the transformed integral becomes 

1 g a 

n^^" V'udvdu+ f jVudvdu. 

If a is made infinite, these two terms combine into the 
single expression . 

I I V'u dv du. 

J J 

241. Second Example. Bequired to transform 

re ab-« 

J I Vdxdff, 

having given y + a? = ti, y = wt?. 

Perform the whole operation as before ; so that we put 



vx -• ^y_ ^ 



y=i — T ^^ 



1 — t? dt? (1 — v)* ' 

When y = we have t? = 0, and when yssc-x we have 

C •"" X 

^ = , , Thus the integral is transformed into 



e-« 



nF^ a? (1 — v)"" da: (fo. 
Now change the order of integration ; thus we obtain 

■/ A w A 



Now put aj = w (1 — v) and ^ = i — t?; the limits of u 

will be and c. Hence we have finally for the transformed 
integral 

1 re 

Vudvdu. 
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242. TTiird EocdmpU. Transform 1 1 Vdx dy to a double 
integral with the variables r and d, supposing 

a? = r cos 5, y =r sin 6. 

We may put 6 for t? and r for w in the general formulae ; 
thus 

dx dy dxdy • >, , . « >, 

au av av au 

and the transformed integral is 

jjV'rdddr. 

This is a transformation with which the student is probably 
already familiar ; the limits must of course be so taken that 
every element which enters into the original integral shall 
also occur in the transformed integral. 

A particular case of this example may be noticed. Sup- 
pose the integral to be 

ll<f>{ax + hy)dxdy; 

by the present transformation this becomes 



jU {kr cos {0 - a)} rd0 dr, 



where ^ cos a = a and ^ sin a = h. Now put d — a^O^ so 
that the integral becomes 



1 1 ^ (^r cos ff) rdffdr ; 



then suppose r cos ff = x' and r sin ff == y' and the integral 
may be again changed to 



jU{Jcx')dx'dy\ 
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Thus suppressing the accents we may write 

/ 1^ {ax + by) dxdi/ = j <l> {kx) dx dy^ 

where A: = V(^' + ^')« The limits will generally be different 
in the two integrals ; those on the right-hand side must be 
determined by special examination, corresponding to given 
limits on the left-hand side, 

243. Fourth Example. Transform I I Vdxdy^ having 

given 

x^au+bv, y = bu + aVf a>b. 

Eliminate w, thus ay-~bx=^ (a* — &*) v, and the first trans- 
formation gives 

I I V.dxdv. 

bx c? — J' 

where V. is what V becomes when we put — I v for 

* ^ a a 

y. Next change the order of integration ; this gives 
V^dvdx + V.dvdx. 

We have now to change from a? to w by means of the 

dx 
equation x = au + bvy which gives ^ = a ; the limits of u 

corresponding to the known limits of x are easily ascer- 
tained. 

Thus we have finally for the transformed integral 

e e—bv e—hv 

{a'-i")!'*'! ' V'dvdu + {a*-b')j' ^ f^V'dvdu. 

The correctness of the transformation may be verified by 
supposing V to be some simple function of x and y ; for 
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example, if F be unity, the value of the original or of the 
transformed integral is — . 

244. Fifth Eocamph. The area of a surface is given by 
the integral 

required to transform it into an integral with respect to 6 and 
^, naving given 

« = r cos 5, oj = r sin 5 cos ^, y == ^ sin 6 sin ^. 

From the known equation to the surface z is given in 
terms of x and y\ hence by substituting we have an equation 
which gives r in terms of 6 and ^. 

We will first find the transformation for dxdy : 

unC dv 

-^ = -ig sin 5 cos ^ + r cos 5 cos ^, 

-T7 = -77 sin 5 COS 6 — r sin 5 sin 6, 
dip d^ ^ 

^ = ^3 sind sin6 + r cos 5 sin ^, 

r^ = ^-r sin 5 sin i + r sin 5 cos 6. 
dq^ dip ^ 

thus dbrfy will be replaced by 

r sin 5 f r cos + -^^mOjdipdO. 

We have next to transform 



'JHihm 
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We have dz dzd^^dy^ 

we nave d0 dxde^dydO' 

dz ^dz dx dz dy 
d(f>^ dx d<f> dy d^^ 

dz dv y, • /I 

Also 55 ~ 5S ^^* ^ ^ ®^^ ' 



dz dr ^ 



dz . 



.Thus -r- is a fraction of which the numerator is 
ax 

dz dy dz dy 
dO dff> d(f> dO 

that is, (^<^s5 — r sin5)(-i^ sin^sin^ + r sind cos^j 

— ^ cos 5 ( -^ sin 5 sin ^ + r cos sin ^ j , 
that is, 

— r sin ^ ^ +r Sin ^ cos coQ(f>-Tg —r^ sin*^ cos ^, 

and the denominator is 

dx dy dx dy 
dOd^'^d^dS' 

the value of which was found before ; thus 

dv df 

, r sin 5 COS 5 cos ^ ^—r sin ^-rr — r* sin* 5 COS ^ 

r sin [r cos 5+ sin 5 -tr\ 

Similarly 

df d/f 

•J r cos^-T7- + ^ sin5 cos 5 sin^-r^ — r'sin'^ sin^ 

^y "" „ ' a I n . .• zi di 



f dT\ 

r-sin \r cos 5 + sin ^ ^ 1 
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therefore 

^ r am ir.Goa + B311 8 -j2tj 

and finally the transformed integral is 

//y{.«sin«^ + (|)Vsin«^(|)].#cf^. 

245. There will be no diflSieulty now in the transformation 
of a triple integral. Suppose that F is a function of x, y, z, 

and that i 1 1 Vdx dy dz is to be transformed into a triple 

integral with respect to three new variables t/, v, w^ which are 
connected with a?, y, z by three ec^uations. From the investi- 
gation of Art. 239, we may anticipate that the result will 
take its simplest form when the old variables are given ex- 
plicitly in terms of the new. Suppose then 

a=/i (w, V, w)y y-^f^ (m, V, w\ z =/, (w, V, w) (1). 

We first transform the integral with respect to z into an 
integral with respect to w. During the integration for z we 
regard x and y as constants ; theoretically then we should 
from (1) express « as a function of a?, y, and w^ by eliminating 
u and V ; we should then find the differential coefficient of z 
with respect to w regarding x and y as constants. But we 
may obtain the required result by difterentiating equations (1) 
as they stand, 

thus €^ + ^x^ + ^«0 

au aw av aw aw 

du dw dv dw dw ' 

^^^^^^^^^^ 
du dw dv dw dw dw * 



T. I. C. -^- - 14 
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Eliminate -j- and -j- ; fhus we find 
aw aw 

dz N 

du dv du dv 

where N^^(^^-^^ + ^(^^^-^^ 

dw \du dv du dv) dw \du dv du dv) 

dw \du dv du dv) ' 
Hence the integral is transformed into 

du dv du dv 

where V^ indicates what V becomes when for z its value in 
terms of a?, y and w is substituted. We must also determine 
the limits of w from the known limits of z. Next we may 
change the order of integration for y and w^ and then pro- 
ceed* as before to remove y and introduce t?. Then again we 
should change the order of integration for w and x and then 
for V and x^ and finally remove x and introduce u. And in ex- 
amples it might be advisable to go through the process step by 
step, in order to obtain the limits of the transformed integral. 
We may however more simply ascertain the final formula 
thus. Transform the integral with respect to z into an inte- 
gral with respect to i^ as above ; then twice change the order 
of integration, so that we have • 



lll^^ du/ dfjA ^'^^^y- 



du dv du dv 

Now we have to transform the double integral with respect 
to X and tr into a double integral with respect to u and v by 
means of the first two of eauations (1). Hence we know 
by Art. 239 that the symbol ax dy will be replaced by 



\du dv du dv) ' 
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and the Integral is finally transformed into 

V*Ndwdvduy 



m- 



where F' is what F becomes when for x, y, and z, their values 
in terms of u, v, and w are substituted. 

The student will now have no difficultj in investigating 
the more complex case, in which the old and new variables 
are connected by equations of the form 

<^i (aJ, y, «, u,v,w) = 0'i 

^,(«,y, «, w,f?, i^)=0> (2). 

<^8 (^> y> «> w, V, «?) = J 

Here it will be found that 

dz _^N^ dy ^N^ ^_-^. 
dio^'lD^' dv^D^' du^D^' 

also that JV, = D^, and N^^D^. 

Thus JlJVdxdydz =/[/^' J' dudvdw, where 

^_^d<f>,/dif>^d<l>^ d<t>^d4>A ^ d^Jdft>^d4>^ ^<t>i^<t>s\ 
* dw\du dv du dv ) dw\du dv du dv ) 



^d^fd^d^_d^d^\ 
dw\du dv du dvj^ 



and — 2)3 IS equal t6 a similar expression with x, tfy z instead 
of u, V, w respectively. 

It may happen that equations (2) will impose some restric- 
tion as to the way in wnich the transformations are to be 
effected. For example suppose we have 

x + y + z — u^O, a?+y — wv = 0, y—uvw^O. 

From these equations we cannot express z in terms of w and 
x and y, and therefore we cannot begin by transforming from 
z to w. We may however begin by transforming from ;s to m 
or from zto v; or we may begin by transforming from x or y 
to u ox V 01 to. 

14r-2 
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246. It may be instructive to illustrate these transforma- 
tions geometrically. We begin with the double integral. 




Let 1 1 Vdx dy be a double integral, which is to be taken 

for all the values of x and y comprised within the boundary 
ABCD. Suppose the variables x and y connected with two 
new variables u and v by the equations 

a?=/i(^>v)» y=/2(«^> v) (!)• 

From these equations let u and v be found in terms of 
X and y, so that we may write 

u = F,{x,y), v^F,{x,y) (2). 

Now by ascribing any constant value to u the first equa- 
tion of (2) may be considered as representing a curve, and by 
giving in succession different constant values to u, we have a 
series of such curves. Let then APQC be a curve, at every 
point of which F^ {x, y) has a certain constant value u ; and 
let A'SBC be a curve, at every point of which F^ (a?, y) has 
a certain constant value u + Su. Similarly let BP8D be a 
curve, at every point of which F^ (x, y) has a certain constant 
value V ; and let B' QBD' be a curve, at every point of which 



^t^'^^-^^^^r^^'^^'^^ ■•pi 
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JPj (a?, y) has a certain constant value v + Bv, Let a?, y now 
denote the co-ordinates of P; we shall proceed to express 
the co-ordinates of Q, 8, and B. 

The co-ordinates of Q are found from those of P, hj chang- 
ing V into v + Bv; hence by (1) they are ultimately, when ot; 
is inde£jiitely small, 

x + '-j- Sv, and y + -r^ Sv. 

Similarly the co-ordinates of 8 are found fix^m those of P 
by changing u into u + Su; hence by (1) they are ultimately 

du ^ ^ du 

The co-ordinates of B are found from those of P by 
changing both u into u + Su and t? into t? + 8i?; hence by 
(1) they are ultimately 

x-\-'T-Su + -j-Svy and y + -f^Sw + -|^Sv. 
au av ^ du dv 

These results shew that P, (?, jB, 8 are ultimately situated 
at the angular points of a parallelogram. The area of this 
parallelogram may be taken without error in the limit for the 
area of the curvilinear figure PQB8. The expression for the 
area of the triangle PQR in terms of the co-ordinates of its 
angular points is known (see Plane Co-ordinate Geometry ^ 
Art. 11), and the area of the parallelogram is double that of 
the triangle. Hence we have idtimately for the area of 
PQB8 the expression 

" \du dv dv duj 

Thus it is obvious that the integral UVdxdy may be 
replaced by 

^{{ri—^^^^dudv 
J J \du dv dv du) ' 
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the ambiguity of sign would disappear in an example in 
which the limits of integration were known. In finding the 
value of the transformed integral, we may suppose that we 
first integrate with respect to v, so that u is kept constant ; 
this amounts to taking all the elements such as PQE8, which 
form a strip such as AA'C'G. Then the integration with 
respect to u amounts to taking all such strips as AA'G'C 
which are contained within the assigned boundary ABCD. 

247. We proceed to illustrate geometrically the trans- 
formation of a triple integral. 




Let \\\ Vdxdydz be a triple integral, which is to be taken 

for all values of a;, y, and z comprised between certain as- 
signed limits. Suppose the variables x^ y, and z connected 
with three new variables w, v, w by the equations 

From these equations let u^ v, and w be found in terms of 
X, y, and 2;, so that we may write 

» = -^1 («i y^ «), v = -P; {x, y, z), w^F^ (a?, y, z)....[2). 
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Now by ascribing any constant value to w, the first equa- 
tion of (2) may be considered as representing a surface, and 
by giving in succession different constant values to u we 
have a series of such surfaces^ Suppose there to be a surface 
at every point of which F^ {x, y, z) has the constant value «, 
and. let the four points P, B, I), he in that surface ; also 
suppose there to be a surface at every point of which 
•^1 (^9 yy ^) ^^ ^^^ constant value u + Suy and let the four 

?oints -4, -F, Gy E be in that surface. Similarly suppose 
', -4, ^, (7 to be in a surface at every point of wnich 
F^ (a?, y, z) has the constant value t?, and J?, J9, (r, -Fto be in 
a surface at every point of which F^ {x, y, z) has the constant 
value V + hv. Lastly suppose P, -4, F, B to be in a surface 
at every point of which F^ (a;, y, z) has the constant value Wy 
and G, 2), (r, ^ to be in a surface at every point of which 
F^ {x, y, z) has the constant value w + Sw. 

Let X, y, z now denote the co-ordinates of P; we shall 
proceed to express the co-ordinates of the other points. The 
co-ordinates of A are found from those of P by changing u 
into u + Su; hence by (1) they are ultimately when Su is 
indefinitely small, . 

The co-ordinates of P are found from those of Pby chang- 
ing V into v+Bv; hence by (1) they are ultimately 

Similarly the co-ordinates of C are ultimately 

"'+^^' y+^^' *+£^«'- 

The co-ordinates of D are found from those of P by chang- 
ing V into V + Svy and w into w + Sw; hence by (1) they are 
ultimately 

Similarly the co-ordinates of F^ F and Q may be found. 
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These results shew that P, A, B, C, J), E, F, O are ulti- 
mately situated at the angular points of a parallelopiped ; and 
the volume of this parallelopiped may be taken without error 
in the limit for the volume of the solid bounded by the six 
surfaces which we have referred to. Now by a known theo- 
rem the volume of a tetrahedron can be expressed in terms 
of the co-ordinates of its angular points, and the volume of 
the parallelopiped PO is six times that of the tetrahedron 
ABPC. Hence finally we have for the volume of the paral- 
lelopiped 

fda? fdy dz dy &\ dy fdz dx dz dx\ 
\du \dv dw dw dv) du \dv dw dw dv) 

+ -y- 1-3- 7^— ^— -f-] ' huhvhw = -{-NZuZvZw say. 
du \av dw aw dvj) "" 

Hence the triple integral is transformed into 

±jjjr'Ndudvdw; 

the ambiguity in sign would disappear in an example where 
the limits of integration were known. 

248. We have now given the theory of the transforma- 
tion of double and triple integrals ; the essential point in our 
investigation is, that we have shewn how to remove the old 
variables and replace them by the new variables one at a 
time. We recommend the student to pay attention to this 
point, as we conceive that the theory of the subject is thus 
made clear and simple, and at the same time the limits of the 
transformed integral can be more easily ascertained. We do 
not lay any stress on the geometrical illustrations in the two 
preceoing articles; they require much more development 
before they can be accepted as rigid demonstrations. 

249. Before leaving the subject we will briefly indicate 
the method formerly used in solving the problem. This 
method we have not brought prominently forward, partly 
because it gives, no assistance in determining the new umits, 
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and partly on account of its obscurity ; the latter defect has 
been frequently noticed by writers on the subject. 

Suppose 1 1 Vdxdy is to be transformed into an integral 

with respect to two new variables u and v of which! the old 
variables are known functions. 

Let the variables undergo infinitesimal changes : thus 

^y=^u^''+t^'' (2)- 

Now in the original expression Vdx dy in forming dx we 
suppose y constant^ that is, dy=^0\ hence (2) becomes 

'-rJ-^t^^ (^)' 

find dv from this and substitute it in (1) ; thus 

dx dy dx dy 

, du dv dv du ^ ,,. ' 

dx ^ i du (4). 

dv 

Again, in forming dy in Vdxdy we suppose a? constant, 
that is, di = ; hence by (4) we must suppose rfw = ; thus 
from (2) 

^i^ = J^^ (5). 

From (4) and (5) 

1 T fdx dv dx dv\ -, , 
dxdy=^[-j--j —-r -j^]dudvi 
^ \du dv dv duj 

and jjvd.dy Uoora^ 

[!v'(~^- — ^]dudv. 
J J \du dv dv du) 
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With respect to the limits of integration we can only 
give the general direction, that the new limits must be so 
taken as to include every element which was included by the 
old limits. 

250. Similarly in transforming a triple integral 

Vdx dy dz 



III 



the process was as follows. Let the new variables be w, r, «? ; 
in forming dz we must suppose x and y constant ; thus we 
have 

, dz T dz y dz ^ 
du av dw 

0= -j-du-\-'j-dv+ -J- dw. 
du dv dw 

0= '^du + ^dv + '^dw. 
du dv dw 

" dx dy dx dy ""* * ^ '' 

du dv dv du 

where N has the same value as in Art. 247. 

Next in forming dy we have to regard x and z as constant; 
hence by (1) we must regard w as constant ; thus we have 

dy = ^du + -^dVf 
^ du dv ' 

dx -, dx 7 
= -^du + -T-dv; 
du dv 

fdy dx dy dx\ , 

^, « , \dv du du dv) /^x 

therefore dy^ . k^}* 

du 
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And lastly in forming dx we suppose y and z constant, 
that is, bj (1) and (2) we suppose w and v constant ; thus 

dx = ;j~^^ • (^)* 

From (1), (2), and (3) 

dx dy dz = Ndu dv dw, 

251. The student who wishes to study the history of 
this subject may be assisted by the following references. 
Lacroix, Galcul Diff. et IntSgral^ Vol. Ii. p. 205 ; also the 
references to the older authorities will be found in page xi. of 
the table prefixed to this volume. De Morgan, Diff, and 
Integral Calculus^ p. 392. Moigno, Galcul Diff, et mtigraly 
Vol. II. p. 214; Ostrogradsky, Mdmoires deTAcadSmie de 
8t PStersoourg, Sixifeme S^rie, 1838, p. 401. Catalan, MS^ 
moires CouronnSs par VAcad6mte...de Bruocelles, Vol. XIV. p. 1. 
Boole, Cambridge Mathematical Journal^ Vol. i V. p. 20. Cauchy, 
Exerdces d^ Analyse et de Physique MathSmatiquey Vol. IV. 
p. 128. Svanberg, Nova Acta Regies Sodetatis Scientiarum 
JJhsaliensis, Vol. xiil. 1847, p. 1. De Morgan, Transactions 
of the Camiridge Phil. Society, Vol. IX. p. [133]. 
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1. Shew that if a; = a sin d sin and y == i cos sin 0, the 
double integral jjdxdy is transformed into 

± llah&mif>coBif>d<f>d0. 

2« If a; = t«sina + t;cosa and ^ = t^co8a — vsina, prove 
that 
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3. Prove that 



4. Transform 1 1 Vdx dy^ where y = xu and x =- . 

If the limits of y be and x and the limits of a; be 
and a, find the limits in the transformed integral. 

Vv{l-k-uY'dudv. 



5. Transform \\(r^-^^^^^'^^ dxdy from rectangular to 

polar co-ordinates, and thence shew that if the limits 
both of X and y be zero and infinity, the value of the 



integral will be 



a 



2 sma 



6. Transform I \ ^{x^y)dx dy to polar co-ordinates, and 

indicate the limits for each order in the transformed 
integral. 

Shew that 



r/ 

JoJ{ 



« p dxdy _ 1 .1 cA 

oJo (c' + aj' + y*)*"'^ ^ cV(a' + *' + c')' 



7. Apply the transformation from rectangular to polar co- 
ordinates in double integrals to shew that 



+00 r+00 



/:/: 



a dxdy 27r 



00 



{a?+l/'+ a»)* {a? + f +o'»)* «+«' * 



8. ' Tiaoaform the doable integral lff{!'!, y) dx dy into one 
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in which r and shall be the independent variables, 
having given 

a; = r cos ^ + a sin ^, y = r sin ^ + a cos ^. 

BesulL 

I //(^ cos ^ + a sin ^, r sin ^ + a cos 0) {a sin 20 — r) d0dr. 

9. Transform {{er^'^^dix^dy i^ito a double integral where 

r and < are the independent variables where ^ = ^ and 

r^ = aj* + ^'; and if the limits of re and y be each 
and 00 , find the limits of r and t. 

Result, rr^^:^. 

10. If X and y are given as functions of r and 0^ transform 

the integral jjjdxdydz into another where r, and 

« are the variables ; and if re = r cos ^ and y = r sin 0^ 
find the volume included by the four surfaces whose 
equations are r = a> « = 0, ^ = 0, and ;? = mr cos d. 

ir 

BesulL The volume = / / i^m cos 0d0dr — ^^ . 

11. If aa5 = y«, fiy=^zx, r^z^xy^ shew that 

12. Transform I 111 F^Zsc^eZr^drTgC^e^ to r^ 0, ^ and '^ when 

a;^ =^ r sin d cos ^, x^ = r cos cos ^, 
a?, = r sin ^ sin 0, a?^ = r cos 5 sin ^^. 

Remit. jjfjV'7^sm0coB0drd0d(t>dit. 



222 EXAMPLES. 

13. Find the elementary area included between the curves 

^ (^> y) = ^> V^ (^> y) = v>. fl-iid the curves obtained by 
^ving to the parameters u and v indefinitely small 
increments. 

Find the area included between a parabola and the 
tangents at the extremities of the iatus rectum by 
dividing the area by a series of parabolas which touch 
these tangents and by a series oi lines drawn from the 
intersection of the tangents. 

14. Transform the triple integral \\\f{x, y, z)dxdydz into 

one in which r, y, z are the independent variables, 
having given -^ {x, ^, z, r) = ; and change the vari- 
ables in the above integral from », y, « to r, ^, if}, 
having given ^ 

d^ d^ d^ 

dx dy ds ^ 

15. Transform the double integral 

in which a?, y, z are connected by the equation 
a5'+y* + 5j' = l, to an integral in terms of and ^, 
having these relations, 

X =5 sin0 V(l — w*sin"^), y = cos ^ cos^, 

« = sin 5 V(l — w* sin'0), w" + w* = 1. 

Hence prove that 






IT 



m^ cos^O + n* cos*^ jajj.^'"' 

V(l - w^sin'^^) V(l -n«sin«0) ^^^9^"" 2 ' 
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16. Transform the integral \\\dxdydz to r, ^, 0, where 

a; = r sin0V(l — w'cos"^), y = r cos^ sin^, 
« = r cos ^ V(cos'0 + w" sin'^). 

^^""' jjj V(l-w*cos*5)V(cos»0 + «»sin»0) • 

17. Transform the expression jj -^siaOdO d<f> for a volume, 

to rectangular co-ordinates. 

Result. \\\{z—px'-qy)dxdy\ this should be in- 
terpreted geometrically. 

18. If aj + y + « = w, a?+y = MV, y = Mvtr, prove that 

j I I Vdxdydz = l I I Vu^dudvdw. 

19. If a?j = rcos5j, 

a;, = r sin^jCOS^j, 

0^ = r sin ^1 sin 0^ cos 0^, 



x^^ = r sin 0^ sin ^,. . .sin 5,^ cos 0^^y 
x^ = r sin ^^ sin ^,...sin 0,^^ sin ^^j, 

shew that Ml Vdxj^dx^...dx^ 

^ ±jjj FV«-* (sin 0;)^ (sin 0;}^ 

sm0^^drd0^d0^ d0^^, 

where V is any function of a?j, a;,,...:?., and V what 
this function becomes when the variables tu:e changed. 
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CHAPTER XII. 



DEFINITE INTEGRALS. 



252. When the indefinite integral of a function is known, 
we can immediately obtain the value of the definite integral 
corresponding to any assigned limits of the variable. Some- 
times however we are able by special methods to assign the 
value of a definite integral when we cannot express the 
indefinite integral in a finite form ; sometimes without actually 
finding the value of a definite integral we can shew that it 
possesses important properties. In some cases in which the 
indefinite integral oi a function can be found, the definite 
integral between certain limits may have a value which is 
worthy of notice, on account of the simple form in which it 
may be expressed. We shall in the present chapter give 
examples oi these general statements. 

We may observe that a collection of the known results 
with respect to Definite Integrals has been published in a 
quarto volume at Amsterdam, bv D. Bierens de Haan, under 
tne title of TahUa d^IntSgrales Jjifinies, 

253. Suppose/(ic) and F{x) rational algebraical functions 
of aj, and /(a;) of lower dimensions than F{x)y and suppose 
the equation i^(a3) = to have no real roots ; it is required to 
find me value of 

fix) 



f-. 



-^F{x) 



dx. 



It will be seen that under the above suppositions, the 
expression to be integrated never becomes infiiute for real 
values of a?. 
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Let a + ^\/(- 1.) and a — ^\/(— 1) represent a pair of the 
imaginary roots o{F{x)=0; then the corresponding quadratic 

fraction of the series into which '^^ . can be decomposed, 

may be represented by 

2 A (a; - g) + 2B^ 
{x-ay + ^ ' 

the constants A and B being found from the equation 

■NT /" ^B^dx .„. _,» — a 
Now /t ^Ta — m = 25 tan * — ^r— , 

therefore J_^^-_^,_^ = 25^. 

and it is obvious that the latter integral between the assigned 
limits is zero, for the negative part is numerically equal to 
the positive part. Thus 2J?7r represents the part of the 
integral corresponding to the pair of imaginary roots under 
consideration. 

If then we suppose F{x) to be of 2n dimensions, and 

5j, -Bj, B^ to be the n terms of which we have taken B 

as the type, we have 

£^)'i«' = 2,r{5. + 5, + +5.}. 

254. As an example of the preceding article we take 

a?^dx 






where m and wr are positive integers, and m less than »• Here 
T. I, c. 15 
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and it is known from the theory of equations that the values 
of a-f-/8V("- 1) s^re obtained from the expression 

by giving to r successively the values 0, 1, 2, up to 

w — 1. 

Thus, by Demoivre's theorem, 

{a + /8 V(- 1)}"^" = cos + V(- 1) Bin 0, 
where 

J /« « ^\(2^ + l)'r /ft . ^\ /« .^\(2w+l)7r 
= (2n-2m-l) ^ ^^ ^ =(2r + l)7r- (2r + l) ^ ^^ ^ ; 

80 that 

CO8 + V(- 1) sin0 =:-cos (2r + 1) ^ + V(- 1) sin (2r + 1) 0, 

where = — ^ — tt. 

Hence 

^-5V(- 1) = 2^^ _ cos (2r+ 1) ^ + \/(- 1) sin (2r + 1) fl 

cos (2r + 1) g + V(-" 1) sin (2r + 1) g 

■" 2ri ' 

therefore £ = ^; ^ . 

2/1 

Hence 



/. 



3?"^ dx TT 

— -^ = - {sin ^ + sin 3^ + sin 5^ +. . .+ sin (2» - 1) ^}. 

""00 ' 

The sum of the series of sines is shewn in works on Trigo- 

^ ^ - sin'n^ T . .1 >i 2m + l 

nometry to be — ; — 3- , and m the present case nO = — - — tt, 

so that BiD^nO = 1. Therefore 



/. 



a^dx 



IT 



« 1 + aj*" . 2m + 1 

n sm — - — TT 
2n 



DEFINITE INTEGRALS. 227 





/ ar^dx 
z— -^ is half of the above result, 

that is, 



/. 



"^ af^dx IT 



^ l + a?** _ . 2w + l 

• 2nsm — TT 

2n 



255. In the last formula of the preceding article put 
jc^ = y, and suppose — - — = k ; thus we obtain 



/. 



00 



y<?y ^ '^ /!> 

1 +y sinA^ ^ '* 



This result holds when k has any value comprised between 
and 1. For the only restriction on the nositive integers m 
and n is that m must be less than n, ana therefore by pro- 
perly choosing m and n we may make — equal to any 

assigned proper fraction which has an even denominator when 
in its lowest terms. And although we cannot make — ^ 

exactly equal to any fraction which has an odd denominator 
when in its lowest terms, yet we can make it differ from 
such a fraction by as small a quantity as we please, and thus 
deduce the required result. 

In the last result put af for y, where r is any positive 
quantity; thus 

rro^oT^dx TT 



1 

that is, 

Let kr = 8; thus 


J^ 1 + af sinArr' 


J^ l + af ^rsinfer 

roT^dx TT 


Jo ! + «" ^ . 8 

r 



15—2 
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The only restriction on the positive quantities r and s is 
that 8 must be less than r. 

The student will probably find no serious difficulty In the 
method we have indicated for proving the truth of equation 
(1) when A is a fraction which has an odd denominator when 
in its lowest terms ; nevertheless a few remarks may be made 
which will establish the proposition decisively, and which 
will also serve as useful exercises in the subject of the pre- 
sent chapter. 

Let u=\ ^7-— ~ ; *^en 

Jo 1+y Jx 1+y ' 

and by putting - for y we find that 






Therefore |=£ M|(3^_^-*)rf^ (2). 

Equation (2) shews that -^ is negative if y*"* — y^ is con- 
stantly positive, and positive if y*"* — y"* is constantly nega- 

•m-w dU 

tive, between the limits and 1 for y. Hence ^ is negative 
or positive according as ^ Is less or greater than - . Thus u 
diminishes as k increases from to - , and u Increases as k 
increases from - to 1. 
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Now let -5 denote any fraction In its lowest terms, in 
which ^ is an odd integer ; and let p be any even integer. 

Let h. =-2 — 5— , and \ =^ — 3— , and let Ic^ denote -5 . Let 

PR -P^ 00 1 ^ 

1*1, Wj, W3 denqte the values of I ^ when for h we sub- 
stitute ^1, Aj, A3 respectively. Then by equation (1) 

^ — -^— ^- — and w. = — 



^ sinA.TT * sinA;.7r' 



'1 



Now we may take p so large that \ and A3 shall be both 

greater or both less than - ; and then by the inferences drawn 

from equation (2) it follows that u^ must lie numerically be- 
tween u^ and Wg. Thus u^ cannot differ from u^ or u^ by so 
much as the difference of u^ and u^ ; and therefore a fortiori 

I/, cannot differ from -; — = — by so much as the difference of 
* sm AJjTt '' 

u^ and W3. Hence as p may be indefinitely increased we 
have finally w, = —, — j- 



.^ir 



Eulertan Integrals. 
256. The definite integral 



Jo 



is called the first Etdertan integral; we shall denote it by the 
symbol J5(Z, m). 

The definite integral 



f' 



e^ a?*"^ dx 



is called the second EuUrian integral; it is denoted by the 
symbol r(n). 
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We shall now give some of the properties of these inte- 
grals ; the constants in these integrals, which we have denoted 
by If nif fly are supposed ^asi^it?^ in all that follows. 

257. In the first Eulerian integral put a? = 1 — « ; 
thus f'iEH(l-a:r"'db = [ z'^^l -- z)^ dz ; 

this shews that the constants I and m mav be interchanged 
without altering the value of the integral ; that is, 

Again in the first Eulerian integral put x = ^ ; thus 

Jo ^ Jo (i+y)"^ 

In the same integral put x = ; ; thus 

^ 1 + y' 

/V(.-.r&./;jC^. 

258. Let e~* = y, so that x = log - ; then we have 

ly-'^H'.HP'" 

which consequently gives another form of T {n). 

259. "We have by integration by parts 

le"^ 0?* da? = - c"^ a?" + wje"* a?""^ <& ; 

and e"*a?* vanishes when a? = 0, and also when aj= oo . (See 
Dif. Col. Art. 153) ; thus 

I e^x^'dx^n I e^x'^^dx; 

Jo Jo 

that is, r(n+ 1) =.nr(n) * (1). 
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Since |e"*cZr = — e"^ we have / e"*daj=sl; that is, 

r(i)=i (2). 

From (1) and (2) we see that if n be an integer 

r(w + l) = [n. 

When n is not an integer we may by repeated use of 
equation (1) make the value of T (n) where n is greater than 
unity depend on that of F (tw) where m is less than unity- 

260. By assuming kx = zwQ have 



261. "We shall now prove an important equation which 
connects the two Eulerian integrals. 

Integrate the double integral / / a^"**"*y""*e"*^'^^*rfy efo 

•'o "^ 

first with respect to a? ; we thus obtain, by Art. 260, 



T(llm)r ^""^^ 



(I +1/)' 

Again integrate the same double integral first with respect 
to ^ ; we thus obtain 



(m)[ 



*r*ir'+~-' 



%;; — ^j 



a? 



that is, r (m) I e"* af'^ do?, 

Jo 

that is, r {m) T {T). 

n r jT'^y r(Z)r(m) 

Hence, by Art. 257, 

pf7^^_ rfflr(m) 
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262. In the result of the preceding axticle^ suppose 
? + m = 1 ; thus, if m is less than unity, 



r^-Virn)Vi,-m), 



-+y 

^ince r (1) = 1. Hence, by Art. 255, if m is less than unity 



r(w)r(l-w) = -^ 



smmTT 



263. Pat m = \m the last result ; then 

r(i)r(i)=,r, ^ 

therefore T (J) = V^. 

We will give another proof of the last result. 

Let u = I e"** dx ; then it is obvious that u also 

s 

A 00 /■ flO 

thus w'=/ e-^dxxj e'^dy 





OO « CO 



= 1 I e^^^dxdy (Art. 66). 

This double integral is shewn in Art. 204 to be 



therefore 



2 



Now r (i) = I e"* a?"^ da? ; put x = y*, 





00 



thus ' r (i) = 2 I e^dy=^2u^tjir. 

Jo 

264. We shall now give an expression for r(«) that will 
afford another proof of the result in Art. 262. We know that 
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aj*— 1 

the limit of — r — when h is indefinitely diminished is log x ; 
hence 

(log!)* = limit of (1:1^)"; 

SO we may write 

where y is a quantity that diminishes without limit when h 
does so. 

Put A = - ; then, by Art. 258, 

r(n)=r*'^[ {l^afy-^dx+l ydx. 

J J 

In the first integral put aj = a**; thus 

r (w) - [ ydaj = r" f z"^"- (1 ^z^^dz. 

J Q J Q 

We have it in our power to suppose r an integer ; then 
the integral on the right-hand «ide, by Art. 33, is 

T • 



n(n + 1) (w + r— 1) 

Let r increase indefinitely, then y vanishes and we have 

rw=M.°f „(„;-)^.-l-^;;_i) .-. 

265. From the result of the preceding article we hare 

A particular case of this is obtained "by supposing n = l; 
thus 

r(i-flt)r(i+TO) " r " 1*7 (^ ~ ¥) [^ ~ ¥) ' 
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the expression on the right-hand side is known to be equal to 

sin mjc ^, 

; thus 






r(i-i»)r(i+w)=-. 



sinmn- 
therefore T (m) T (1 - m) = . '^ (Art. 259). 

266. We shall now establish the following equation^ n 
being an integer, 

r © r © ^ © r (=^) = (-)---'• 

First suppose n t>di ; in Art. 262 put for m successiTelj 



• • • 



n n n ^ 2n 

n-l 

IT a 



'■©'■©'•© ^(^)-- 



sm — sin — ...sin- 



n n 2n 



n-l 

= (27r) » n"i. 



(See Piine Trigonometry , Chap, xxiii.) 

Next suppose n even ; in this case put for m successiYely 

][ 2 n 2 

- , - , ... up to —T — , and form the product as before; then 
n u 2n 

multiply the left-hand member by T {^) and the riffht-hand 

member by the equivalent ^ir; then we obtain tne same 

result as before. 

267. A still more general formula is 

r(«,r(«+i)r(.+ ?) r(»+i^) 

n-l 

= r {nx) {2w) * n*-", 



1 



flt>' 



..I 
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^i^. which we shall now prove. Let ^ {x) denote 

n"r(.)r(.+l) r(.+!^) 

nr{nx) ' 

r' n-l 

we have then to shew that ij> (a?) = (27r) ' n~K 
We have 

»~*-r {x+ 1) r (a!+ 1 +^)— r ra+ 1 + ^^) 

(wic + n— 1) (na? + w — 2) rw5 ^^ ' 

= ^ {x). 

Similarly ^ (a? + 2) = ^ (a; + 1) = ^ (a?) ; and hy proceeding 
thus we have 

^(a?) = ^ {x + m), 

where m may be as great as we please. Hence ^ (a:) is equal 
to the limit of ^ (fi) when fi is infinite ; thus ^ {x) must be 
independent ofx^ that is, must have the same value whatever 
X maj be ; hence ^ {x) must have the same value as it has 

when a? = - ; thus the theorem follows by the preceding ar- 
ticle. This theorem is ascribed to Gauss ; a more rigid proof 
is given in Legendre's Hxerctces de Galcul Integrals Vol. II. 
p. 23 ; see also the Journal de VEcoU Polytechnique^ Vol. XVI. 
p. 212. 

268. Many definite integrals may be expressed in terms 
of the Qammarf unction ; we shall give some examples. 

The integral / er^^^dx becomes by putting y for aV 

J A 



/. 



f^,thati8,i-r(i),or^. 
2aVy 2a ^'*'' 2a 
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obtain 

Again, in I aj'"^ (1 - a^"*"^ da? put ai" = y ; thus we obtain 



J o 



2rg+«.) 



Thus j'aii^ecoa'0d0=[ x'il-x^^ dx 



" 



Again, in | 7 \ ,, — rri+s P^i* a; = —7- — ^r-nr 5 *"iis 

*_' J , {ax + b {I - x)]'*^ ^ a(l-y) + by' 

we obtain 

^j^ 3^' (1 -3^r 'rfy, that 18. ^rj%VH . 

269. In I a?'"* (a — a;)*"^ e& put x — ay; thus we obtain 

a'"»-'£y" (1-yr ^y,thati8. a"-' Vg^ff . 

270. It is required to find the value of the multiple in- 
tegral 



f[[...aj*-' y"^' z'''\..dxdy dz... 
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the integral being so taken as to give to the variables all 
positive values consistent with the condition that a?+v+«+... 
IS not greater than unity. 

We will suppose that there are three variables, and conse- 
quently that the integral is a triple integral; the method 
adopted will be seen to be applicable for any number of 
variables. 

We must first integrate for one of the variables, suppose z\ 
the limits then will be and 1 — a;— y; thus between these 
limits 

f«-i^ (1-aj-y)* r(n) ,^ 
J n r(w+l)^ ^^ 

Next integrate with respect to one of the remaining varia- 
bles, suppose y ; the limits will be and 1 — a; ; and between 
these limits, by Art. 269, 

Lastly integrate with respect to x between the limits and 
1 ; thus between these limits 

Hence the final result is 

T{n) r(m)r(n+l) T [1)V {m + n-Yl) 
r(n+l) r(m+n + l) T{l + m + n + l) ' 

.1..,,, rmrwrc.) 

' 1 [t + m + n + l) 

271. It is required to find the value of the multiple in- 
tegral 



jjf...r'^"''r''...^f^^^?.. 
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the integral being so taken as to give to tlie variables all 
positive values consistent with the condition that 

is not greater than unity. 

^ HI)'- -S)" •=©'• 

Then the integral becomes 

^^///.:.«5-.,--..K.^^.... 

with the condition that x + y + e+... is not greater than 
unity. The value of the integral is, therefore, by the pre- 
ceding article 



a'^Y 



...K?)^ (?)''© 



pqr 






272. As a simple case of the preceding article we may- 
suppose jp, J, r, ... to be each unity, and a, ^,7,... each equal 
to a constant A; thus the condition is that ^ + 17+^+... is 
not to be greater than A. Therefore the value of the integral 

z»^^.... T{l)T{m)T{n)... 
which we may denote by 

Similarly if the integral is to be taken so that the sum of 
the variables shall not exceed h + M, we obtain for the result 



N{h + Ah) 



l+1lt'+H+, « • 
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Hence we conclude that the value of the integral extended 
over all such positive values of the variables as make the 
sum of the variables lie between h and A + AA is 

and when AA is indefinitely diminished, this becomes 

that is, r(Z)r(m)r(n).. ^,^^.....^^^ 

273. It is required to find the value of the multiple 
integral 



///... a^-y 



1-1 ^.f»-l jar-l 



«*"*.. ./(x+y + «+...) dxdydz ... 



the integral being so taken as to give to the variables all 
positive values consistent with the condition that a? +y +;»+... 
IS not greater than c. 

"We will suppose for simplicity that there are three 
variables. By the preceding article if f[x + y + «) were 
replaced by unity that part of the integral which arises from 
supposing the sum of the variables to lie between h and 
A + AA would be ultimately 

iwM£Ma^^^-iaa 

And if the sum of the variables lies between h and A-f AA, 
the value of f{x+y + z) can only differ from /(A) by a 
small quantity of the same order as AA. Hence, neglecting 
the square oi AA, that part of the integral which arises from 
supposing the sum of the variables to lie between A and 
A + AA is idtimately 

V{l)T{m)V{n) . ,^^^, 
Hence the whole integral is 

T{i)rim)T{n) ry ,^jj^^ 
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274. Similarly the value of 
for all positive values of the variables, such that 



(i)'^a)'-(f)' 



is not greater than c, is 

The result of this and the preceding article may be ex- 
tended to the case of any number of variables. 

275. It is required to find the value of the multiple 
integral 

jjj.../(a,a;j + a^,+ •\-a^x^dx^dx^...dx^, 

the integral being so taken as to give to the variables all 
values consistent with the condition that x^ + x^...+x^* is 
not greater than unity. 

By successive application of a transformation for a double 
integral given in Art. 242, the multiple integral may be 
reduced to 

1 1 1 .../(^arj dx^ dx^ ... dx^y 

where h = >J{a^ + «/+••• + O 5 

and these transformations do not affect the condition that the 
sum of the squares of the variables is not to be greater than 
unity. 



/// 
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We have first then to find the value of the multiple integral 
... dx^dx^ ... dx^, the variables being supposed to have all 



values consistent with the condition that x* + x*+ ,.,+x^ 
is not greater than 1 — x^. First suppose that the variables 
are to have only positive values ; then we obtain the value of 
the integral by supposing in Art. 271, that each of the quan- 
tities Z, w, ... is unity, that each of the quantities jp, j, ... is 
equal to 2, and that each of the quantities a, )3, ... is equal to 
V(i — O* TJ^^ *^® result is 



2 



-.r(!^+i) 

But if the variables may have negative as well as positive 
values, this result must be multiplied by 2*'^ Thus we get 

^"^ (1 - x,^^ 

Hence, finallv, since the limits of x^ will be — 1 and 1, the 
multiple integral is equal to 



w-l 



This agrees with the result given by Professor Boole in 
the Camiridae Mathematical Journal, Vol. iii. p. 280, as it 
may be founa by integrating his equation (15) by parts. 

276. It is required to find the value of the multiple 
integral 

JJJ VU-a^i -a/...-a;,") * * "' 

the integral being so taken as to ^ve to the variables aU 
T. I. c. 16 
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values consistent with the condition that a?" + a?*4- 4-x* 
IS not greater than unity. 

As in the preceding article the integral may be trans- 
formed into 

iiJ- V(l -aj,-- a.,« ... - xj) ^x^.-^.- 

First integrate with respect to the variables x^,x^,...x^, 
the limits bemg given by the condition that a?," + «/•..+ a;* 
is not greater than l-x,\ Now if the variables were re- 
stricted to positive values, the integral 



///• 



dx^ dx^ , ... dx^ 



by Art. 274 would be equal to 
that is, to 

that is, to A.i£M:(i_^^y"-» 



r 



© 



But if the variables may have negative as well as positive 
values, this result must be multiplied by 2*"'. Thus we get 



n 






(!) 



J 
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Hence finally, since the limits of x^ are — 1 and 1, the 
ultiple integral is equal to 



n 



277. Many methods have teen used for exhibiting in 
simple terms an approximate value of T{n+1) when n is 
very large : we give one of them. 

The product e"*a5* vanishes when x = and when aj = oo ; 
and it may be shewn that it has only one maximum value, 
namely when x—n. We may therefore assume 

e-*aj"=:e"*w"6-^ (1), 

where ^ is a variable whicji must lie between the limits — oo 
and +00, 

Thus jVaj"(?aj = e-*n** r e-^^^dt (2). 

Take the logarithms of both members of (1); thus 

a? — nloga? = n— nlogn + ^ (3); 

put x^n + u; thus 

u — nlog{n + u) =<*— wlogn (4). 

But by Taylor's Theorem 

log(n + «) = logn + ^-2^^^. 

where ^ is a proper fraction ; thus (4) becomes 

= <•; 



ntt' 



2 (» + 0u) 



a 



16—2 
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Butfiom(3) ^ = J^ = 2« + H=? 

= V(2ti) + 2(l-^)«, by (6). 

Hence (2) becomes 

re"*aj*daj = e"*n* / e-«' {V(2n) +2 (1 - ^ ^} rf^; 

and I e*'*(?« = V('T); thus 

J -OD 

j^e-a:"^? = e-*n« V(2n7r) {I + ^j^^f e'^[l^0)tdt] (7). 



But since 1 — 5 is positive and less than unity, the nume- 
rical value of I 6"*" {I'-S^tdt is less than / 6"^ t dt^ that 

is, less than \, Hence we conclude from (7) that as n is 
increased indefinitely, the ratio of T[n + 1) to e"" w* V(2n7r) 
approaches unity as its limit. 

We may observe that in the original equation (1) we 
have f and not t itself; hence the sign of t is in our power, 
and we accordingly take it so that equation (5) may hold, 
supposing s/n and V2 both positive. 

(See Liouville^s Journal de MathSmattques^ Vol. X. p. 464, 
and vol. xvii. p. 448.) 

Definite Integrals obtained hy differentiaiing or integrating 

with respect to constants. 

278. We shall now give some examples in which definite 
integrals are obtained by means of differentiation with respect 
to a constant. (See Art 213.) 



1,7 



iti 



IN- 
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To find the value of / e -<»*** cos 2rx dx. Call the definite 
integral u; then 

-7- = — 2 I a;6-«^sin 2rx dx. 
Integrate the right-hand term by parts ; thus we find 



therefore 



therefore 



therefore 



du 


2ru 


dr " 


a» ' 


i\o^u 


2r 


dr " 


a"' 


logw = 


— 5 + constant, 
a 




t» 


u = 


Ae'^, 



where A is a quantity which is constant with respect to r, 
that is, it does not contain r. To determine A we may suppose 

r = 0; thus u becomes I e'^'^ dx^ that is, ^, (Art. 268). 

Hence -4 = ^ , and 

2a ' 



/, 



/ f^ 

6-^"^ COS 2rx efo = -r- e"a^ . 
2a 



279. We have stated in Art. 214, that when one of the 
limits of integration is infinite the process of differentiation 
with respect to a constant may be unsafe; in the present case 
however it is easy to justify it; we have to shew that 

I e"^*" p dx vanishes where p is ultimately indefinitely small ; 

it is obvious that this quantity is numerically less than 

Pj I e""*^ dx where p^ is the greatest value of p, that is, 
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less than -x— p^; but this vanishes since p^ does. Similar 
considerations apply to the succeeding cases. 



280. To find the value of I ^-toSiL?!^ . Denote it 

X 



rsi 

by w, then 

— = I c-*» cos rx ax. 

But 16"** cos rxdx = e"** 



_t^ r sin rx^h cos ra? 



6''**cosra;dx = 



thus 






therefore u =^tan'"* t ♦^ 

Tc 

No constant is required because w vanishes with r. This 
result holds for any positive value of A; ; if we suppose k to 
diminish without limit, we obtain 



r 



x 2 



if r be positive ; if r be negative the result should be — — . 

281. To find the value of j e'C"*^) (fe. Denote it by 
u, then 

assume x=^-, then the limits of e are oo and : and we 

obtain 

du 

da — ''''' 
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therefore ~T~ '^ "" ^ ' 

therefore log u= — 2a+ constant ; 

therefore u = Ae^. 

To determine A we may suppose o = ; then u = 
therefore ^=-T- ; thus 



"2" 



/, 



« 




-(«*-HS)d;, = ^e-. 



282. We may also apply the principle of integration with 
respect to a constant in order to determine some definite in- 
tegrals ; the principle may be established thus. 



Let tt = I if>{xy c) dXf 



then / tide = j I <t> (^> c) dcdx 

J a J aJ a 

= / / ^{Xf c) dxdc; 

since when the limits are constant, the order of integration is 
indifierent (Art. 62). We shall now give some examples of 
this method. 



283. We know that I e"** (& = 4 . 

J A 



1 

k 



Integrate both sides with respect to Jc between the limits 
a and h ; thus 

I Z oa? = log - . 



X -a 



f e"^ dx f e dx 
It should be noticed that and are both 

Jo ^ Jo ^ 

infinite ; for I is greater than €^ \ — , and — 

Jo X Jo ^ Jo ^ 
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is infinite. Bat this is not inconsistent with the assertion 

that I dx is finite, and without finding the value 

of this integral it i^ easy to shew that it must be finite. For 

it is equal to the sum of ^-^-^ and i - — - — where 

^ (a?) = e"^— 6"**; the second of these integrals is finite,, for 
it is less than -. I ^ (x) dx, that is, less than — [ ^j . 

We have then only to examine i dx. 

Now by Maclaurin*s Theorem 

4>{x) = {h-a)x + '^<}>"ix0), 

where is some fraction ; thus 2-iJ ig legg than J — a + -z— , 

X 2 

where A is the greatest value which <f>' (x) can assume for 

values of x less than o. Hence 



/ 



^S-2 dx is less than (h — a) c + —— 
^ X ' ' 4 



and is therefore finite. 
284. We know that 

e** cos rxdx = 



1. 



A* + r*' 



Integrate both sides with respect to k between the limits 
a and b; thus 

- cos rX(lX=i* lOff -« a . 



/. 



a? 



285. Let I da? be denoted by A^ and 1 i ^ ^ 

by -B; we shall now determine the values of -4 and B; the 
former has already been determined by another method in 
Art. 280. 
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In the integral A put y for ra? ; thus 

h y ' 

this shews that A is independent of r. 



We have ^ = -1 -j^r^ ,_ 





*■ '**sinra?da? 



and I -ftfr = / ,^ ^ , 

thus I Bdr—^-=j idx=A; 

^ a^ y« a? 1 + a 



hence 



I 5air — -V-— -4^0 (1), 



Multiply by e^ and integrate ; we obtain since A is con- 
stant with respect to r 

€'*"•{ / Bdr + B-^A^ = constant. 

Now whatever be the value of r, it is obvious that the 

integrals represented by Ay B, and / Bdr are Jlnite ; hence 

the constant in the last equation must be zero, for the left- 
hand member vanishes when r is infinite. 

51hiis fBdr + B^'A^O (2). 







From (1) and (2) ^^^^B; 

therefore 5= Cfe", 

where C is some constant. And from (2) 

^=Cfe-^- 0(6-^-1) = (7; 
therefore B = Ae^ ...(3). 
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Now when r is indefinitely diminislied, B becomes 
I T-T— j > that is, — ; hence from (3) 

-4 = - and B^- e^. 

We have supposed r positive; it is obvious that if r be 
negative, B has the same value as if r were positive, and 

A has its sign changed ; that is, if r be negative -B = — e*" 

and ^ = — — . ( TranBo^tions of the BoycH Irish Academy ^ 
Vol. XIX. p. 277.) 

I cos 9**Z7 cLoR IT 

From I —-— — 3- = - e^. we obtain by differentiation 
with respect to r, 



/, 



00 



X sin ra; dx ir 



1 +a:* 2 



= — 6 . 



And from the same integral by integrating with respect 
to T between the limits and c, we have 



/, 



00 



sin ca? db __ TT ,^ ^ ^v 



286. The preceding article contains a rigorous investi- 
gation of the values of the integrals A and B\ another 
method has been sometimes given for finding the value of 
B which is more simple but far less satisfactory. We will 
however now give this method, as it will lead us to notice a 
point of importance. 

T X T> Pcosro?^ 

, dB [ "a? sin rx , 
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J drB f x^'coarx y 
and -7-0 =-^ I — ; f-«^ 



= — / cos ra;aaj+ I a Oa? 





00 



= — / COS rx dx'+ B. 

Now we will assume on gronnds presently to be examined, 
that I cos rxdx=^0; thus 



d*B 



« 

and we have to find B from this equation. Multiply both 
sides by 2 -p and integrate with respect to r ; thus 

where A is a constant, that is, h is independent of r. Thus 



rfr 



= V(*+-BO, 



therefore ^=-^^^^5 

b7 integrating we have 

where A; is another constant. 

Thus e^^B + >/{h + B'). 

By transposing, squaring, and reducing we finally obtain 

5= C/+ (7,6"', 
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where G^ and (7, are constants. We must now determine the 
values of these constants. Since B cannot increase indefi- 

nitely with r we must have C^ = ; and then since B^- when 

r = we have (7, = -. Thus 

We now proceed to consider the assumption involved in 
the preceding method. 

oi. f-«« • 3 --, a sin nc + r cos ra? 
Since \e^&mrx aa; = — e 5-- — s > 

- f--« ji -a- r sin ro; — a cos ra? 

and |e^"cosra?cte = e^" 5-— 5 , 

J dr + ir 

we have I e""sinraj(& = -x-r3> 





00 



and 1 «"** cos ra? dx 

Jo 



a' + f^' 
if a be a positive quantity. 

If it were allowable to suppose a = we should obtain 
I sinra;^ = -, and I oo&rxdx^O. 

smrx 



Since |sinrajda; = , and ico^rxdx^ 



r 



, we 



are thus apparently led to the conclusion that the sine and co- 
sine of an infinite angle are both zero. The same conclusion 
seems to be suggested in other cases, so that it has been 
stated, that " the indeterminate symbols sin go and cos 00 
are found in numberless cases to represent each of them, 
0, the mean value of both sin a? and. cos a;." 

On this point however diversity of opinion exists among 
mathematicians, and the discussion of it would be unsuitable 
to an elementary work ; the student may hereafter consult 
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three memoirs in the eighth volume of the Cambridge Phih- 
saphical TramcLCtiona^ numbered XY, xix, and xxxii. 






Definite Integrals obtained by JEocpansion, 

287. If we expand log {1 -o^^^-*)} and log {1 - a6"*^<-i)} 
and add, we obtain 

log (1 — 2a cos a? + a*) 

= --2(aco8aj + ^ cos 2a;H-^cos 3a? + ), 

the series being convergent if a is less than unity. Integrate 
both sides with respect to x between the limits and tt; 
thus 

I log (1 — 2a cos a? + a') cfe = 0, a being less than 1. 

If a is greater than 1, since 

log (1 — 2a cos aj + a*) = log a* + log ( 1 cos a? + —j) , 

\ a a / 

we have 

I log (1 — 2a cos x + a*)dx =^ log a* = 27r log a. 
•'o 

If a = 1 it may be shewn by Art. 51 that the definite in- 
tegral is zero. 

We may put the result in the following form ; 
I log (a* — 2ac cos aj + c*) (& = TT log i*, 

•'0 

where A;* is the greater of the two quantities a* and c*, and 
is equal to either of them if they are equal. 

By differentiating this result with respect to a we arrive 
at the result which constitutes the last example of Art. 50. 
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288. By integration by parts we have 
log (1 — 2a cos x-{-a*)dx 

- ,. _ . «\ o f xsinxdx 

-= X log (1 — 2a cos aj + a*) — 2a | -— 



/> 



2a cos x + a' 

Hence, if a be less than 1, 

^ X sm 2/ ux IT *ir 

1 — 2a cos a? + a" 2a ° ^ ' ' ' a ° ^ ' 



/■ 

^ 

if a be greater than 1, the result is 

^ log (1 + a) - -^ log a, that is, ^ log (^ + -) • 

289. In like manner we have, if r be an integer, 

r cosra? log(l — 2a cosaj + a*) ^ = a*", or a"*", 

according as a is less or greater t;han unity. 

290. Integrate by parts the integral in the preceding 
article ; thus we find 



/, 



' sin X sin rx dx v ^. w _/^,v 

3 = — a or — a ^ K 

^ l-2acosaj + a' 2 2 ' 

according as a is less or greater than unity. 

291. Similarly from the known expansion 
1-a" 



1 — 2a cos a; H- a* 

= 1 + 2a cos a: + 2a* cos 2a; + 2a' cos 3a? + 



where a is less than 1, we may deduce some definite integrals; 
thus if r is an integer 



/ 



cos rx dx Tra' 

Q 1 — 2a cos a? + a* "^ 1 — a' * 
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for every term that we have to integrate vanishes with the 
assigned limits, except 2a*' I cos^rajdb?. 



292. To find the value of f "t"^ t— 

J^ l + ar I- 

1 



dx 
2a cos cx + a^' 



^^^ *^™ l-2acoacx + a* '^''^ ^ expanded as in Art. 
291 ; then each term may be integrated by Art, 286, and the 
results summed. Thus we shj^U obtain 



TT 1 1 + 06 



r-G 



2'1-a' l-ae"^* 

293. Similarly, 

I log (1 - 2a cos ex + a") , ^ = '^ l®g (1 - ae'^- 

J Q 1 +X 

294. It is also known from Trigonometry that 
sinca? 



- — ; — 5 = sm ca? + a sm 2cx + a* sm Bex + ... , 

1 — 2a cos cx + a ' 

a being less than 1. Hence by Art. 286, we obtain 

X sin cxdx ir 



I. 



(l+a?*) (l-2acoscaj+a') 2(6<^-a)" 



This also follows from Art, 293, by differentiating with 
respect to c. 

' 295. To find f'-M£ dx. 

JqI --x 

By expanding (1— a;)"*, we find for the integral a series 
of wmch the type is 



I x^hgxdx. 

Jo 
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By integration by parts this is seen to be equal to 
Hence the result is 



(l+n)»- 

that is, by a known formula, — — . 

296. To find f' ^4^.- 

J^ l + (cosaj)' 

Expand the factor (1 + (cos a;)*}'"\ and we find for the 
integral a series of whicn the type is 

(— !)• I a? sin a; (cos a;)** dx. 



to 



By integration by parts this may be shewn to be equal 

(-irTT 



2n + l . 

Hence the result is 



TT 



r 3'^5""7 + -r 



TT* 



that is, by a known formula, -j . 

297. Let V denote e'^^-^), that is, cos a? + v'(- 1) sin a:; 
then if/ denote any function, we have by Taylor's Theorem, 

= 2 |/(a) +/ (a) cos x +j^ cos 2a? + J . 



And 



1 — 2c cosa? + c* 



= 1 + 2c cos aj + 2c^ cos 2ajH- 2c' cos Bx + 
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Therefore 

In this result it must he rememhered that o is to he less 
than unity, and the functions /(a + t?) and/(a + «~*) must he 
such that Taylor's Theorem holds for their expansions. 

In a similar way it may he shewn that 

J^ 1 — 2ccosa: + c" e ^^ / ^ \ n^ 

and W ^-^^Q«^ ^ {/(a + 1;) +/(a + Ol ^ 
J^ 1 — 2ccosaj + c* '-'^ / ^\ • /J 



Substitution of imaginary valueajhr Constanta. 

298. Definite integrals are sometimes deduced from 
known integrals hy suhstituting impossible values for some 
of the constants wnich occur. This process cannot he con- 
sidered demonstrative, hut will serve at least to suggest the 
forms which can he examined, and perhaps verified hy other 
methods (see De Morgan's Differential and Integral Galculus^ 
p. 630). We will give some examples of it. 



We have / e'^ic'^^dx=p^V{n). 



For » put aH-&V(— 1)> *nd suppose r^iJ{cf-\-V) and 

tan ^ = - , so that jp = r {cos B + \/(— 1) sin 0] ; thus 
a 

r^Aa^h V(-i)l«aj*"i dx = r"* {cos ntf - V(- 1) sin n0] T (n). 

T.I. a 17 
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Thus by separating the possible and impossible parts we 
have 

-00 r(n) cosfntan"^-] 



n 



J A 



e"** a;*~* sin bxdx=^ 



r(») sinfntan""^-) 



For modes of verification see De Morgan, p. 630. 



299. In the formula 






^dx = 



2a 



change a into ^^ — -c\ thus 



Jo 2c V2 ' 

therefore 

; ricos cV - V(- 1) sin cvl die = ^^^^""^^ ^; 
therefore I cosc'aj'cfoss- 



and 






2cV2' 



2c ^^2' 

If we "ymte y for cV, these become 

f^ sin ydy p cos ye?y /^ 
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, 300. In the integral / e v*""*"^/ * dx^ suppose y^x>s/k; 

thus the integral becomes -jj- I e'\^^~^) dy^ which is 
known hj Art. 281, Thus 

Jo V^ 2 

Now put cos^ + V(-l) sin^ for k; thus the right-hand 
member becomes 

_ ^g-2a{co8«+V(-l)sintf} 



cos| + V(-l)sin^' 2 



that is, 



2 



^ - g-2acos9 



2 jcos ^2a sin ^ + |j - V(- 1) sin /'2a sin ^ + ^L-^acoBO^ 

cos(2asin^ + - j, 
and J"e-(''+l)~«*sin/(a,'+J^8in<?l^ 

= ^ e-*" "» * sin (2a sin ^ + D . 

EXAMPLES. 

1. Evaluate J^^-^^^,. ij^fo. i^+J_ . 

2. Evaluate / cos (a tan x) dx. Besult. - e"*. 

Jo 2 

17—2 
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3. Evaluate / ae^"^ ^ dx. Result. - . 

Jo n 

*• j, (a"co8»a? + J'sin'o?)'" 4 {ab^'^a'b)' 

5. ProTO j" V(tan ^) «/^ = ;;^2 [l + ^°S {V(2) - 1}] • 

ir 

6. Prove|V(cot^)rf^ = ^2[i + ^^S{^(2) + ^}]- 

7. Find the limiting value of xe"^* I e^ dx when a; = co . 

Jo 

Result. \. 

r> rii ^"1 . f ** COB ax — cos Ja; , i ft 

8. Shew that I ax = log- . 

Jo ^ <» 

9. If -P' ( aj, - ) be any symmetrical function of x and - , 

\ XJ X 

then 

r da; ^ r da; 

10. If ■^(a?) be an algebraical polynomial of less than n 

dimensions 

11. Prove that I e~"« cos (sin 0) d0 = 2ir. 

Jo 

12. Prove that | ^^ —-^^ = -tt^tt when c is indefinitely 

nearly equal to unity, n being a positive quantity. 
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13. Evaluate j {a cos fl + 5 sin d) log (a cos'tf + h sia^ff) dB. 

Jo 

Sesidt. 2ft{loga-2 + ^^M^^cos-*^^l^ 
JBupposing a greater than b. 

14. Shew that 

r* , 1 + 2n cos oa? + n* db , ,, . , h* 

or log ( 1 + -J log -1 , according as n is less or greater 
than unity.'' 

15. Find the value of 

Jo ^ 

where a and J are positive, but a and j8 positive or 
negative; and shew that it is wholly real when 

a 
16* Prove that/ cot"*(l-a! + iB^rfa? = --log2, 

17» Prove that I ^ log f a? + - W tt log 2. 

/•OO * 

18. From the value of I db deduce that of 

Result. The two integrals are equal. 

19. Prove that /"(^:^^ydb = log (^;^. 
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20. Shew that r^^^^^^J^ 

Jo U + «) 

21. Shew that I {e ^^ e"^) cfe = (J - a) hjir. 

{Solutions of Senate-Sicmae Prohlems^ by O'Brien and 
Ellis, p. 44.) 

22. ShewthatJ*logJ±j&? = ^. 

23. Prove that I —. . — = loff — , and reconcile with 

j^ logo; X ^n' 

this equation the result of transforming I -y-* — by 
making af=^y, 

TT \ 2 y 



24. Shew that f Sin" d dJ^ = 






22b. oiiew*tnat i 7 5-75 — 5 — . 9/im-k.> = ttfttt — ^—f -rr^ .* 

J « <a cos' ^ + 5 sm' OY*^ 2r (Z + m) a'V^ 







27. Shew that f' ^ f . ,, ^ ■\ , 

n being less than anitj. 



Bin'^Odd T\^)\ 2'-* 

(a+;Sco8^)" r(n) 7; T» 



28. Shew that r - 



29. Shew that 



: 



(1 — a;*)n wsm — 
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30. Shew that r ,, ^ ^7 f^ x* = /t Z • 

31. Shew that I ; — aaj = 0, +-, or ± — , ac- 

J Q X 4 o 

cording to the values of a and c. 



32. Trace the locus of the equation 

sin cos Ox 



J t 







de. 



33. Trace the locusLof the equation 

I = ['log {1- 2e-"cos e + e-**} dB, 



« ' 



where t^ = sin - . 

a 



34. Trace the locus of the equation 



J « 



2 X COS 6 dO 

_^irV(a?'+2a?sin^ + l) ' 



in which the sign of the square root is always taken so 
as to make the quantity in the denpminator ^sitive. 



35. Shew that 



IT W 



I I sinajsin"^(sin« siny)dir(?y =-j — -e. 

36. Compare the results obtained from 

/ I Anaxe^dxdt/y 
by performing the. integrations in different order. 
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37. Find the value of I e'l^'i? dx^ and hence shew that 

38. Shew that 

the integral being extended over all the positiye 
values of x and tf which make a? + t^ not greater than 
unity. 

39. Shew that 

n+l 
TT % 



CCf dxdydz,.. 



m' 



the number of variables being n, and the integration 
being extended over all positiye values which make 

a"+y* + «"+ 

not greater than unity. 

40. If A^-^- A^x -{• A^ + =i^(a?), 

and a^+ a^x + ajx? + — /(»)f 

prove that A^a^ + Ajajp? + A^ajc* + 

where u = ae^ V(-i) and t; = xe'^'^^'^K 

41. If the sum of the series a^+ a^x •{• ajx? + can be 

expressed in a finite form, then the sum of the series 

a* + a*a!^+a*x*-{- can be expressed by a definite 

integral. Prove this^ and hence shew that the sum of 
the squares of the coc^cients of the terms of the expan* 
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sion of (1 + a?)" when n is a positive whole number, 
may be expressed by 



' ft 

•'0 

42. Prove that 



2»i 

IT 





43. Shew that 



Jo 1 + a? '"2lf+a^"*"T+o^j' 



I ^(sin2a;}cosx<2rs: I ^ (cos'o;) cos a; <2r. 

(Lionville's Jowmal de Mathfmatigues^ Yol. xviil. 
page 168.) 

44. Shew that i-g + ^^ 



2« • jj'i' 



5SS - I cos(»siny) Jy. 
45. Prove that 



nr 



WVTT 

n'sin — 
n 



(See Art 66 ; and change the variable y to u where 
46. Shew that 

1 -COS ,^ . 



TT 



being comprised between the limits ± t • 
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CHAPTEE XIII. 



EXPANSION OP FUNCTIONS IN TRIGONOMETRICAL SERIES* 



301. The subject we are about to introduce is one of the 
most remarkable applications of the Integral Calculus, and 
although in an elementary work like the present, only an 
imperfect outline can be given of it, yet on account of the 
novelty of the methods, and the importance of the results, 
even such an outline may' he of service to the student. For 
fuller information we may refer to the Differential and Integral 
Calculus of Professor De Morgan. The subject is also fre- 
quently considered in the writings of Poisson, for example, in 
his Traiti de MScanigue^ Vol. I. pp. 643-— 653 ; in his ,Traii4 
de la Chaleur; and in different Memoirs in the Journal tie 
TEcoU Polytechnique, The student may also consult a Me- 
moir by Professor Stokes, in the gth Vol. of the Carnhridge 
Philosophical Transactions, a Memoir by Sir W. Hamilton, in 
the 19tn Vol. of the H'ansactions of the Royal Irish Academy, 
and a Memoir by Professor JBoole, in the ?lst Vol. of the same 
Transactions. » 

302. It is required to find the values of the m constants 
A^, A^, A^,...A^, so that the expression 

-4j sin X + u4, sin 2x + A^ Bm Zx + ......+-4„ Sin mo: 

may coincide in value with an assigned function of x when x 

has the values 0, 26, 3^,... m6, where fl = — — : . 

Let f{x) denote the assigned function of x, then we have 
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^7 hypothesis the following m equations from which the 
constants are to be determined, 

\f{ff) = A^ sin ^ + u4j sin 26 ^-A^BrnZe^ + A^ sin mO, 

f(2ff) =-A,8m20 + A^am4:0+A,ame0 + 4-^4^ sin 2m^, 

■ 

f{m0)=A^a}fim0+A^am2mO+A^sinSm0'^ .+^^sinmm5. 

Multiply the first of these equations by sinr^, the second 

by sin2r^, , the last by smmr^; then add the results. 

The coefficient of -4, oa the second side will then be 

sinr^ sin«^ + sin2rfl sin2«^+ 4-sin«ir^ sinww^; 

we shall now shew that this coefficient is zero if « be different 
from r, and equal to ^ (w + 1) when s is equal to r. 

First suppose s different from r. Now twice the above 
coefficient is equal ta the series 

cos (r — «) ^ 4- cos 2 (r - «) ^ +, + cos ??i (r — «) 0, 

diminished by the series 

-cos (r + 8)0 + cos 2 {r + 8)0 + ,+ cos m (r + «) 0. 

The sum of the first series is known from Trigonometry to 
be equal to 

sm (2w + 1) ^ — jr-^ sin ^ — —^ 

. . 2 8111^^ — ^ 

'if N {r-8)e\ . {r-s)e 

that IS, to I , , A . 

^ - (r — s) 
2sin'^^ — —^ 
2 

This expression vanishes whenr — « is an odd number, 
and is equal to — 1 when r — « is an even number. 

The sum of the second series can be deduced from that of 
the first by changing the $ign of ^ ; hence thiB Bum vanished 
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when r +9 is an odd number, and is equal to * 1 when r + < 
is an even number. . 

Thus when 9 is different from r, the coefficient of A^ is 
zero. 

When 8 is equal to r, the coefficient becomes 
ain*rtf + sin* ltd + + sin' mrd, 

AM 

that is, — —JKco8 2r0 + COB 4r0 +...•••+ cos 2mr^. 

And by the method already used it will be seen that the 
sum of the series of cosines is — 1 ; thus the coefficient of 
-4r is i («* + 1). 

Hence we obtain 
A «— Ti {sin ref{e) + sin 2r0f{26f) + + sin mr0f{me)l 

and thus hj giving to r in succession the different integral 
values from 1 to m, the constants are determined. 

Now suppose m to increase indefinitelji then we have 
ultimatelj 



^ SB - I sin rvfiv) dv. 



And as f{x) now coincides in value with the expression 

^^ sin a; + ^, sin 2a; + 

for an infinite number of equidistant values of x between 
• and TT, we may write the result thus 

f{x) = — 2,* sin nxj sin nvf{v) dt;, 

where the symbol Sf indicates a summation to be obtained 
by giving to n every positive integral value. 

303. The theorem and demonstration of the preceding 
article are due to Lagrange } we have given this demoni^ia- 
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tionpartly becauae of its historical interest, an d pa rtly because 
it am)rds an- instructive view of the subject. We shall how- 
ever not stop to examine the demonstration closely, but pro- 
ceed at once to the mode of investigation adopted bj Foisson. 

304. The following expansion may be obtained by ordi- 
nary Trigonometrical methods, 



1 — 2A cos — ^ — - + h 

+ 2A'cos — ^ — ^ + 2A"cos — ^-j ^+..., 

h being less than unily, so that the series is convergent. 

Multiply both sides by S (v), and integrate with respect to 
V between tne limits — I and I; also make h approach to unity 
as its limit. On the right-hand side the different powers of % 
become ultimately unity. The numerator of the fraction on 
the left-hand side will ultimately vanish, and thus the inte^ 
gral would vanish if the denominator of the fraction were 
never zero. But y^ x lies between — I and Z, the term 

W (v ~" flJi • • • * 

cos — ^-= — ^ will become equal to unity during the integra- 
tion, and thus the denominator of the fraction will be (1 — h)% 
and will tend towards zero as h approaches unity. Thus the 
integral will not necessarily vanisn ; we proceed to ascertain 
its value. Let v — x = z and A = 1 — 5^, thus 

(1 - A") (v) dv h il + h)<l>{x + z) dz 




2Acos— ^-^ — ^+A* J ^* + 4Asin*-^ 

Now the only part of the integral which has any sensible 
value, is that which arises from very small positive or nega- 
tive values of z \ thus we may put 

. VTZ ITZ 

and . ^(a? + «)=^{aj); 
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and the integral becomes 

TT ffl 

Suppose a and — /3 to be the limits ofz; we thus get 



TT 






Hence, finally, when g is supposed to vanish, we haive 
2Z^ {x). Thus if aj lies between — I and Z, 

If however a? = Z or — Z, then the integral on the left- 
hand side has its sensible part when v is indefinitely near to 
I and — Z; we should then have to perform the above process 
in both cases, but the integral with respect to z would only 
extend in the former case from — )8 to 0, and in the latter 
JBrom to a. Hence instead of 2?^ {I) on the left-hand side, 
we should have 

Thus we have determined the value of the right-hand 
member when x lies between I and — I, both inclusive ; its 
value in other cases will be determined in Art. 311. 

305. In the same way as the result in Art. 304 is found, 
we have, if we integrate between and Z, 

i> (^) = Yijy W ^"^ + T ^'ly W '^^ """ ^\~ ""^ ^^ (1) ; 

this holds if x has any value between and I; but when 
aj = the left-hand member must be J (0), and when a? = Z 
the left-hand member must he ^6{T), Thus we have deter- 
mined the value of the right-hand member when a; lie^ 
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between I and — Z, both inclusive; its value in other cases 
will be determined in Art, 311. 

Similarly 
= 1/ V W dv + ^ trf<l> {v) cos^^^?^i^ rfi; ..(2) ; 

this holds for any value of x between and I ; but when 
x = the left-hand member must be ^ ^ (0), and when a? = Z 
the left-hand member must be ^^ (Z). - 

From (1) and (2) by addition 
^{x) = jj ^{v)dv + j 2" cos ^^ I cos -J- <l> (v) dv...{i). 

This holds for any value of x between and Z, both in- 
clusive. 

From (1) and (2) by subtraction 

(aj) = - 2i sm —J- I sm —j- 9 {v) dv (4). 

This holds for any value of a? between and I both exclu- 
sive ; and when a? = or I, the left-hand member should be 
zero. 

Equation (4) coincides with Lagrange's Formula. 

We may observe that either of the formulae (3) and (4) 
may be deduced from the other. Suppose we take (3) and 

write sin -T- ^ (a?) instead of ^ (a?). Thus 



nrx 1 C • TTt? 

sin -7- ^ (i») = T I sin -y- ^ (v) dv 



+ j\ cos -J- I COS — p sm -y-9 (t?) av. 

XT ^TV . TTV 1 . (n + l)7rv 1 . (n — l)7rv 

Now COS —J- sm -7- = - sm ^ j^ sm ^ j^ — ; 

I 12 I 2 I ^ 

and therefore it will be found that the result may be exhibited 

thus, ' . . . ; 



272 EXPANSION OF FUNCnONS 



sin-p^ (a?) 



jZt^ jcos"^ Y cos^ J- j-l sin — J- ^ (v) efo ; 

, {n — l)irx (w + l)w« _ . ntrx . vrx 
also cos-^ Y" ^^ T =* 2 sin -y- sin -y- ; 



irx 



and therefore by division by sin -7- we obtain the for- 
mula (4). 

We will now give some examples. 

306. Expand a; in a series of sines. Take formula (4) of 
Art. 305, and suppose 2 = tt ; then 



/ 



T t;cosnv smnt; 
V sin nvat; =5 h 



n n 



therefore 1 t;sinwv(?t;= -if n be odd, and if n be even. 

Jo n ' n 

Thus 

0? = 2 {sin 35 — J^ sin 2a; + J sin 3aj — J sin 4a? + }. 

This holds for values of x between and tt, and as both 
sides vanish with x it holds when a; « ; and it is obvious 
that if it holds for any positive value of x it holds for the 
corresponding negative value ; hence it holds for values of x 
between — tr and tt, exclusive of these limiting values. 

307. Expand cos a; in a series of sines. Take formula 
(4) of Art. 305 and suppose Z= w ; then 

Icos V sin nv dv = i / {sin (w + 1) i; + sin (n — 1) v] dv 

, fcos (n + 1) t? , cos (n — 1) v \ 
""*! n+1 ^ n-1 r 
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therefore I cos v amnvdv = if n is odd, 



therefore 
cos a? 



2n .r ' 
-s — - II « IS even: 
w"— 1 ' 



2 f4 . « 8 . , .l + (-l)" . ] 

= -^-rsin2a3+ r^sm4aj+...H o , nsmna;^-...}- . 

TT [3 15 w — 1 J 

This holds from x = to a? = tt, exclusive of these limit- 
ing values. 

308. Expand a? in a series of cosines. 

Take formula (3) of Art. 305, and suppose Z = 7r; then 



/■ 



, V sm nv cos nv 
V cos wt? av = h 



71 71 



therefore / v cos nv dv = if w be even, and s if n be 

Jo w 

odd; and 



f 



vdv=:- , 

^ 



thus x=- {cos a? + 7^5 cos 3a3 + — 2 cos 5a5 + }. 

2 TT '' 3 5 ^ 

This holds from a? = to a? = tt both inclusive. 

If we put a? = - — y, we obtain the following formula, 

which holds for any value of y between — — and — , both in- 
clusive, 

y = - {sin 3^ - ^ sin Zy -f -, sin 5y - ...}. 

309. Expand e** — e^^ in a series of sines. 
Here I (e*' - e *•) sm wv av = ^— j-- — s — ' cos wtt. 

T« T. C. X8 



274 EXPANSION OF FUNCTIONS 

^, ^ Tr €f^—e'^ __ sin a; 2 8in2aj 3 sin 3a; 
iHeretore -^^^^—-^^-.——^^^^—^+^^—^^.., 

310. Expand e*^'^*) + f5-*('-*J in a series of cosines. 

Here / {e«(*^-*)+e-*^'**ncosnt;i?t;=— ^j 5—^, 

Jo ar + tr ' 

and 1 {e»("*) + e-«('-''^}^i;= . 



TT e« ('r-*) 4- e** ("^-*^ _ 1 cos X cos 2a; 



311. We have shewn that the formula (3) of Art. 305 
holds for any value of x between and I both inclusive ; 
it is easy to determine what the right-hand member is equal 
to when x lies beyond these limits. Suppose x positive, and 
between I and 2l; puta; = 2Z — a;' so that a?' is less than Z, 
then 

mrx ( ^ nirx\ nirx 

cos — =— = cos 2nir ?— = cos 



= cos \2nir j—\ 



I --\—" I J — ^ , 

therefore the value of the right-hand member is 6 (a;'). Next 
suppose X greater than 2Z; and suppose it equal to 2mZH-a?', 
where x is less than 2l\ then 

nirx nirx 

cos — J- = cos — J— , 

so that the value is the same as it would be if x were put 
instead of x ; that is, the value is 6 [x) if x' be less than ?, 
and ij> {21 — x') if x be greater than L 

It is obvious that for any negative value of x the value is 
the same as for the corresponding" positive value. 

Similarly we may shew that if x is positive and = 2ml + x\ 
the value of the right-hand side of equation (4) of Art. 305 is 
the same as if x were put instead of a;, and is (f> [x) if x be 
less than Z, and — d> {21 — x') if x' be greater than L And for 
negative values 01 x the value is the same numerically as 
for the corresponding positive value, but with an opposite 
sign. 
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312. It may be observed that in the fiindamental demon- 
stration of Art. 304, we suppose that when h approaches unity 
as a limit, the expression 



/ 



ftir (v ^ ix^ 
A* (j) {v) cos — ^ ^ dv 



I 
may "be replaced by 



/■ 



, , . n'ir(v — x)y 
(f) [v) cos ~ -' dv, 



however large n may be. We may shew that no error arises 
from this supposition, by proving that the latter integral 
vanishes when n is increased indei&nitely. We have 

fi/\ rnr iv — x) J ld> (v) . niriv — x) 
j<f> {v) cos ^ -dv= [J^ sm ^-j ^ 



I im I 



- — f f w 



. W7r(v — aj) , 
sm -^ ^av, 



which shews that the integral on the left-hand side will vanish 
when n is infinite, at least if 0'(v) be not infinite. 

313. We have not yet alluded to one of the most re- 
markable points in connexion with the formulae (3) and (4) of 
Art. 305. In these formulae ^ (a;) need not be a c(mtinu(ms 

function; for example, from aj = to x^a we might have 
<l>{x)=f{x), then from x = a to a? = 6 we might have 
il>{x) =f^ {x), then from x=b to a: = c we might have 
^ (a;) =/g (aj), then from x = c to a? = Z we might have 
^ (aj) =/; (aj). The formula (3) for instance woula still be 
true for all values of x between and I inclusive, as is evident 
from the mode of demonstration, except for the values where 
the discontinuity occurs. When for example x=^ay then the 
value of the right-hand member would not be f^[a) or £(a) 
but i{/i (a) +^ (a)}. If therefore for x — a we nave 
fi (^) ^f%{^)% *^^ formula holds also when a? = a. 

314. Find an expression which shall be equal to c when 
X lies between and a, and equal to zero when x lies between 
a and h 

18—2 
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Take formula (3) of Art. 305. Here <j>{v) = c from v = 
to v = a, and then from t7 = atov=Zitis zero ; thus 

cos —J- <p (t?) dv 



f 



nirv , cl . nira 
7— av = — sm -y- 





^ / /fr /I V f */v • 

becomes c I cos -^- av = — sm 

therefore the required expression is 

-r + — fsm-r cos -^ + i sm -7- cos — ,- 
L TT ^ L I ^ L L 

- . Zira Sttx . , 
+ J sm -J- cos -y- + ...} ; 

this will give ^c when a; = a. 

Or we may use formula (4) of Art. 305. Then 

f* . nvTT , cl f ^ nair\ 

c \ sm -y- at? = — 1 — cos — y- I , 

and we have for the required expression 

2c f 7ra . Traj - 2ira . 27ra? 

- {vers -y- sm -7- 4- i vers — j— sm — 7- 

- 37ra . 37raj . 

+ J vers -y sm -J- + } ; 

this gives when a: = 0, and \c when a: = a. 

315. Find an expression which shall "be equal to Tex from 

a? = to a?= - , and equal to i (Z — a?) from a? = ^ to a; = Z. 
M 2 

Here 

I 

I 9 (v) COS — p av = I A:i? cos — ^ av + I A: (Z— v) cos— ^ dv 

kP (1 . nir 1 nir l\ hV f . . mr\ 

= — i^r- sm "TT- + -7- cos -— — j-^ H sm WTT — sm -r- J 

1 . 1 . WTT COSWTT ^ 

w 2w 2 wV wV 

hP , nir . 

= ^»{2cos— -cos«7r-l}. 
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4JcV 

This is — -j-^ when n is of the form 4r + 2, and in every 
other case, and 

<f>{v) dv = Jc j vdv + Jcj {l—v)dv==—; 

thus the required expression is 

Jcl Ski ( 1 27rx 1 eirx 1 

If we denote this "by y, then from a? = to a? = JZ both in- 
clusive y = fee, then from x = ^l to a; = Z both inclusive 
y = A (Z — a?) ; for values of a; greater than Z the values of y 
recur as shewn in Art. 311. Thus the value of y is the 
ordinate of the figure formed by measuring from the origin 
equal lengths along the axis of a? to the right and left, and 
drawing on each base thus obtained the same isosceles tri- 
angle. 

As another example we may propose the following: 
find a function (J) (a?) which shall be equal to x from a? = to 
a? = a, then be equal to a from x = a to a? = 7r— a, and then 
be equal to tt— a; from a; = 7r — a to aj = 7r. 

The result is 
^ (aj) = — {sin a sin a; + 55 sin 3a sin 3a: 4-Ta sin5a sin 5x+...} ; 

TT O O 

this is true from a? = to a? = tt both inclusive. 

The student may verify the following examples. 
If X be numerically less than a the expression 



I cos (2n + 1) 



Trajf* 



8a ^co < ^ 2a 



TT^^ [ 2n + l 
is equal to a — a; if a? be positive, and a + a? if a; be negative. 
Prove that for values of x between — tt and tt inclusive 

a? 1^ cos2aj cos 3a; 

— = cosa;H s « — h 

4 12 2' 3* 



278 EXPANSION OF FUNCTIONS 

This may be obtained from Art. 308 by integration ; or 
from equation (3) of Art. 305. 

316. Other formulae may be given analogous to those in 
Art. 305; we will here investigate some. We have from 
Art. 305 

ff> {x) = ^/V W ^^ + ] K f<l> W cos^5^!^^yI^ dv...{l). 

This holds when x has any value between and I; but 
when ic= the left-hand member must be ^^ (0), and when 
x = l the left-hand member must be ^<f>{l)> In the same 
manner as this result was obtained we may also prove that 

2^ {x) = i JV W ^^ + ] K /V W cos^^^?l^p^c?tr...(2). 

This holds when x has any value between and I; but 
when a? = the left-hand member must be ^ (0), and when 
x = l the left-hand member must be ^ ({). 

Subtract (1) from (2) ; thus 

. / \ 1 ^00 f'j / \ (2n — 1) TT (v — x) y ,^. 

<t>{^)=-l^^ jjl>{v)cos^- ^-^ Uv (3). 

This holds when x has any value between and I ; but 
when a? = the left-hand member must be ^if> (0), and when 
x = l the left-hand member must be ^^ {I). 

Now in the same manner as (3) was obtained, we may 
obtain the following result, starting with v 4- a? instead of 
v-a?, 

^ 1 V* f'^ / \ (2n-l)7r(v + aj) , ... 

^=^1^1 I <l>{^)<^' ^2^-^ ^^^ (4)- 

This holds when x has any value between and I; but 
when a? = the left-hand member must be ^^ (0), and when 
a? = 2 the left-hand member must be — ^^(i). 

From (3) and (4) by addition and subtraction we obtain 

^{x) =-^2, cos ^ — ^T — I ^^^^ ^^^ — 2r — ^^'••(^)' 

./N 2-,« . (2n — 1) 9ra? r^ . , . . (2w — l)7n;, ,^v 
(a?) = ^ 2, . sin ^ ^^^^ — J ^ (v) sm ^ -^^ — rfv...(6). 
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These hold when x has any value between and I in- 
clusive, except that when a: = the left-hand member of (6) 
must be 0, and when x = l the left-hand member of (5) must 
beO. 

317. We shall apply the formula (5) of the preceding 
article to establish a remarkable theorem first given by John 
Bernoulli. Let there be any curve AB the tangents of which 
at A and B are at right angles ; let the involute of this curve 
be formed beginning at A, and denote it by AG; let the 
involute of AC he formed beginning at C; and so on con- 
tinually ; then the ultimate figure obtained will be a cycloid. 

Let 8 be the length of the arc of the original curve mea- 
sured from A to anv point P; let p be the radius of curvature 
at P, and the inclination of the tangent at P to the tangent 
at A. Let p^ be the radius of curvature at the corresponding 
point of the first involute, p, that of the second involute, 
Pj that of the third involute ; and so on. Then expresses 
the inclination of p, p,, p^, ... to the normal of the original 
curve at A; and also expresses the inclination of p^, pg, 
p,, ... to the normal of the original curve at B, Moreover 
Pi» Pzi Ps* ••• vanish when ^ = 0; and p,, p^, p,, ... vanish 

when 0=^j:* 

da f* 

Now p^-jg} aiid Pi = «,' thus pj= I pd0. 

Similarly, ft ~ / ft ^^> 

p,= [ p,rftf, 

•'0 
P4=jjft^^> 

and so on. 

Now in formula (5) of the preceding article suppose 

Z =s - ; then since p is some function of 0^ we have 
p = ^j cos ^ + A^ cos Z0 + -4g cos 5^ + . . . 
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where A^ A^j A^^.,, are certain constants determined by that 
formula (5). 

Thus 

pj^ = A^&in + - A^sinSe + - A^sbx 50 + 

Pg = -4j cos tf + 55-4, cos 30 + rs^gCOS 5tf + ...... 

p^^ A^Bm0 + -f^A^BiaZ0 + -pA^sixi 50 + 



Proceeding thus we obtain, when n is indefinitely large, 

p^ = Aj^ sin 0, or p^ = A^co3 0; 

and these equations represent a cycloid; see Art. 105. 

We may proceed to examine the nature of the result 
when the tangents at the extremities of the original curve 
are not inclined at a right angle. Suppose these tangents 
to be inclined at an angle a ; and put a for I in the formula 
(5) of the preceding article. Then we have 

. ir0 , . Stt^ . 5ir0 
P = A, cos h^. cos h-fl.. COS h : 



and by proceeding in the same way as before we arrive at 
the result 

p« = A;cos — , or p« = A;sm — , 



where Je 



=^.©" 



If Je were a Jlnite quantity, we should thus obtain an 
epicycloid if a is greater than — , and a hypocycloid in which 
the diameter of the revolving circle is less than the radius of 
the fixed circle if a is greater than — ; see Arts. 110 and 111 ; 
and this is the usual statement of the results. But it will be 
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observed that Tc becomes indefinitely great in the former case 
and indefinitely small in the latter case ; so that in the former 
case the radii of the fixed and revolving circles must be sup- 
posed to increase indefinitely, and in the latter case to diminish 
indefinitely. 

318. In the formula 

suppose I to increase without limit ; then if 6 {v) be such that 

If . 1 

the term -^1 <j>[v) dv vanishes with y we have 

^(x)=— I I coQu(v'-x) (j) {v) du dv. 
This is called Fourier's Theorem. 



MISCELLANEOUS EXAMPLES. 

1. Change the order of integration in the expression 

2a 

2. 'Change the order of integration in the expression 

'2a C^iiax) 

(j>{xj y) dxdy. 



r2a r> 



J ^i^CUt-Ofi) 



nbx 
<j> (x, y) dx dy into an integral with 
JtX 



J nx 

«* an 
and determine the limits of the new integral. 



respect to u and v, having given u=:y + x, y==uv; 

ir ------ 



4. Transform I j <l>{x,y) dx dy into an integral with 


respect to u and v, having given y + cx = Uy y = uv; 

and determine the limits of the new integral. 
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6. Transform the integral 

jjj(^''y) (y •" ^) (^ " ^) ^^y^^ 

into one in which w, v, «? are the independent varia- 
bles, where 

w' = xyz. - = - H h - , w" = 35* + y" + a". 

•^ ' t; a; y « "^ 

6. Prove that 

dx 



{/%-&}=i/%-.<fc/ 



1 > 

/t f_ yv,*»\» 



(1 + «•") 

where < = iB* and t=^. 

(See Arts. 263 and 66 ; and transform as in Art. 242.) 

7. Prove by transforming the expression from rectangular 
to polar co-ordinates that tne value of the dennite 
integral 

Jo •'0 

is equal to Jv'Tri^fsin-j, where JF'fsin-j denotes a 
complete elliptic function of the first order of which 
sin ~ is the modulus. 

It 



8. Prove that I tan 6 log cot 0dd=^ 

J A 



■48' 
9. Prove that 



j'e-^cotv gin {na>+a)dx = sin (o + /3) J( ^^^^ • 



10. Shew that 



ft 

f *tan-* {« V(l - tan» «)} do; = ^ tan-* n V2 - ^ cot"' ^^^ "^ '^'^ . 
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^ r^ Bin (g tan - 

"Jo sii 



11. If/(D=j ^. ^ ^ c?^, detennine the geometrical 
meaning of the equation y = a;/(sina5). 



12. A curve of double curvature revolves round the axis 
of X ; shew that the surface generated 

« 27r|v{(y^y + ^dzy + (3^ + O {dxy\. 
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CHAPTER XIV. 

APPLICATION OP THE INTEGRAL CALCULUS TO QUESTIONS 
OF MEAN VALUE AND PEOBABILITT. 



319.^ We will here give a few simple examples of the 
application of the Integral Calculus to questions relating to 
mean value and to probability. 

Let <j) {x) denote any function of a?, and suppose x succes- 
sively equal to a, a + A, a + 2A, ... a + (w — 1) A. Then 

<^(a) + 0(a + A) + 0(a + 2A) + ...+^{a+(n-l) A} 

n 

may be said to be the mean or average of the n values which 
<j> {x) receives corresponding to the n values of x. Let 

h — a = nh^ 

then the above Tnean value may be written thus, 

[^{a)-\-(f>{a + h) + il>{a + 2h) + ...+<j>{a-\-[n-l)h]'\h 

b — a 

Suppose a and b to remain fixed and n to increase inde- 
finitely ; then the limit of the above expression is 



/, 



h 

(f>{x) dx 
J — a 
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This may accordingly be defined to "be the mean vahie of 
^ (a?) when x varies continuously between a and ft. 

320. As an example we may take the following ques- 
tion; find the mean distance of all points within a circle 
from a fixed point on the circumference. By this enunciation 
we intend the following process to be performed. Let the 
area of a circle be divided into a large number n of equal 
small areas ; form a fraction of which the numerator is the 
sum of the distances of these small areas from a fixed point 
on the circumference, and the denominator is n] then find 
the limit of this fraction when n is infinite. 

Suppose »*i, »*,,•.. ^« to denote the respective distances of 
the small areas ; then the fraction required is 

-K + r,+ ...+r,}. 

Multiply both numerator and denominator by r LO Ar, which 
represents the area of a small element (Art. 148), thus the 
fraction becomes 

nr Ad Ar 

The limit of the denominator will represent the area of the 
circle, that is, ttc", if c be the radius of the circle. The limit 
of the numerator will be, by the definitions of the Integral 

Calculus, Ur^dddry the limits being so taken as to include 

all the elements of area within the boundary of the circle. 
Thus the result is 

IT 

4 r2cco9 

r'dedr 



n 



TTC' 



This will be found to give rr- 

° 97r 
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321. The equation to a curve is r = c sin tf cos 0, find the 
mean length of all the radii vectores drawn at equal angular 
intervals in the first quadrant. 

It easily follows, as in the last article, that the required 
mean length is 






c sin cos d0 



IT 

2 

that is, - . 

Again, suppose the portion of this curve which Kes in the 
first quadrant to revolve round the initial line, and thus to 
generate a surface. Let radii vectores be drawn firom the ori- 
gin to difierent points of the surface equably in all directions: 
it is required to find the mean length of the radii vectores. 

The only difficulty in this question lies in apprehending 
clearly what is meant by the words in Italics. Conceive a 
spherical surface having the origin as centre ; then by equable 
angular distribution of the radii vectores, we mean that they 
are to be so drawn that the number of them which fall upon 
any portion of the spherical sm-face must be proportional to 
the area of that portion. Now the area of any portion of a 
i<phere of radius a is found by integrating 



a^\\«m0d^ 



dJ0 



within proper limits (Art. 175). Hence a' sin A<f) A0 may be 
taken to denote an element of a spherical surface, and 27ra* is 
the area of half the surface of a sphere. Thus we shall have 
as the required result 



I ja^c sin cos sin d^ d0 



27ra* * 

the limits being so taken as to extend the integrations over 
the entire surface considered. 
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Hence we obtain 



/ I c sin^ cos d^ d0 



27r 



that is, - . 



322. A large plane area is ruled with parallel equidistant 
lines ; a thin rod, the length of which is less than the distance 
between two consecutive lines, is thrown at hazard on the 
area ; find the probability that the rod will fall across one of 
the lines. 

Let 2a be the distance between two consecutive lines 
and 2c the length of the rod. It is easily seen that we do 
not alter the problem by supposing the centre of the rod 
constrained to fall upon a line drawn between consecutive 
lines of the given svstem and meeting them at right angles, 
for the proportion of the favourable cases to the whole number 
of cases remains the same after this limitation as before. 

Let the centre of the rod be at a distance x from the nearer 
of the two selected parallels ; then suppose the rod to revolve 
round its centre, and it is obvious that in this position of its 

centre the chance that it crosses the line is r^ , where 

27r 

c cos ^ = aj. 

And we may denote by — the chance that the centre of the 

rod falls between the distances x and x + Aa; from the nearer 

of the two parallels. Thus the chance required will be de- 

2<f> Aa7 
noted by the limit of the sum of such quantities as — — 

TT a 

that is, it will be 



— lidx. 
ira j^ ' 



where cos 6 = -. 
^ c 
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The limits of a; are and c ; hence the result 



= — / d>&md>d6 



2c 



EXAMPLES. 

1. If r =^f{0) and y =/(-) ^ the equations to two curves, 

f{0) being a function which vanishes for the values 
5j, 5j, and is positive for all values between these 
limits, and if A be the area of the former between the 
limits 0=^0^ and 5 = ^,, and JIf the arithmetical mean 
of all the transverse sections of the solid generated by 
the revolution about the axis of x of the portion of the 
latter curve between the limits x = a0^ and x = a0^j 
shew that 

supposing 0^ greater than ^j. 

2. A ball is fired at random from a gun which is equally 

likely to be presented in any direction in space above 
the horizon; shew that the chance of its reaching 

more than — th of its greatest range is a / f 1 j . 

3. From a point in the circumference of a circular field a 

projectile is thrown at random with a given velocity, 
which is such that the diameter of the field is equal to 
the greatest range of the projectile ; find the chance of 
its falling within the field. 

Besult. ^--(V2--l). 
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4. On a table a series of straight lines at equal distances 
&om one another is drawn, and a cube is thrown at 
random on the table. Supposing the diagonal of the 
cube less than the distance between consecutive lines, 
find the chance that the cube will rest without cover- 
ing any part of the lines. 

Result. — , where a is the edge of the cube and c the 

CTT 

distance of consecutive lines. 

6. Prove that the mean of all the radius-vectors of an 
ellipse, the focus being the origin, is equal to half the 
minor axis, when the lines are drawn at equal angular 
intervals ; and is equal to half the major axis when 
the lines are drawn so that the abscissae of their 
extremities increase uniformly. 

6. An indefinite number of equidistant parallel lines are 

drawn on a plane, and a rod whose length is equal to 
r times the perpendicular distance between two con- 
secutive lines is thrown at random on the plane ; find 
the probability of its falling upon n of the lines. If 

2 

n = r =3 1, shew that the probability is - • 

IT 

7. Two arrows are sticking in a circular target; what is 

the chance that their distance is greater than the 
radius of the target? 

3V3 



Result, 



47r 



8. Supposing the orbits of comets to be equally distributed 

through space, prove that their mean inclination to 
the plane of the ecliptic is the angle subtended by an 
arc equal to the radius. 

9. A certain territory is bounded by two meridian circles 

and by two parallels of latitude which difier in longi- 
tude and latitude respectively by one degree, and is 
known to lie within certain limits of latitude ) find the 
probable superficial area. 

T. I. C. 19 
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10. A line is takea of given length a, and two other lines 

are taken each less than the fixst line and laid down in 
it at hazard, any one position q{ either being as likelj 
aa any other. The lenetbs of these lines axe b and b': 
it is required to find the probability that they shall 
not have a part exceeding c in common. 

^^""^^ (*^i)(a-4') • 
Camb. Phil Transactions^ Vol. nri. p. 386. 

11. An indefinitely large plane area is ruled with parallel 

equidistant lines, the distance between consecutiYe 
lines being c. A closed curve which has no singular 

Joints whose greatest diameter is less than c is thrown 
own on the area. Shew that the chance that the 

curve falls on one of the lines is — , where I denotes 

TTC 

the perimeter of the curve. 

12. A messenffer J!f starts from A towards B (distance a) at 

a. rate of t? miles per hour, but before he arrives at ^ a 
shower of rain commences at A and at all places occu- 
pying a certain distance » towards, but not reaching 
beyond, B, and moves at the rate of u miles an hour 
towards A; if Jf be caught in this shower he will be 
obliged to stop until it is over ; he is also to receive 
for his errand a number of shillings inversely propor- 
tional to the time occupied in it, at the rate of n shil- 
lings for one hour. Supposing the distance 2; to be 
unknown, as also the time at which the shower com- 
menced, but all events to be equally probable, shew 
that the value of if 'a expectation is, in shillings, 



nv (1 w . tt (w -f v) , u + v] 
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CHAPTER XV, 



CALCULUS OF VARIATIONS. 



MoQcima and Minima of integrals involving one dependent 

variable with fixed limits, 

323. The theory of maxima and minima values of given 
fanctions is fully considered in works on the Differential 
Calculus. If, for example, y denotes any given function of an 
independent variable x, then we can find the value or values 
of X which make y a maximum or minimum^ or we can shew 
that there are no such values in some cases. 

We are now however about to consider a new class of 
maxima and minima problems. Let y denote a ftmction of x 
which is at present undetermined; and let F denote a given 

function of x, y, --^y -r^ ,.... Suppose we wish to find the 
relation which must hold between x and y in order that the 
integral I Vdx^ taken between given limits, may have a maxi- 
mum or minimum value. We cannot here effect the integra- 
tion because y is not known as a function of x^ and therefore 
Fis not known as a function of a?; thus the ordinary methods 
of solving maxima and minima problems do not apply. We 
require then a new method, which we shall now proceed to 
explain. 

324. The department of analysis to which we are about 
to introduce the student is called the Calculus of Variations; 
its object is to find the maxima or minima values of inte* 
gral expressions, the expressions being supposed to vary by 

19—2 
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assigning different forma to the fanctions denoted by the de- 
pendent variables. It will be seen, as we proceed, that the 
method of finding these maxima or minima values is analogous 
to that of finding ordinary maxima or minima values by the 
Differential Calculus. 

325. It will be useful to recur to the method given m 
the Differential Calculus. The student will remember that 
the terms maximum and minimum are technical terms, which 
are defined and illustrated in treatises on the Differential Cal- 
culus; and they are used in mathematics in the sense there 
assigned to them. Mistakes are frequently made by con- 
founding a maximum value in the technical sense of the word 
maximum, with the greatest value in the ordinary sense of 
the word greatest. 

Suppose y a given function of an independent variable x\ 
then if an indefinitely small change is given to a;, in general 
an indefinitely small change is consequently given to y, which 
is comparable in magnitude with that given to x. The pro- 
cess of finding a maximum or minimum value of y may be 
said to consist of two parts. First we determine such a value 
of X that an indefinitely small change in it does not produce 
in y a comparable indefinitely small change, but a change whicli 
is indefinitely small compared with that of aj. In the second 
place, we examine the sign of this indefinitely small change 
which is produced in y by the change of a:; and for a maxi- 
mum this sign is to be necessarily negative, and for a mini- 
mum positive. 

We may therefore describe this process briefly thus; we 
make the terms of the first order in the change of the depen- 
dent variable vanish, and we examine the sign of the terms 
of the second order. We shall pursue a similar method 
with the problem which we have now to discuss; we confine 
ourselves, however, at present entirelv to the first part of the 
process, and shall hereafter recur to the second part. 

326. We have first to explain the notation which will 
be used. Let x denote an independent variable, y any func- 

tion of a:, and -j- , -^ , . . . the differential coefficients of y 
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with respect to x. We shall use Sy to denote an indefinitely 
small quantity which may be any function of x ; and if u 
denote any quantity whatever which depends on y we shall 
denote by ow the increment which u receives when y is changed 
into y + Sy. Thus, for example, consider the differential co- 

efficient -^ ; when y receives the increment Sy this differen- 
tial coefficient receives the increment -r^ , so that hy B-^ 

dqp ' -^ dx 

we mean -v^ . It is often convenient to use the symbol p 

for -— ; and so also Sp is a convenient symbol for -j^ , 

d'v 
Again, consider the second differential coefficient -^ ; when 

ux 

y receives the increment By this second differential coefficient 

725J 

receives the increment -j^C'* ^^^ as the second differential 
coefficient is often denoted by q^ we may conveniently use Bq^ 
for -T^ . Similarly r and s may be used for the third and 

fourth differential coefficients of y respectively, and Br and & for 

d^Bu , d'^By . - - 

-r^ and --T-4 respectively ; and so on. 

The differential coefficients are also often denoted by 
?/', y", y"\ ... ; and thus By', By", By"\ .,, may be used as equi- 
valent to Bp, Bq, Br, ... respectively. 

327. The introduction of the symbol B is due to La- 
i^range. The student will see that tnis symbol resembles in 
meaning the symbol d, which is used in the Differential Cal- 
culus. jBoth dy and By express indefinitely small increments; 
dy however is generally used to denote the change in value of 
a given function consequent upon a change in the value of the 
dependent variable, Sy is used to denote the change made by 
ascribing an arbitrary change to the form of a function. The 
quantity denoted by By is called the variation of y. 
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328. Let F denote a given function of a?, y, -^ , ^3 , ... ; 

and let Z7= I Vdx^ where x^ and x^ are supposed to denote 

ffiven limits. The value of U cannot be found so long as we 
do not know what particular function y is of a; ; but withont 
knowing this we are able to obtain an expression for the 
increment made in U by ascribing the arbitrary increment 5^ 
to y, from which important inferences can be drawn. 

Suppose F= ^ (a?, y, y', y", y"', . . .) ; 

then by definition 

8 r= ^ (aj, y + Sy, y' + 8/, y" + Sf, y'" + 8y"'....) 

The first term may be expanded by the ordinary exten- 
sion of Taylor's theorem ; thus 

8r=^-Sy+^Sy+^,Sy + ^,„ % + ..., 

dV 
where -r- is the partial differential coefficient of V with 

dV . 
respect to y, also -7-7 is the partial differential coefficient of V 

with respect to y' ; and so on. 

In the above expression for SFwe have only expressed 
terms of the first order, that is, we have omitted the terms of 
the second and higher orders with respect to the small quan- 
tities Sy, 3y',.-«« This we shall continue to do throughout the 
remainder of the investigation. 

Then 

hU^l'^'hVdx 
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We shall now transform this expression by integration by 
parts. For shortness put 

^^-AT ^-P ^^-O ^^R 

~dy' ' Ay'" ' dy""^' dy'" ' "' 
Then fl^y'dx^jp^dx^PSyj^Sydx; 

therefore {'"P^'dx = {I^y\ - {I^y\ - f '' ^iy dx. 

Here (J%), is used to denote the value of J6y when a?, is 

put for a?, ana (i%)o is used to denote the value of /% 

when x^ is put for a? ; a similar notation will be used through- 

dP 
out. It is to be carefiiUy observed that -v- means the com- 

plete differential coefficient of P with respect to a;, that is to 
say, in forming -^ we are to remember that y and its differen- 
tial coefficients all involve x implicitly. 
Again 

therefore 

/:«v'^-(«f-s^^).-{«t-s^). 

Similarly 
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This process may be continued until all the sjmbob 
hj/y hy\ oy"\ Sy"", ... aie brought from under the integral 
sign. It is to be observed that all the differential coefficients 

dQ d'Q dR d'B d^R 7 , j-fl. ,• 1 « . . 

-J- 1 -j-T 9 3~"j j~a * 'j~fi *^ complete dmerentiai coefficients. 

Hence finally 

+^.{«-f+..|-%..{«-f+..| 

+ 8j.|S-...),-8j. !«-...). 

\ 
+ 

r*i/,^ dP d'Q d'B ^ \ e, , 

Here we have adopted some obvious simplifications of nota- 
tion; thus we use Sy^ for (%)i, and Bp^ for (-^j , and 
so on. 



329. The value of BU may be denoted thus, 



J aJo 



where H^ denotes a certain aggregate of terms in which x^ is 
put for X, and jB^ a similar aggregate of terms in which x^ is 
put for x ; these aggregates do not involve any integrations. 
Also 

^ ^^ dP d'Q d'^R 
K— N^ — -I- — -^ — -I. 

dx^ dx^ dx^^'" 

Vbti/ lAM/ VLJU 



-, *■ .c -^ - ■ 



It 
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Since H^—H^ involves only the values of the variables at 
the limits^ we shall sometimes speak of H^-^H^diS the terms at' 
the limits. 

330. We can now detennine the conditions that must 
hold in order that U may have a maximum or minimum 
value. For, in order that Umsij have a maximum or mini- 
mum value, BU must vanish, whatever Sy may be, provided 
only that it is an indefinitely small quantity. This requires 
that 

^=0 andfl;-5; = 0. 

For if K is not always zero, it will be in our power to give 
such a value to Sy as will make SZ7 positive or negative at 
our pleasure, and not zero. Suppose, for example, that the 
highest differential coeflScient of oy which occurs in -ETj— ff^ is 
the w***. Put Sy = a (a? — a?J*" {x — a^J**, where a is a function 
of X which is indefinitely small, and is at present undeter- 
mined. Then this value of Sy makes H^ — ff^ vanish, so that 

8 ?7 reduces to I Khydx, Now take a such that it is always 

positive when K is positive, and negative when K is nega- 
tive; then SZ/is necessarily positive. And if the sign of a be 
changed, SZ7 is necessarily negative. Thus if K is not 
always zero, it is in our power so to take hy as to make iU 
positive or negative at our pleasure. 

Hence for a maximum or minimum value of U we must 
have K^Q] and then I Kiydx vanishes, and therefore also 

331. The student has now become acquainted with the 
essential features of the Calculus of Variations; these are 

(1) the reduction of SZ7to the form H^ — H^+S KSydx, 

J (Co 

(2) the principle that jK*must vanish in order that fZmay be 
a maximum or minimum. Although the subject admits of 
considerable development, bv various extensions of the prob- 
lem we have considered, still the two results we have already 
obtained are the chief results. 
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332. We now proceed to ezamine more closely the 
natore of the two conditions 

^=0 and H^'-H^^O. 

The equation -£"=0 is what is called a differential equor- 

tion. Suppose that -7-^ is the highest differential coefficient 

which occurs in F; then this will in general occur in R also, 

and therefore in -^-^ the differential coefficient -y— will 

dx^ dx^ 

occur, and this will be the highest differential coefficient which 
occurs in K, so that the differential equation ^=0 will be of 
the sixth order. And in general the order of the differential 
equation is twice the order of the highest differential coeffici- 
ent which occurs in V. 

It is shewn in treatises on Differential Equations that the 
solution of a differential equation involves as many arbitrair 
constants as the number wnich expresses the order of the dif- 
ferential equation. We must now shew how the arbitrary- 
constants which arise from the solution of the equation ^=0 
are to be determined, so that a definite result may be ob- 
tained. The condition JT^ — fi^=0 serves for this purpose. 
Two cases may arise. 

(1) Suppose that no conditions are imposed by the prob- 
lem on the values of y and its differential coefficients at the 
limits of the integration ; then Sy^, Sy^, Sp^, Sp^^,... are all arbi- 
trary quantities, that is, we have it in our power to su})j)ose 
any indefinitely small values we please for these quantities; 
for example, we may suppose that as many of them as we 
please are zero. Since %i> 8|y^, ^ij ^,--* are thus all arbi- 
trary, in order that H^ — H^ may certainly vanish, the coeffi- 
cient of each of the arbitrary quantities must vanish. This 
furnishes for determining the constants as many equations as 
there are constants. 

(2) Suppose that conditions are imposed by the problem 
upon the values of y and its differential coefficients at the 
limits of the integration; then Sy^, Sy^, hp^^ ^ov <^^ ^^^ ^^' 
arbitrary, for some of them can be expressed in terms of the 
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rest by means of the given conditions. Let as many as pos- 
sible of the quantities Sy^, Si/^, Sp^, Bp^,... he eliminated from 
-H^ — '-Sq' ^^^ ^^^^ *^® coeflSxients of those which remain must 
be equated to zero. The equations thus obtained, together 
with those which express the given conditions, will form a 
system equal in number to the number of constants, and 
therefore will serve to determine those constants. 

333. The principal difficulty in examples consists in the 
solution of the differential equation K=^ 0, and this difficulty 
is frequently insuperable. 

We will now shew that when V does not explicitly con- 
tain the independent variable, one step in the solution of the 
differential equation can always be taken. It will be suf- 
ficient for practical purposes to confine ourselves to the case in 
which V involves no differential coefficient of y higher than 
the third. 

Since Fis supposed not to involve x explicitly, we have 
for the complete oifferential coefficient of V 

ax ax ax ax cix 
And by supposition 



»-^-g-2-S (■) 



Thus 



dx dx dx dx da? dx dx dx^ dx dx ' 



Now 



dx dx dx dx dx^ 



do? dx dx dx\dxdx do^y 

dx* dx dx dx [dai? dx dx da? dx*) * 
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Hence, by integration, 

dx dx dx dix^ dix? dx dx da? dx^ ^ ^^ 

where G is an arbitrary constant. The highest diflferential 

coefficient that can occur in (2) is -t4 which occurs in -3-y ; 

thus (2) is a differential equation of the ffth order, which is 
a first integral of the equation (1) which is of the sixth order. 
Particular cases may be obtained by supposing R or Q or JP to 
be zero. For example, the most useful case is that in which V 

involves only 1/ and -^ ; so that (1) becomes 

and (2) becomes 

dx 

334. The differential equation K= is also susceptible 
of one integration when V does not contain the dependent 
variable. For then -N'= 0, and the equation becomes 

dx do?'^ dx' •••" ' 

and therefore 

p dQ d^B p 

335. We know that Vdx = l^2~^^' supposing the 

limits of the integration with respect to y taken to corre- 
spond to those of the integration with respect to x. And the 
differential coefficients of y with respect to x may be expressed 
in terms of the differential coefficients of x with respect to y. 

t dx 
Thus in I F-r- dy we may regard y as the independent vari- 
able, and X as the dependent variable, and proceed to find 
the maximum or minimum value of the integral in this new 
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form. We may feel a priori certain, as the problem is really 
not changed by this change of the independent variable, that 
we shall obtain the same result as if we had left the original 
independent variable. 

Hence the cases considered in Arts. 333 and 334 may be 
seen to coincide. 

336. Again, let ns suppose that V involves only p and 
q. Then the differential equation K= reduces to 

dP cPQ 
-. _ 4, ^ = 0' 

dx da? ' 
therefore, by integration, 

Also ^=p^+Q^ 

dx dx dx 

^ dx dx dx dx' 
therefore, by integration, 

V=^Qq-\'C,p + C,. 

Here C^ and (7, are arbitrary constants. In this case the 
differential equation ^=0 is of the fourth order, and the 
result we have obtained is a differential equation of the second 
order ; so that we have effected two steps in the integration 
of the differential equation ^= 0. 

337. We shall now proceed to consider some examples ; 
as we have already intimated we confine ourselves entirely to 
the first part of the process for finding maxima and minima 
values ; see Art. 325, 

338. To find the shortest line between two points. 

This example is introduced merely for the purpose of 
illustrating the formul®, as it is obvious that the result must 
be the straight line joining the two points* 
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Here F= V (1 +;?•) and J7= TV (1 +JP*) ^• 

Thus F involves only py and the equation -£'=: reduces to 

-1- = ; thus P must be a constant, that is, -ttt^ — sr must 

be a constant. This shews that p must be a constant, and 
therefore the required curve must be a straight line. 

In this case J3;-5;= -^^- TTTX^- 

If now the two points are ^fioced points, we have Sy^ = and 
Sy^ = ; thus H^ — H vanishes. Then the value of ^ must be 
found from the condition that the straight line must pass 
through the two fixed points. 

Suppose however that the ordtncUes of the two points are 
not fixed ; the ahsdaaoB are fixed because x^ and x^ are taken 
to be invariable. In this case iy^ and iy^ are arbitrary ; and 
therefore H^ — H^ will not necessarily vanish unless the coeffi- 
cients of hy. and hy^ vanish. This requires that p^ and p^ 
should vanisli, and as j» is a constant by supposition this con- 
stant must be zero. Thus our formulae are consistent with 
the obvious fact, that when two lines are parallel the shortest 
distance between them is obtained by drawing a line perpen- 
dicular to them both. 

339. To find the curve ol quickest, descent from one 
given point to another. 

The following is a fuller statement o£ the meaning of this 
problem. Suppose an indefinitely thin smooth tube connecting 
the two points, and a heavy particle to slide down this tube ; 
we require to know the form of die tube in order that the 
time of descent may be a. minimum. The problem is known, 
by the name of the brachiatochrone ; it was. first proposed by 
John Bemoidli in 1696, and gave rise to the Calculus of 
Variations. 

We shall assume that the required curve lies in the ver- 
tical plane which contains the two given points* Let the axis 
of y be measured vertically downwards, and take the axis of 
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X to pass through the upper given point The particle is 
supposed to start from rest, and then by the principles of 
mechanics the velocity at the depth y is »J{2gy), Thus the 

),^ ^. dx^ We may then take 

Here V involves only y and j? ; so that, by Art. 333, for 
a minimum we must have 

that is ^^IL±£5= f .s-fg^ 

therefore , ^ ■ . ■ . — 577= (7* 

Hence y (1 +^') =« a constant = 2a suppose ; 
therefore p^ = — ; 

therefore — - i -^^ = ^ • 

therefore dy-^K^^y] ^{^ay^yY 

therefore a? = a vers"* ^ ^ V (2ay — y*) + i, where h is another 

constant. 

This shews that the required curve is a cycloid with its 
base horizontal, its vertex downwards, and a cusp at the 
upper point. We may suppose the origin at the upper point 
so that x^ = 0, and then 5 = 0. 

As -we suppose both the extreme^ points fixed hy^ and Zy^ 
vanish, ana therefore B^ — S^ vanishee. 
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The constant a must be determined bj the condition that 
the cycloid shall pass through the lower given point* 

Suppose however that only the abscissa of the lower point 
is given, and not the ordinate. Then, as before, H^ vanishes, 

and H^ = ^ ' ^^ . Now Sy^ is arbitrary, so that in order that 

H^ may vanish, we must have p^=0; thus the tangent to the 
cycloid at the lower limiting point must be horizontal. This 
condition must be used in this case to determine the con- 
stant a. 

340. We may modify the preceding problem by sup- 
posing that the particle does not start n'om rest, but starts 
with an assigned velocity. In this case we will suppose that 
the axis of x is not drawn through the upper point, but is so 
taken that the velocity at starting is that wliich would be 
gained in falling from the axis of x to the upper fixed point. 
The solution remains as before; the cusp of the cycloid is 
however no longer at the upper fixed pomt, but in the axis 
of X. 

341. To find the curve connecting two fixed points sucli 
that the area between the curve, its evolute, and the radii of 
curvature at its extremities may be a minimum. 

By Art. 159 the expression which is to be made a mini- 
mum is 

-Mil- .fa. 



/. 



*. 2 



Here V involves only p and q ; and therefore, hy Art. 336, 
for a minimum we must have 
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B7 integration 

Citan->+to^^to+C7. (1). 

Also (<^./+Mg ^2„. 

therefore bj integration, 

(7,tan"'p ^^— -5-* = 4y + constant; 

add C, to both sides of this equation, and we have 

Citan-^+£i^|^ = 4y+Ci (2). 

Eliminate tan'^j? from (1) and (2) ; thus 

therefore V(l +?•) = j^^^^f^^^ . 
where B is such that 4B= C7,(7^— G^G^. 

Let 8 denote the length of the arc of the curve measured 
from a fixed point; then, by integrating the last equation, we 
hsive 

8+G=^^{Gj/^C,x + B). 

This shews that the required curve is a cycloid; see Art. 72. 
We must now examine the expression H^ — H^; we have 

As the extreme points are supposed fixed, Sy^ and Sy^ 
vanish; thus 

T. I. c. 20 
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Suppose we impose the condition that the tangents to the 
Tequirea curve are to have fixed directions at the extreme 
points ; then Sp^ and Bp^ vanish, and H^-^H^ vanishes. In 
this case the cycloid must be determined from the conditions 
that it is to pass through two ^ven points, and its tangents 
are to have fixed directions at these points. 

If, however, no condition is imposed on the values oip at 
the limits, we must have ft =0 and ft = 0, in order that 

H^'-H^ may vanish. Now ^ = — ^ — "^ '^ ^^^ *^® radius of 

(1 + »■)* 
curvature = ^ — ^-^ • Thus the radius of curvature must 

vanish at the extreme points, that is, the cycloid must have 
cusps at those points. 

342. To find the form of a solid of revolution, that the 
resistance on moving through a fluid in the direction of its 
axis may be a minimum, adopting the usual theory of re- 
sistance. 

Take the axis of a; as the axis of revolution. Then adopt- 
ing the theory of resistance which is explained in works on 
Hydrodynamics, the expression which is to be a minimum is 



/, 



«, yp* 



«. 1 +y 



dx. 



Here F involves only y andjp, and therefore by Art. 333, 
for a minimum we must have 

V^Pp+C, 

therefore ttt^ + ^= ^• 

This is a differential equation for determining the required 
curve. 
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Integrals with limits subject to variation. 

343. We have now suflSciently explained and illustrated 
the method of finding the maximum or minimum value of an 
integral expression involving one independent variable, when 
the limits of the integration are supposed invariable. We 
shall proceed to some extensions of the problem; and we 
begin bv considering the modification which arises from sup- 
posing the limits of the integration variable. 

Suppose, for example, that we have two given curves in 
one vertical plane, and that we wish to find the curve of 
quickest descent from one of these curves to the other, the 
particle starting with the velocity obtained in falling from a 
given horizontal line. Here we have to find the point at 
which the particle is to leave the upper curve, and the point 
of the lower curve towards which it is to proceed, as well as 
the path which it is to describe. We have therefore to efiect 
more than in the examples hitherto considered, and we shall 
now explain how we may proceed. 

We know, from what has been already given, that the 
curve must be a cycloid with its base horizontal and a cusp 
on the given horizontal line. For suppose any other curve 
drawn from any point in the upper curve to any point in the 
lower; this curve cannot be that of minimum time, for we 
know that, without changing the extreme points, we can 
find a curve of less time of descent than this curve, namely a 
cycloid with its base horizontal, and a cusp on the given hori- 
zontal line. Since then we know that the requured curve 
must be such a cycloid, the part of the problem which depends 
on the Calculus of Variations may be considered solved ; and 
we may investigate, by the ordinary rules for maxima and 
minima, the position of the particular cycloid for which the 
time is a minimum. In fact, taking any arbitrary initial and 
final points, we may find the equation to the cycloid passing 
through these points ; then the time of descent will become 
a known function of the co-ordinates of the initial and final 
points, and we may determine for what values of these co-or* 
dinates the time is a minimum. 



20— a 
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344. We have shewn in the preceding article that it is 
not absolutely necessary to make any modification in our for- 
mulad in order to include the case in which the limits of the 
integration are supposed to be susceptible of change ; for the 
process already given, combined with the ordinary rules of 
the Differential Calculus, would enable us to solve any ex- 
ample. It is however convenient to bring together all that is 
wanted for solving such examples, and accordingly we shall 
now supply the requisite modification of our onginal for- 
mulae. As before, let 






Suppose that in addition to the change of y into y + % 
the limits x^ and x^ are changed into x^ + dx^ and x^ 4- &, 
respectively. In consequence of this change of limits U re- 
ceives the mcrement 



/ Vdx-l Vdx, 



that is, neglecting squares and higher powers of dx^ and <&„, 
17 receives the increment 

V^dx^ - r^dx^. 

If we annex this to the expression already given for S U, we 
shall obtain the complete cnange in U consequent upon tie 
variation oiy, and the change of the limits. 

345. If no condition is imposed upon the limiting vahies 
of the co-ordinates, the additional terms just obtained, 

V^dx^-V^dx^, 

can only be made to vanish necessarily by supposing J^ =0 
and T^ = 0. We thus introduce two new equations iu ad- 
dition to those which are obtained fix)m -ff^ — J9^ = 0; and at 
the same time we have two new quantities to determine, 
namely, x^ and aj^. However, a more common case is that in 
which the limiting values have to satisfy given equations. 
Such a case we have already indicated in.^t. 343, where a. 



CAUCVtm OF VASIATIOHS. 309 

curve is required, the extreme points of which are to lie on 
given curves. 

We will consider that limit of the integration for which 
the quantities are distinguished by the subscript 1. Let 

then if there had been no change of the limit, the extreme 
values of the variables would have been x^ and y^ before 
variation, and x^ and Y^ after variation. If however x^ is 
changed into x^ + dx^, we have Y^ changed into 

that is, neglecting squares and higher powers of dx^ we have 

-T- J dx^j that is, neglecting the product 

^jC&jj, into yi + Syj+f^j dx^. Supposing then that the 

given relation which is to be satisfied by the extreme 
values is 

we must have J^i = '^ (^i)* 

and also 

to the first order. Thus 



^^-{h»'-i}f^. 



This gives a relation between Sy^ and dx^^ so that we can 
eliminate one of them from the complete value of BU, 

Similarly, the relation can be found between Stf^ and dx^. 

In geometrical problems [-^ j i& the tangent of the incli- 
nation to the axis of x of the line which touches the required 
curve at the limiting point ; and '^'(^i) ^ ^^ tangent of the 
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inclination to the axis of x of the line which touches the 
ffiven curve at that point. 

A narticnlar case may be noticed which is sometimes nse- 
fnl. Suppose the complete change of ^^ is to be zero ; this 

pves Syi+(;7 ) da?i = 0; similarly if the complete change 
of y^ is to be zero, Sy^+ (^j dx^ = 0. 

346. Let US now consider the case of the brachistochrone 
problem which has been enunciated in Art. 343. 

Let the notation be as in Art. 339. Then 



i:'("-s)*^ 



dx. 



As 'before from the equation N— -j- = we deduce 

V{y(l +!>•)} =V(2a); 

thus SZ7=F,^.-r.dr.+ ^{(^Sy),-(^S^)J. 

Let us suppose that the equation to the fixed curve from 
which the particle is to start is V= v {X), and that the equa- 
tion to the fixed curve at which tne particle is to arrive is 
y= y^ (X). Then by the preceding article we have 

^yi = {^'i^) -i^l Ai» Sy, = {x{x) -p}odx^. 
Thus the value of SJ7can be put in the form 

where \ = r. + J|l. {^'(a,J _^J 
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and similarlj 

Since dx^ and dx^ are arbitrary, SU will not ndcessarilj 
vanish unless \ = and X^ = 0. Thus 

l + ftt'K)=0 and l+i?o;^(a?o)=0; 

and this shews that the cycloid must cut each of the two 
fixed curves at right angles. 

347. We have hitherto tacitly assumed that the function 
V does not involve the limiting values of the variables or of 
the difierential coefficients. Suppose now however that V 
does involve a?^, a?„ y^, y^, Po,i>u •— 

(1) Suppose that x^ and x^ are not susceptible of any 
change. W hen y is changed into y + Sy, besides the varia- 
tion we have already investigated, V will receive an addi- 
tional variation arising from uie change in y©, ytj ••• which 
occur explicitly in V. These additional terms in o Fare 

and consequently the following additional terms occur in 

Now Sy^j ^1' %^o> ^iJ ••• ^® T^ot functions of the variahle 
X, but only of the limitmg values of a? ; we may therefore 
bring these quantities outside the integral sign and write the 
additional terms thus, 

Now the occurrence of these additional terms will not 
affect the reasoning by which it is shewn in Art. 330 that we 
must have J!r=0 in order that U may be a maximum or 
minimum. These additional terms must be annexed to the 
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expression H^-^H^, and the whole then made to vanisk 
Since the relation between x and if is supposed to be found 
from the equation K^O, the expressions under the integral 
signs in these additional terms hecome definite functions of x, 
80 that the integrations which are indicated can b6 effected, 
at least theoreticallj. 

(2) Suppose that x^ and x^ are also changed, and let 
them become x^ + dx and x^ + dx^ respectirely. Then F 
receives the additional increment 

where j- and -j— indicate corhphie differential coeffici- 
ents ; that is to saj, we are to remember that x^ occurs impli- 
citlj in y^fP^f •..* and similarly for a^. 

Thus besides the additional terms We hav6 dlreadfy given 
8 J7 receives the increment 

and this expression must be annexed to the aggregate ^^nnecl 
o{ H^'-Sq and the additional terms already given. 

348. For an example w*e will take anothef modification 
6f the brachistochrone problem. Suppose two given curves 
in the same vertical plane, and let it be required to find the 
curve of quickest descent from one of these to the other^ the 
motion commencing at the first curve. 

Let the axis of y be measured vertically downwards; 
let y^'be the ordinate of the starting point, then when the 
ordinate is y the velocity is V{2^ (y —yo)}' 

Thus we may take 
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We have then to change y into y-^y^ in the solution of 
Art. 346, and to add to the expression thete giren for ZTJ 
the terms found in Article 347. 

Here ^=-77 — ^ ; so that y^ is the only limiting value 

which occurs in K We are therefore to add to the former 
value of hU 



and 






Hence by Art. 346, aftef putting JSr= 0, we have 

where \ and \ hate the values assigned in Art. ^46. 
Now in the present case 

dy^ dy dx^ 

therefoi« f'^db = i>.^P,=-^', 

and Sy. + m 3x^ = %'(«.) «&<^ aa in Art. 346. 

Thus 80'»\<&'.-X,&J, + ^j(p.-pJ<fe, 

Then by equating to zero the coefficients of dx^ and dx^ 
we have 

I +i'iV^'(*») =* and 1 +i>J^(a;.) = 0, 

80 that X'(».) * ^'(*i)- ' 
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Thus the cjcloid cuts the lower fixed carve at right 
angles, and the tangent to the upper fixed curve at the 
initial point is parallel to the tangent to the lower fixed carve 
at the final point* 

Integrals with two dependent variables. 

349. We have hitherto supposed that F is a function 
with only one dependent variable; let us now suppose that V 
is a function of two dependent variables. 

Let F be a function of x^ y, z, and the differential co- 
efficients of y and e with respect to x; let. 



U^l'Wdx, 



and let us investigate the variation in the value of U when y 
and z receive variations. 

B7 proceeding as in Art. 328 we shall obtain the follow- 
ing result, 



«0 



where the symbols have the following meanings ; 

iy^ as before, denotes an arbitrary variation given to y^ that is, 
iy is an indefinitely small arbitrary function of x ; 

JST, as before, denotes 



dV_d_dV d^dV 
dy dxdy'^d^dy 



ff •••> 



where -v-, ^-7, t77>«- are partial differential coefficients, 

and -T- T-r , -^3, 777/ > ••• *^ complete differential coefficients 
relative to x\ 

Sz is an arbitrary variation given to z^ that is, &? is an in- 
definitely small arbitrary function of a? ; 

L is relatively to z the same as K relatively to y, that is, 

dz dx dz' daf dz'' 



••• 
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^ — JB^had the meauing already ^ven, and/j— e7^ is rela- 
tively to z the same as i^ — -B^ relatively to y. 

350. We no-w proceed to find a maximum or minimum 
value of 27 on the suppositions of the preceding article. 

(1) If y and z are independent, in order that hU may 
certainly vanish we must have 

ir=0 andX = 0; 

and also H^-H^ + J^-J^^O. 

The values of y and z in terms of x must be found by 
solving the diflferential equations K=0^ L = 0; and the 
arbitrary constants which occur in these solutions must be 
determined by equating to zero the coeflScients of the arbitrary 

quantities Sy^, Sy^, (B -~j ,...&o, Bz^, (B -jA ,..• which occur 

{2) Suppose however that y and z are not independent, 
but tnat they are connected by the relation ^(a?,y, «) = 0, 
which is always to hold. Since this relation is supposed to 
hold always, we have also 

<f>{xyy + By,z + Bz)^0; 

and therefore ultimately 

Thus the integral I \KBy +LSz)dx becomes 

J »o 

BydXf 




K- ''' 



ay 
dz J 



and in order that this may vanish we have the single con-* 
dition 

dy da 
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and fmn this difierential equation combined with {x, y, z) =0, 
we must find y and z. 

As before, we must also have 

351. For an example we take the following problem ; to 
determine a line of minimum length on a given curved surface, 
between two given points. 

Here we have 

let <f> {x, y, e) = be the equation to the surface on which the 
line lies. Then hj the preceding wticle we have, as the con- 
dition for a minimum, 

d y' d z' 

dy dz 

Xiet 8 represent the length of the arc of the curve ; then 

y' -^y and fL-_ = ^ 

V(i +y'"+0 * ' V(i+y "+0 ^ * 

Thus the above equation may be written 

ds' ^ ds' . . 

d^ d<f> 
dy dz 

Fiom this we may conjecture by symmetry that each of 
these fractions is equal to 

d^ 
ds' 
d4> ' 
dx 
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and tliis we can prove ; for from (1) each of the fractiona hy 
a kaoTm theorem of algebra is equal to 

dy d^y dz d'z 

da ds* ds ds* ^ 

dy d<l> dz d^ * 

ds dy ds dz 

and since the equation ^ (a?, y,z)^0 holds for every point of 
the curve, we have 

d^ dx d^ dy d<t> dz ^ 
dx ds dy da dz d$'^ ' 

also bj a known theorem 

dx d'x dy d^y dz d*z ___ 
ds ds^ ds ds* ds ds^"^ ' 

Hence a line of minimum length is determined by the 
symmetrical equations 

d^x d^y d^z 

ds^ _ ^' ^** (n\ 

l^'"^^d^ ^^^• 

dx dy az 

It is proved in works on Geometry of Three Dimensions 
that the equations (2) shew that the osculating plane at any 
point of the curve contains the normal to the surface at that 
point. 

Relative Maoctma and Minima. 

352. A class of problems still remains to be considered, 
called problems of relative maxima and minima values. Sup- 
pose we require that a certain integral U shall have a maxi- 
mum or minimum value while another integral W, involving 
the same variables, has a constant value ^ for example, 
we may require a curve which shall include a minimum area* 
under a given perimeter. Here we do not require that 8U 
shall always vanish, but only that it shall vanish for such re-^ 
ktions among the variables a3 give a definite constant value 
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to W; that is in fact, we require that S U shall vanisli k 
all such relations among the variables as make S W vanisL 

The problem is solved by finding a maximnm or xninimai 
value 01 U+ a W, where a denotes a constant ; for in fc 
solution we ensure that SZ7+a8TF necessarily vanishes, an: 
therefore SU must vanish whenever STF does. The constac: 
a occurs in the solution, and its value must be determined bj 
making the integral W have the constant value which ^ 
supposed given. 

If we require that W shall be a maximum or minimuii: 
while U remains constant, we shall in the same way proceed 
to find the maximum or minimum of W-^ b U, where b is » 

constant ; and if we suppose J = - , we obtain the expression 

- {U+aW). Thus the same solution will be obtained fortius 

problem as for that in which U is to be a maximum or mini- 
mum while W is constant. 

We now proceed to some examples. 

353. It is required to find a curve of given length joining 
two fixed points, so that the area bounded by the curve, the 
axis of X, and ordinates at the fixed points may be a maximum. 

Here U^i'^ydx, Tr= f'VCl +/)<*»; 

let F=y + aV(lH-p'), then we have to investigate a maxi- 

mum or minimum value of / Vdx. Under the integral sign 

we have only y and^; hence for a maximum or muiimnm, 
by Art. 333, we must have 

that is, _y + aV(l+/) = ;j7^^ + C7„ 
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Thus l+i>*= 



a 



{G,-yy^ 



therefore ^^V- 1 = ^^^"^^^ • 

therefore W ""i>' a*-(0,~y)- 

tl^erefo^e a? + (7, = V{a' - ( ^1 - y)'} • 

This shews that the required curve is a circular arc. 

Since the extreme Doints are supposed fixed, the part of 
Sr which depends on tne limits vanisnes. 

The constants (7,, G^,a must be determined by making 
the circular arc pass through the given fixed points and have 
the given length between them. 

354. Given the length of a curve, find its form so that 
the depth of the centre of gravity may be a maximum. 

Take the axis of a; horizontal, and the axis of y vertically 
downwards. Let h denote the length of the curve ; then the 

depth of the centre of gravity is t I y VCl+P*) ^> ai^d the 
length is / */{! +p^ dx. 

then we require a maximum or minimum value of I Vdx. 

JXq 

Here by Art. 333 we must have 

F=.Q?+(7i, that is, 

therefore -^rrziT'^^^u 

V(l +i> } 

therefore ^1 +]/ = b^O* » 



320 CALCCJLU3 OF TAIOATIONS. 



and therefore 



dy ^{[y + aby-VC^ 

hence a; = ^ log [y + -B+ V{(y + By ^ 4"}] + C;, 
where (7, is a new constant, and A=^hG^ and -B = oS. 

This equation shews that the required curve is a catenary. 
If the ends of the rec[uired curve are supposed fixed, the terms 
depending on the limits vanish, and the constants A, B^ 0^ 
must be determined by making the catenary pass through the 
fixed points and have a given length between them* Suppose 
however that instead of being fixed the ends are only con- 
strained to lie on fixed curves. By proceeding as in Ait. 346 
we obtain the following limiting terms ; 

V,dx, - V,dx,+ P,Sy,--PJ5y,. 

Consider the terms with the suffix 1; we have F^dajj+i^Sy^, 

that is, (I + «) V(14-^.*) ^. + (I + a) ;7^ . 

Now supposing y = "^ (a?) the equation to the fixed curve, 
we have Sy^ = [y^' (a?J — ^J dx^y so that the term reduces to 

To make this vanish we must have 1 +^i>^*'(i»i) = 0, for 
y^+ab cannot vanish, as then w^ would be impossible. A 
similar result holds at the other limit ; and thus it appears 
that the catenary must cut the fixed curves at right angles. 

. 355. Given the surface of a solid of revolution, to find its 
nature that the solid content may be a maximum. 

Take the axis of x as the axis of revolution. Then the 
surface is 27r I y V(l +i>') dx, and the volume is tt / y" cfo. 

J Xq J »o 

Let F=y*+ay V(l+i>*) 5 then we have to find a maxi- 
mum or minimum value of I Vdx. Here "by Art. 333 we 

must have . 

V=Pp+0, 
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that is, y'+ ay V(l +P') = ^^i^f) + ^> 

therefore y* + ^^^lp^^ = C'- 

This is a differential equation to the curve which would by 
revolution generate the required surface. Supposing that the 
ends of the generating curve are required to pass through 
fixed points, tne terms at the limits vanish. 

If either of the fixed points is on the axis of revolution, the 
value y/5= is to satisfy the equation to the curve ; thus G = 0. 
Then the general equation reduces to 

^'^Vi^r^' therefore y + ;^^j^ = 0; 
this gives a circular arc sa the generating curve. 

Some further discussion of this problem will be found in 
the Philosophical Magazine for Jufy and for August 1861. 

356. Given the mass of a solid of revolution of uniform 
density, required its form so that its attraction upon a point in 
its axis may be a maximum. 

Let the axis of a; be taken as that of revolution, and the 
position of the attracted point as the origin. 

Let the solid be divided into indefinitely thin slices by 
planes perpendicular to the axis of a?. If y represent the 
radius of a slice, x its distance from the attracted point, k its 
thickness and p its density, the attraction is (see Statics, 
Chapter xiii.) 

Therefore the whole attraction of the solid is 



'"''0-V(^}'^' 



and the mass of the solid is 

TTp I y*<&. 
T, I. c. 21 
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Thus let F= 1 TT-i 5T + ay* ; then we have to investi- 

gate the maximum or minimum value of I Vdx. 

The condition N— -j- + = reduces here to N = Q, 

thatis, 2ay+— ^^ = 0; 

therefore 2a (a' -t- y') * + a; = 0. 

If we suppose the limits x^ and x^ susceptible of change 
we have the limiting terms V^dx^^ — V^dx^; and to make these 
vanish we must have V^ = and V^ = 0; this leads to i/^=0 and 
^^=0. Thus the solid must be formed by the revolution 
round the axis of x of the whole closed curve determined by 

the equation 2a {a? 4- y^Y + a? = ; the value of a must be 
found from the condition that the mass, and therefore the 
volume, is given. 

Double Integrals, 

357. We shall now consider the problem of finding the 
maximum or minimum value of a double integral; and we be- 
gin by finding the variation of a double integral. 

Let 2? be a function of the independent variables x and y at 

dz 
present unknown ; let F be a given function of ar, y, z^ -j- 

cue 

dz f^i fVi 

and -J- ; let Z7= I I Vdx dy ; the integration is supposed 

cty ^ J s!qJ Vo 

eficcted with respect to y first, and the limits y^ and y^ are 
supposed given functions of x. It is required to determine 
what function z must be of x and y in order that U may 
have a maximum or minimum value. 

Let hz denote an indefinitely small arbitrary function of x 
and y\ let SF denote the variation made in F when z receives 
the variation hz, and let hU denote the variation in U] then 
we have first to obtain an expression for iU. 
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Let L denote the partial differential coefficient of V with 

respect to «, M the partial differential coefficient of V with 

dz 
respect to -j- , and N the partial differential coefficient of V 

with respect to -7- ; then we have 

ax dy 

where, as heretofore, we confine ourselves to the first power 
of the indefinitely small quantities. Hence 

The value of S F may be written thus ; 
and therefore 

The differential coefficients with respect to x and y which 
are here indicated are complete differential coefficients. 

Also f ""' \^' ~ {Mz) dx dy = {"' {{mz\ - (iV&) J dx, 

where {Nhz)^ denotes the value of Nhz when y^ is put for y, 
and {NBz)^ denotes the value of NBz when y^ is put for y. 

And by Art. 216, 

where {MSz)^ denotes the value of MSz when y^ is put for y, 
and {MSz\ denotes the value of MSz when y^ is put for y. 

21—2 
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Therefore Jj'^ ^^^^ ^^^ 

Therefore ^^'I'^X^^-^^-^Y'^^y 

+|J'|(i^&s),-(i»/B«).}<& 

+ (I'" Miz dyj - (('' MBz dyj 

If the limits y^ and y^ are constants, the last two terms 
vanish. 

358. In the value of 8J7 found in the preceding article, 
there is one term which is a doable integral involving & 
under the inte^al sig^is, and various single integrals de- 
pending upon nie limiting values of Sz. By the method 
already used in Art. 330, it will follow that BU will not 
certainly vanish unless the coefficient of Sz under the double 
integral sign vanishes; thus for a maximum or minimum 
value of U we have as a necessary condition 

dx dy 

This is a partial differential equation for finding z in 
terms of a; and y; and we may say that the arbitrary fiinc- 
tions which occur in its solution must be determined so 
that the remaining terms m hU Ta9,j vanish. But the diffi- 
culty of integrating the partial differential equation in genend 
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Srevents any practical examination of these tenns at the 
mits. 

359. As an example, let it be required to determine a 
surface of minimum area bounded by a given curve. 

Here by Art. 170, 

let OS put as nsoal 

dz _ dz _ d*z _ d'z _ d*z 

^~P' ^~^' ^~*"' ^^~*' ^•~*' 

The condition for a minimum reduces to 

dM dN^ 
dx dy ' 

that is to ^ P I ^ g T^O 

tnat w, to ^ ^^j +f + f)^ dy V(l +p' + 2*) * 

that is, to 

r (1 +f + f)''{pr + q8)p+t (1 +/ + ?*) - (j>s + qt)q=0, 

that is, to (1 +2*) r- 2pj« + (1 + p') « = 0. 

It is proved in works on Geometry of Three Dimensions 
that this equation indicates that the required surface is such 
that at every point the two principal radii of curvature are 
equal in magnitude and of contrary signs. 

Since we suppose the boundary of the required surface 
to be a fixed curve Bz vanishes all round this boundary; thus 
the terms relative to the limits in S^all vanish. 

Discrimination of Maocima and Minima values. 

360. We shall now make some remarks on the second 
part of the investigation of maxima and minima values of 
integrals ; see Art. 325. 
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Consider the example of finding the shortest line between 
two given points. Here 






Suppose y changed into y + Sy, and consequently p into 
P + ^ ; put J? + 8p instead oi p \n V and expand ; thus V 
becomes 

^^ J^' V(l+p') 2(l+^')» 

where the terms which are not expressed are of the third and 
higher orders in Sp. Thus we obtain 

The first of these terms is what we formerly denoted by 
hU^ and the investigation of the minimum value of [7 so far 
as it has hitherto been carried, consists in making this term 
vanish. Supposing then that this term vanishes, and neg- 
lecting terms of the third and higher orders, we have 

If x^ — Xq is positive, every element of this integral is 
positive; thus hU ia positive, and therefore a minimum value 
of Z7has been obtained. 

361. Again, take the case of the brachistochrone, when 
the extreme points are fixed. Here 

Vy J*o Vy 

Change y into y + 8y, and ^ into p + Bp; and expand 
the new value of V. Thus F becomes 
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V(l+p') V(l+;?')8y ^ php 
Vy 2y^ y* (1 +/)* 



and from this we x;an obtain hU. 

Now by the process of Art. 339 the terms of the first 
order m htl are made to vanish ; then, neglecting terms of 
the third and higher orders, we have 

We have now to investigate the sign of this expression 
when the relation between x and y is that which is determined 
in Art. 339 ; and we shall shew by some transformations 
that SZ7is positive. 

Since 3^*(l+i>")* = (2a)*, 

we have BU= f" f3(2a)*(%)'_^8y^^ WMll ^ 

2(2a)4i*. 1 2y' y "^ 2a J * 

and as the extreme points are supposed fixed 8y vanishes at 
the limits ; therefore 

Now ^(i]^lp^-f^ £_£! 3^-y 

dx\r/J y'^ dy y'' y' t^ y' ' 



328 CALCULUS OF YABLLTIONS. 

2 (2a)*J#o I 2y" 2a J 

Thus BUiB positiye, and therefore a TnTnimTiTn value of V 
has been obtained. 

362. The preceding article shews that it maj be possiUe 
to change the expression of the second order to whicn SU\& 
reduced by our previous investigations, from a form in which 
the sign is uncertain to a form in which the sign is obvious. 
A general theoir with rtopect to suitable transformations of 
such terms oiF the second order has been given bv Jacohi; 
for this we refer to the works named at the end of the present 
chapter. 

It may be observed that many of the problems discussed 
in the Calculus of Variations are of a kind in which we may 
infer with more or less certainty, from the nature of the par- 
ticular problem, that there can be a minimum and no maxi- 
mum, or a maximum and no minimum. 

363. In the problem discussed in Art. 359 it is easy to 
shew that the result really gives a minimum. Here 

F= V(l +/+ J^, U= f '' f ^V(l +/ + 2^) dxdtf. 

J XqJ ffQ 

Suppose z changed into « + S«, in consequence of which |? 
becomes J? + Sp and q becomes q + hq. Thus V becomes 

■ (i+g')(8p)' pq^h ■ (i+y')(gg)' 



Then supposing the terms of the first order made to 
vanish, and neglecting terms of the third and higher orders, 
we havti 



iH.Ti 



'n: 
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2J*oJyo (!+/ + ?•)* 

Thus the tenn under the integral signs is necessarily 
positive ; so that a minimum value of {7 has been obtained. 

Condition of Integrahility, 

364. In Art. 330 we have found that ^= is a neces- 
sary condition for the existence of a maximum or minimum 
value of the integral there considered. It may however 
happen that in certain cases the relation ^=0 is satisfied 
identically; this case we proceed to exemplify and interpret. 

Suppose we are seeking a maximum or minimum value of 






Here 7=2.-52^-+^. 

y y y 

^y it / y' 

p^rfF^l 2a!.y' 

~<?y y y' ' 

j^_^_^d^Q_ I 2x£ xy" 



\ y" y' !/• ^ Jt) 



_2y; ay" , 2ay' 

y y y 



330 CALCULUS OF VARIATIONS. 

On collecting the tenns it will be found that 

dx da? 

vanishes. Thus the relation -£"=0 is an identity in this 
example, and we cannot obtain from it any value of y. 

In this example we shall find that 



/ 



y 



that is, the integral f Vdx can be obtained without assigning 
the value of y in terms of x. Thus if we wish to find a 
maximum or minimum value of \"vdx, we must investigate 

a maximum or minimum value of (— ) ~ f — 1 • We are 

therefore not concerned with the maximum or minimum of 
an undetermined integral expression of the kind hitherto con- 
sidered, but with the maximum or minimum of an expression 
free from the integral sign. 

This species of maximum and minimum problem is con- 
sidered in some of the comprehensive treatises on the Calculus 
of Variations ; as it does not present much interest we will 
refer the student to such works. 

365. We shall now prove universally that the necessary 
and sufficient condition in order that F may be integrable 
without assigning the specific value of y in terms of x^ is that 
K=^0 should be identically true. An expression which is 
integrable without assigning the specific value of the depend- 
ent variable in terms of the mdependent variable is sometimes 
said to be integrable per se, and is sometimes said to be m- 
mediately integrable. 

366. We first prove that the condition is necessary. 
Suppose that V involves a;, y and the differential coefficients 

of y with respect to a? up to ^~ inclusive. 



/. 
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If the function V is immediately integrable the integral 



VdM can be expressed in the form 



*(-..*.. (I).; (3). m 

-*f..^..(l),(S). &■ 

where the form of the function denoted by <^ remains un- 
changed whatever may be the value of y in terms of a?. Now 
suppose that y receives such a variation as leaves the values 
of y and its diflferential coefficients at the limits unaltered ; 

then from the value of I ^ Vdx it follows that 

thus by Art. 329 

T'l. (dV d dV ^ d" dV 1 , . 

But this cannot be true whatever Sy may be, unless 

dV_±dV d^ dV^_ =0 
dy dx dy' da^ dy" *" ' 

and unless this is identically true it determines ^ as a function 
of X. Thus if V is immediately integrable the relation ir= 
must be identically true. 

Next we shall shew conversely that if this condition 
holds V is immediately integrable. It is usually considered 
sufficient to say, that if this condition holds the variation of 

I Vdx depends solely on the limiting values of x^ y, and 

the differential coefficients of y ; and therefore ( Vdx must 

itself depend solely on these limiting values, that is, V must 
be immediately integrable. We shall however reproduce a 
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more satisfactory demonstration which has been given of the 
proposition. 

Suppose F= ^ (a?, y, y', y", . . .) . 

Let u and v denote two functions of x at present undeter- 
mined ; let a denote a quantity which we shall vary indepen- 
dently of X. Let -^(a) denote what V becomes when we 
put u + av instead of y, and u' + av instead of y', and u" + av" 
instead of y", and so on; thus 

-^ (a) = ^ (», u + OLVy u' + OLv\ u" + av\ ...). 

Differentiate both sides with respect to a, so that we have 
a result which we may denote thus, 

Integrate both sides, from a = to a = 1 ; thus 

that is, we have the following identically true, 

= ^ (aj, w, u\ u\ ...) 

Integrate both sides with respect to x ; thus 
\^{x^ w + t?, w' + v', u"-\-v'\...)dx 



H- 



/>[/{t«+f'"'^^""^-}*']- 
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where in the last term the order of the independent integrations 
has been changed.. 

By integration by parts 

J du' du J dx dv! ' 

Jdu"'''^ "" du" ""dxdul'^r da?du"'^' 

and so on. 
Thus 

|<^(a:, w + v, w' + t?', w" + t?", ...)da? 








+ 



+ 



fs rr f# ^ # ^' # 1^1 



Now by supposition the relation jK'=0 is satisfied identi- 
cally whatever may be the value of y ; so it is satisfied if 
tt + av be put for y. Hence 

d^ d dj> ^d^ \_^ 
du dx du' . da? du" 

The functions u and v are at present in our power ; put 
y — V for r and we have 
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s= 10 (a;, Uj u\ u"y ...) da; 



+ 



Thus I Vdx is here actually exhibited as an expression 

consisting of terms, one involving only ordinary integration 
with respect to x, and the others ordinary integration with 
respect to a. The function u is still in our power ; it should 
be chosen so that none of the quantities which occur become 
infinite or indeterminate; it may happen that consistently 
with this limitation we may put w = 0. 

367. It will now be easy to give the necessary and sufficient 
conditions for ensuring that a function shall be integrable 
per se more than once. 

Let V have the same meaning as before. 
We have, whatever V may be, 

I- j Vdxydx = xlVdx— jxVdx, 

In order then that V may be integrable per se twice, the 
condition must of course be satisfied which ensures that it is 
integrable per se once ; and then the only additional condition 
is that a? F must also be integrable per se once. Thus in order 
that V may be integrable per se twice, the necessary and 
sufficient conditions are that the following relations must be 
identically true, 

dy dxdy'^da? dy" '""^ ^^^' 
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dVx _ £ dVx d^ dVx 
dy dxdy'^d^dy" "'~^ ^^^• 

We may modify the form of (2). For 

dVx dV dVx dV dVx dV 



" > 



dy dy ' dy' dy' ' dy" dy 

d dVx^^ d dV dV 
dx dy' dx dy' dy' ' 

£^dVx_ ^dV ^±dV^ 
d3?dy"~'^d3?d^^dxdy"' 

^dVx_ d* dV d* dV 
dx' dy'" ~^ d^ dy"' '^ d3?dy 



ft > 



Substitute in (2) and omit the tenns which are zero by (1) ; 
then we obtain 

dV d dV d^ dV __ ,.. 

Thus (1) and (2) may be replaced by (1) and (3). 

By a formula given in Art, 54 the n^ integral of any pro- 
posed expression is exhibited in terms of w + 1 single integrals. 
From this formula we infer that in order that V may be 
integrable per se n times, it is necessary and suflScient that 
each of the following expressions should be integrable ^er se 
once, 

F, xV, a?F, aj"F. 

For example, in order that V may be integrable per se 
three times, besides the conditions (1) and (2) or (1) and (3), 
the following must be identically true, 

dVa? d dV^ d^m__ _ .. 

dy "d^ dy' '^da? dy "^ ^ ^' 

We may modify the form of (4). For 
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d dVa?^^ d dV ^ ^^dV 
dx dt/ dx di/ dy * 

d} dVa? _.d' dV^.± ^4.9^ 
^ If'^^d^ df '^^dx df^ df ' 

d' dVa? .d'dV^^d'dV^^ddV 



dx' dy'" "da? dy"'^ da? dy'" ' "^ dx dy 



Substitute in (4) and omit the tenns which are zero by (1) 
and (3) ; then we obtain 

dV 3.2 d dV ^4L.S rf" dV _ , . 

Thus (5) may be taken instead of (4), in conjunction with 
(1) and (2) or (1) and (3). 



Addition on the Variahility of Limits. 

368. In the method we have adopted of treating problems 
involving changes of the limits we have followed the example 
given in two most elaborate works on the subject, those of 
Strauch and Jellett; and we decidedly recommend this 
method as the best. We do not ascribe any variation to the 
independent variable, but only to the dependent variable. 
Another method however has been frequently adopted, and it 
should be explained in order that the student may understand 
any reference to it which may occur in his reading. 

In this method a variation is ascribed both to the de- 
pendent and independent variables. 

Let X become x + hx and let y become y 4- Sy, it' is required 
to find the variations of ^ , -^ , .... 

We denote the variation in ^ ^7 ^ ^ » *^^ 
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» 

dx d{x + Bx) dx 

dx dx dy 
dSx dx 
dx 

dy dhy dy dBx dy 
dx dx dx dx dx ' 

neglecting small quantities of the second order. 

Thus adopting the usual notation for a differential co- 
efficient, we have 

^ , diy f dSx 



^to^+ya.., 



dx 



By'-y"Bx = ^^^J^'^\ 



., , dx 

In this result change y into y' ; thus 

_ d*{Sy-y'Bx) 
da? 

Similarly By'" - f" Bx ^^^^^^^ , 

and so on. 

Put to for Sy —y'Bx; thus 

By' = £+fSx, 

T. I. c. 22 
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« 

Now let V be any function of «, y, and the differential 

coefficients of y with respect to x\ and let J7= / Vdx, 

Let it be required to express the variation of U which arises 
from the variations Sx and Sy in x and y respectively. Let 
SFdenote the change made in V; then 

neglecting a term of the second order. 

Now jv^dx=VBx- jr^l&c dx, 

therefore f''r~dx={VBx\-{ VBx\ - j'j F^l Sx dx, ' 

where -j— denotes the complete differential coefficient of 
V with respect to x. 

Thus BU={ VBx), - ( VBx\ + Mb V - 1^] Sx\ dx. 

rdVl dV dV , dV „ dV ,„ 
thus 

.^ frfpn. dv ^dv .dv „^ 

and finally 

Sir=(F8xX-(rSx).+0^. + ^a,' + |^a>"+ ...)dx. 

We need not proceed further as we have arrived at a result 
equivalent to that in. Art. 344; we have here o) instead of the 
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Sy whicli occurs there, and Bx^ and &Cq for dx^ and dx^ 
respectively. 

In geometrical applications it will be observed that x and 
y become by variation x + Sx and y + Sy respectively. Thus 
^1 + ^^1 ^^^ correspond to the x^ + ax^ of Art. 345, and 

F+ -T~(&J of Art. 345. 

369. For farther information on the Calculus of Varia- 
tions the student may consult Professor Jellett's treatise, and 
the History of the Progress of the Calculus of Variations during 
the Nineteenth Century, by the present writer. 

The most interesting examples in this subject are those 
which are connected with physical science, as the problem 
of the brachistochrone ; accordingly we shall include some 
more applications of this kind in the following selection for 
exercise. 



EXAMPLES. 

1. A curve of given length has its extremities on two 

given intersecting straight Knes ; determine its form 
when the area included between the curve and its 
chord is a maximum. 

2. Determine a plane closed curve of given perimeter which 

shall include a maximum area. 
(See History.,,, page 68.) 

3. Required to connect two fixed points by a curve of 

given length so that the area bounded by the curve, 
the ordinates of the fixed points, and the axis of 
abscissas shall be a maximum, supposing the given 
length greater than is consistent with the solution in 
Art. 353. 

(See History,.., page 427.) 

4. A rectangular dish is to be fitted with a tin cover of 

given height having the ends vertical ; determine the 
form so that the amount of material used may be the 
least possible* 
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5. A moantain is in the shape of a portion of a sphere, 

and the velocity of a man walking upon it yaries 
as the height above the horizontal great circle of the 
complete sphere ; shew that if he wishes to pass from 
one point to another in the shortest possible time, he 
must walk in the vertical plane which contains the two 
points. 

6. When a curved surface can be divided by a plane into 

two symmetrical portions the intersection of the plane 
and surface, when an intersection exists, is in general 
a line of minimum length on the surface. 

(See History..,, page 365.) 

7. Find the minimum value of 

J {\ax/ sma? J 

(See Philosophical Magazine for December, 1861.) 

8. Kequired the minimum value of I {■j-\dx under the 

following conditions ; yo**^? I ^^== — l« 

(See mstory..., page 432.) 

9. Bequired the variation of I Vdx, where F is a function 

of a, y, ^ , -^ , ... and V, where v = I F'db, and F' is 

also a function of ^j y> ^ > j^ > ••• 

(See History..., page 21.) 

10. L^t s denote / \/(l +p*) <&> a»d let ^(a) be any function 

Jo 

of s ; then the relation between x and y is required 
which makes I if>{s)dx a maximum or a minimum 

■'0 

while / V(l +i>') ^ has a given value, a being a con- 

stant. For a particular case suppose ^{s) » a. 

(See History..., page 453.) 
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11. Bequired the curve at every point of which 

{y+(«-)|}{,+(.-.)|} 

is a maximum or a minimum. 

(See History.,.^ page 1.) 

12. Required the curve at every point of which y-p is a 

maximum or a minimum, the variations of y and -^ 

being so taken that at any point yx — r^-r- shall 

undergo no change by variation. 

(See History...^ page 414.) 

13. Apply Art. 350 to prove the point assumed in Art. 339, 

namely, that the required curve in the brachistochrone 
problem lies in the vertical plane which contains the 
two given points. 

14. The form of a homogeneous solid of revolution of 

given superficial area, and described upon an axis of 
given length, is such that its moment of inertia about 
the axis is a maximum ; prove that the normal at any 
point of the generating curve is three times as long as 
the radius of curvature. 

15. A given volume of a given substance is to be formed 

into a solid of revolution, such that the time of a 
small oscillation about a horizontal axis perpendi- 
cular to the axis of figure may be a minimum ; de- 
termine the form of the solid. 

(See History...^ page 391.) 

16. A vessel of given capacity in the form of a surface of 

revolution with two circular ends, is just filled with 
inelastic fluid which revolves about the axis of the 
vessel, and is supposed to be free from the action of 
gravity. Investigate the form of the vessel that the 
whole pressure which the fluid exerts upon it may be 
the least possible, the magnitudes of the circular ends 
being given. 

Result. The generating curve is a catenary. 
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17. Find the equation given by the Calculus of Variations 

for the transverse section of a straight and uniform 
canal, when one of the three quantities, the surface, the 
capacity, and the normal hydrostatic pressure, is either 
a maximum or a minimum, and the other two are 
given, the terminal surfaces and pressures not being 
taken mto account. 

Shew also that when the surface is a minimum and the 
capacity only is given, the section is circular; and 
when the normal pressure is a minimum the section 
is a catenary or two straight lines, according as the 
surface or the capacity is given. 

18. If there are two curves with their concavities down- 

wards and terminated in the same extremities, a par- 
ticle moving under the action of gravity will take a 
longer time to describe the upper curve than the lower 
curve, the initial velocity being supposed the same in 
the two cases. 

(See History... y page 348.) 
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for the Local Uniyersity Examinations. The Definitions are brie^ and 
carefiilly worded. Each rule is stated so as to include the proof of it 
where tlds was possible. 

Oambridge and London. 
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6, Plane Trigonometry. 

FOE SCHOOLS Am> C0LL£K>ES. 

By I. TODETINTBR, M.A. 

Seooiti) EDinoir. Crown Svo. 279 pp. (i860), strongly t)onnd 

in doth. 5«. 

The design of this work has been to render the subject intelli- 
gible to beginners, and at the same time to afS^rd the student the 
opportunity of obtaining all the information which he will require on 
this branch of Mathematics. Each chapter is followed by a set of 
examples; those which are entitled Miteellaneoua ExampUa^ together 
with a few in some of the other sets, may be advantageously reserved 
by the student for exercise after he has made some progress in the 
subject. As the Text and Examples of the present work haye been tested 
b^ considerable experience in teaching, the nope is entertained that they 
will be suitable for imparting a sound and comprehensiye knowledge of 
Plane Trigonometry, together with readiness in the application of this 
knowledge to the smution of problems. Li the Second Edition the hints 
or the solution of the Examples haye been considerably increased. 



7. Spherical Trigonometry. 

FOE THE USE OF COLLEGES AND SCHOOLS. 
By I. TOJDHUNTER, M.A. 

1 12 pp. Croim 8to. (1859), strongly bound in cloth. 49. 6d, 

This work is constructed on the same plan as the IStatiae on Fiane 
Trigonometryy to which it is intended as a sequel. Considerable^ labour 
has been expended on the text in order to rend^ it comprehensiye and 
accurate, and the Examples, which haye been chiefly selected from 
XJniyeraity and College Papers, haye all been carefiilly yraified. 

Kacmillan and Oo. 
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8- Plane Trigonometry. 

An Elehentaby Tbxatise. 
VITH A NUMEROUS COLLECTION OP EXAMPLES. 

JBy R. D. BEASLET, M.A. 

fiead Master of Grantliaxii SchooL 

io6 pp. (1858), strongly bound in cloth. 3^. 6d. 

This Treatise is speciaUy intended for use in Schools. The choice of 
matter has been chiefly guided by the requirements of the three days' 
Examination at Cambridge, with the exception of proportional parts in 
logarithms, which have been omitted. About four hundred examples 
have been added, mainly collected from the Examination Papers of the 
last ten years, and great pains have been taken to exclude from the body 
of the work any which might dishearten a beginner by their difficulty. 



9. Plane and Spherical Trigonometry. 

WJTH THE CONSTEUCTION AND USE OP TABLES OP 

LOGAEITHMS. 

By J. C. SNOWBALL, M.A. 

Late Pellow of St. John's College, Cambridge. 
Ninth Edition. 240 pp. (1857). Crown 8vo. 7*. 6d, 

In preparing a new edition, the proofs of some of the more im- 
portant propositions have been rendered more strict and general ; and 
a considerable addition^ of more than two hundred examples, taken 
mincipally from the questions in the Examinations of Colleges and the 
Uniyersity, has been made to the collection of Examples and Problems 
for practice. 

Oambridge and London. 
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10. Elementary Treatise on Mechanics. 

WITH A COLLECTION OF EXAMPLES. 
By S. PARKINSON, B.D. 

Fellow and Praeleotor of St. John's College, Cambridge. 

Secoitd Edition. 345 pp. (1861). Crown. 8to. doih. ^,6d. 

The Author has endearoured to render the present yolnme suitable as 
a Manual for the junior classes in Univeisities and the higher olasses in 
Schools. With this object there have been included in it those portions of 
theoretical Mechanics which can be conveniently investigated without 
the DifEerential Calculus, and witii one or two short exceptions the 
student is not presumed to require a knowledge of any branches of 
Mathematics beyond the elements of Algebra, Geometry and Trigo- 
nometry. A collection of Problems and Examples has been added, 
chiefly taken from the Senate-House and College Examination Papers — 
which will, it is trusted, be foimd useful as an exercise for the stodent. 
In the Second Edition several additional propositions have been incorpo- 
rated in Uie work for the purpose of rendering it more complete, and the 
Collection of Examples and Problems has been largely increased. 



11. Elementary Hydrostatics. 

WITH NXJMEEOUS EXAMPLES AND SOLUTIONS. 

By J, B. PEEAR, M,A. 

Fellow and late Mathematical Lecturer of Clare CoUege. 

Second Edition. 156 pp. (1857). Crown Svo. cloth. 59. 6d. 

^'An excellent Introductory Book. The definitions are very dear; 
the descriptions and explanations are sufficientiy fall and intelligible ; the 
investigations are simple and scientific. The examples greatiy enhance 
its value." — ^Enolish JTottbnal ov Education. * 

This Edition contains 147 Examples, and solutions to all these ex- 
amples are given at the end of the book. 

MacTnillan and Co. 
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12. Analytical Statics. 

WITH NUMEROUS EXAMPLES. 
By I. TOLEVNTER, M.A. 

Seeond Editioiu 330 pp. (1858). Crown 8vo. cloth. 10*. 6d. 

In this work will be found all thepropositions which usualW^ appear 
in treatiBes on Theoretical Statics. To the different chapters Examples 
are appended, which haye been selected principally from the University 
and College Examination Papers ; these will minish ample exercise in 
the application of the principlefl of the subject 

13. Dynamics. A Treatise. 

By W. P. WILSON, M.A. 
Professor of Mathematics in the University of Melbourne. 

'7^ PP« (1850)- 8vo. 9*. 6d, 

This Treatise contains the fundamental principles of the science, with 
their application to the motion of particles and to the simpler cases of the 
motion of bodies of finite magnitude. 

14. Dynamics of A Particle. 

WITH NUMEROUS EXAMPLES. 

By F. G. TAIT, M.A., and W. J. STEELE, B.A. 
Late Fellows of St. Petei's College, (tSambridge. 

304 pp. (1856). Crown 8yo. doth. 10s. 6d, 

In this Treatise will be found all the ordinary propositions connected 
with the Dynamics of Particles which can be conveniently deduced 
without the use of D'Alemberf s Principles. Throughout the book will 
be found a niunber of illustrative Examples introduced in the text, and 
for tibe most part completely worked out ; others, with occasional solutions 
or hints to aasist the student, are appended to each Chapter. 

Oambridge azid London. 
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* 

15. A Treatise on Attractions, La Place's 
Functions, and the Figure of the Earth. 

By J. S. PRATT, M.A: 

Archdeaoon of Galcatto, late Fellow of Gonyille and Gains College, 

Cambridge. 

Second Edition. Crown 8yo. 126 pp. (i 86 1). cloth. 68. 6d. 

In the present Treatise the author has endeavotired to svpplj the want 
of a work on a subject of great importance and Mgh interest— Ia Place's 
Coefficients and Functions and the calculation of ue Figure of the Earth 
by means of his remarkable analysis. No student of the higher branches 
of Physical Astronomy should be isnorant of Laplace's axuilysis and its 
result—" a calculus," says Aixy, " tne most singulsr in its nature and the 
most powerful in its appUcation that has erer appeared." 



16. Dynamics of A System of Rigid 

Bodies. 

WITH NTJMEEOUS EXAMPLES. 

By EDWARD JOEN ROUTH, M.A. 

Fellow and Assistant Tutor of St. Peter's College, Cambridge. 

336 pp. (i860). Crown 8to. cloth. io«. 64. 

Contents : Chap. I. Of Moments of Inertia. — II. D'Alemberf s Prin- 
ciple. — III. Motion about a Fixed Axis. — lY. Motion in Two Dimen- 
sions. — ^y. Motion of a Eigid Body in Three Dimensions. — ^YI. Motion 
of a Flexible String.--yil. Motion of a System of Eigid Bodies.— Till. 
Of Impulsiye Forces. — IX. Miscellaneous Examples. 

The numerous Examples which wiU be found at the end of each 
chapter hare been chiefly selected from the Examination Papers set in 
the Uniyersity and Colleges of Cambridge during the last few years. 

KacmiUan and Oo. 
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17. A Treatise on Optics, 

By 8. PARKINSON, B.D. 

Fellow and ABsistant Tutor of St. John's College, Cambridge. 

304 pp. (1859). Crown 8vo. io«. 6d. 

The present work may be regarded as a new edition of the Treaiiae on 
OptUsy by the Bey. W. N. Gnffin, which being some time ago out of 
print, was very kindly and liberally placed at the disposal of the author. 
The author has freely used the liberty accorded to him, and has re-arranged 
the matter with considerable alterations and additions — especially in those 
parts which required more copious explanation and illustration to render 
the work suitable for the present course of reading in the Uniyersity. 
A coUection of Examples and Problems has been appended, which are 
sufficiently numerous and yaried in character to afford an useful exercise 
for Uie student : for the greater part of them recourse has been had to 
the Examination Papers set in the Uniyersity and the seyeral CoUeges 
during the last twenty years. 

Subjoined'to the copious Table of Contents the author has yentured to 
indicate an elementary course of reading not unsuitable for the require- 
ments of Uie First Three Days in the Cambridge Senate House Ex- 
aminations. 



18. Geometrical Treatise on Conic 

Sections. 

WITH A COPIOUS COLLECTION OF EXAMPLES. 
By W. E. BREW, M.A. 

Second Master of Blackheath School. 

121 pp. (1857). Crown 8vo. cloth. 4*. 6d* 

In this work the subject of Conic Sections has been placed before 
the student in such a form that, it is hoped, after mastering the ele- 
ments of Eudid, he may find it an easy and interesting continuation of 
his geometrical studies. With a view also of rendering the work a com- 
plete Manual of what is required at the Uniyersities, there haye been 
either embodied into the text, or inserted among the examples, eyery 
book- work question, problem, and rider, which has been proposed in the 
Cambridge examinations up to the present time. 

Cambridge and London. 
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19. Plane Co-Ordinate Geometry 

AS APPLIED TO THE STRAIGHT LINE AIO) THE 

CONIC SECTIONS; 

By I. TOBKUNTER, M.A. 

Second Edition. 316 pp. (1858). Crown Svo. doth. icm. 6d. 

This Treatiae ezliibits the subject in a simple manner for the benefit of 
beginners, and at the same tmie includes in one volume all that 
students usually require. The Examples at the end of each chapter will, 
it is hoped, furmsh sufficient ezerdse, as they have been carefully selected 
with the yiew of illustrating t^e most important points, and haye been 
tested by repeated experience with pupils. 

20. An Elementary Treatise on the 
Theory of Equations, 

WITH A COLLECTION OP EXAMPLES. 
By L TODEUNTER, M.A., 

Crown Svo. cloth. 7*. 6d, 

This treatise contains all the propositions which are usually included 
in elementary treatises on the Theory of Equations, together wim a coUec- 
tion of Examples for exercise. It may be read by ^ose who are familiar 
with Algebra, since no higher knowleqgfe is assumed, except in Arts. 176, 
267, 308—314, which may be postponed by those who are not acquainted 
with De Moiyre's Theorem in Trigonometry. This woik may in fact be 
regarded as a sequel to that on Algebra by the same writer, and accord- 
ingly the student has occasionally been referred to tlie treatise on Algebra 
for preliminary information on some topics here discussed. 

The Examples haye been selected from the College and Uniyersity ex- 
amination papers, and the results haye been giyen where it appeared 
necessary ; in most cases howeyer, from the nature of the question, the 
student will be able immediately to test the correctness of his answer. 

21. Examples of Analytical Geometry 
x)f Three Dimensions. 

ColUctfid hy L TOBEUNTER, M,A. 

76 pp. (1858). Crown Svo. cloth. 4s. 

A collection of examples in illustration of Analytical G^metry of 
Three Dimensions has long been required both by students and teaohere 
and the present work is published with the view of supplying the want* 

Iffacmillan and Gk>. 
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22. Conic Sections and Algebraic 

Geometry. 

WITH NUMEEOUS EASY EXAMPLES PBOGRESSIVELY 

AEBANGED. 

J5y G. m PUCKLE, M.A. 

Principal of Windermere College. 

Second Edition. 264 pp. (1856). Crown 8yo. ']B,6d. 

This book has been written with special reference to those difficulties 
and misapprehensions which commonly beset the student when he com- 
mences. With this object in view, the earlier part of the subject has been 
dwelt on at length, and geometrical and numerical illustrations of Uie 
analysis have been introduced. The Examples appended to each section 
are mcotly of a very elementary description. The work will, it is hoped, 
be found to contain all that is required by the upper classes of schools 
and by the generality of students at the Universities. 

23. An Elementary Treatise on Trilinear 

Co-Ordinates. 

THE METHOD OF RECIPROCAL POLARS, AND THE 

THEORY OF PROJECTILES. 

By N. M. FERRERS, M.A. 

Fellow and Mathematical Lecturer of Gonville and Caius ColL Cambridge. 

154 pp. (1861). Crown 8vo. cloth. 6s. 6d. 

The object of Uie AuUior in writing on this subject has mainly been 
to place it on a basis altogether independent of the ordinary Cartesian 
System, instead of regarding it as only a special form of abridgeii Notation. 
A Bhort chapter on Determinants has been introduced. 

24. The * Differential Calculus. 

By L TOBHJJNTER, M.A. 

Third Edition, 398 pp. (i860) Crown 8yo. cloth, \o%. 6d. 

This work is intended to exhibit a comprehensive view of the Differ- 
ential Calculus on Uie method of Limits. In the more elementary 
portions, explanations have been given in considerable detail, with the'hope 
that a reader who is without the assistance of a tutor may be enabled to 
acquire a competent acquaintance with the subject. More than one in- 
vestigation of a theorem has been frequently given, because it is believed 
that the student derives advantage from viewing the same proposition 
under diJBEerent aspects, and that in order to succeed in the exammations 
which he may have to undergo, he should be prepared for a considerable 
variety in the order of arrangmg the several branches of Uie subject, ar 
for a corresponding variety in me mode of demonstration. 

Cambridge and London. 
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25. The Integral Calculus and Its 

Applications. 

nOt^ 9smerint8 Cranqrks. 

By I. TOBSUNTERy M.A. 

268 pp. (1857). Crown Svo. doth. icm. 6i. 

In writing the present Tnaim on ihs Integral Caieuhu^ the object lias 
been to prodnoe a work at once elementaiy and oomplete--adaptea for the 
use of beginnen, and sufficient for the wants of adyanoed students. In 
the selection of the propositions, and in the mode of establishing them, 
the author has endeayoured to euibit folly and clearly the principles of 
the subject^ and to illnstrate all their most important results. In order 
that the student may find in the Tolume all that he requires, a large 
collection of Ezampfos for exercise has been appended to Uie diffierent 
chapters. 

26. Differential Equations. 

By GEOROE BOOLE, B,CX, 

VroteiBiBioir of Mathematics in the Queen's University, Ireland. 

468 pp. (1859). Crown 8yo. cloth. 149. 

The Author has endeayoured in this treatise to conyey as ooinplete an 
account of the present state of knowledge on the subject of the Dirorential 
Equations as was consiBtent with the idea of a work intended, primaiily, 
for elementary instruction. The object has been first of all to meet the 
wants of those who had no preyious acquaintance with the subject^ and 
also not quite to disappoint others who might seek for more adyanced 
information. The earner sections of each chapter contain that kind of 
matter which has usually been thought suitable for the beginner, while 
the latter ones are deyoted either to an account of recent discoyery, or to 
the discussion of such deeper questions of principle as are likely to 
present themselyes to the reneotiye student in connection with the memods 
and processes of his preyious course. 

27. The Calculus of Finite Differences. 

By GEORGE BOOLE, B.C.L. 
248 pp. (i860). Crown 8vo. cloth. 109. 6d. 

In this work particular attention has been paid to the connexion of the 
methods with Uiose of the Differential Calculus — a connexion which in 
some instances inyolyes far more than a merely formal analogy. The 
work is in some measure designed as a sequel to the Author's Treaiue on 
IHffermtidi £qt4atioMy and it has been composed on the same plan. 

Kaomillan and Co. 
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28. Singular Properties of the Ellipsoid 

AND ASSOCIATED SUBFACES OF THE i\^ DEGREE. 

By the Bev. G. F. CEILDE, M,A. 

MaUiematlcal Professor in the Sonth African College. 

152 pp. (1861). Svo. boards. 10«. 6d, 

Ab the title of this yolnme indicates, its object is to deyelope pecu- 
liarities in ti^e Ellipsoid ; and further, to establish analogous properties 
in unlimited congeneric series of which this remarkable suifiEuse is a con- 
stituent. 

29. Senate-House Mathematical Problems. 

WITH SOLUTIONS. 

1848-51. By FERRERS and JACKSON. 8yo. 15«. M, 
1848-51. (RmsBs). By JAMESON. 8yo. 7«. 8<^. 
1854. By WALTON and MACKENZIE. 8yo. 10«. 6tf. 
1857. By CAMPION and WALTON. 8yo. 8#. 6(?.' 
1860. By ROUTH and WATSON. Ciown 8yo. 7«. 6rf. 

The aboye books contain Problems and Examples which haye been 
set in the Cambridge Senate-house Examinations at various periods 
during the last tw^ye years, together with Solutions of the same. 
The Solutions are in all cases giyen either by the Examrners them- 
selyes or under their sanction. 

30. A Collection of Mathematical 
Problems and Examples, 

WITH ANSWERS. 

By B. A. MOB Q AN, M,A. 

Fellow of Jesus College, Cambridge. 

190 pp. (1858). Crown Svo. 6». 6d. 

This book contains a number of problems, chiefly elementary, in Uie 
Mathematical subjects usually read at Cambridge. They haye been 
selected from the papers set during late years at Jesus College. Yeiy 
few of them are to be met with in other collections, and by far' the 
larger number are due to some of the most distinguished Mathematicians 
in me Uniyersity, ^ 

31. Mathematical Tracts 

ON THE LUNAR AND PLANETARY THEORIES, FIGURE 
OF THE EARTH, THE UNDULATORY THEORY OP 
OPTICS, &c. 

By the ASTBONOMEB BOYAL, G. B. Aiet, M.A. 
Fourth Edition. 400 pp. (1858). Svo. 159. 
Cambridge and London. 
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32. Theory of Errors of Observations and 
the Combination of Observations. 

By the ASTRONOMER ROYAL, G. B. Aiet, M:.A. 
103 pp. (1861). Crown. 8vo. 6#. 6rf. 

In order to spare astronomers and .observers in natural philosophy 
the confusion and loss of time which are produced by referring to the 
ordinary treatises embracing both branches of Probabilities, the anthor 
baa thought it desirable to &iw up this work, relating only to Errors of 
Observation, and to the rules derivable from the consideration of these 
Errors, for the Combination of the Results of Observations. The Author 
baa thus also the advantage of entering somewhat more fully into several 
points of interest to the observer, tiian can possibly be done in a Oeneral 
l^eory of Probabilities. 

33. The Construction of Wrought-Iron 

Bridges. 

EMBRACING THE PRACTICAL APPLICATION OF THE 
PRINCIPLES OP MECHANICS TO WROUGHT-IRON 

GIRDER-WORK. 

By J. HERBERT LATEAM, M.A., CwH Engineer. 

" The great merit of this book is that it deals with practice more than 
theory. ^ the calculations in the book connected with the strength of 
girders are based upon their actual application which abounds in practical 
investigations into girder>work in all its bearings, and will be welcomed as 
(me of the most vahuMe wntributums yet made to tMe w^porUmt branch of 
mgineering" — ^Athbnjbum. 

34. History of the Progress of The 
Calculus of Variations 

DURING THE NINETEENTH CENTURY. 

By I. TODEUNTER, M.A. 

Fellow Bnd Principal Mathematical Lecturer of St. John's Coll. Camb. 

It is of importance that those yho wish to cultivate any subject may 
be able to ascertain what results have already been obtained, and thus 
reserve their strength for difficulties which have not yet been conquered. 
And those who merely desire to ascertain the present state of a subject 
witiiout any purpose of original investigation will often find that tiie 
study of the past history of that subject assists them materially in ob- 
taining a soimd and extensive knowledge of the condition which it has 
attained. The Author has endeavoured in this work to ascertain distinctiy 
what has been effected in the Progress of tiie Calculus, and to fonn some 
estimate of the manner in which it has beoa effected : accordingly, unless 
the contrary is distinctiy stated, it may be assumed that any treatise or 
memoir relating to the Calculus of Vanations which is described in tiua 
^ork has imdergone thorough examination and study. 

nracmiUaa and Ck> 
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35. Help to Latin Grammar. 

WITH EAST EXERCISES, SOTH ENGLISH AND LATIN, 

QUESTIONS AND VOCABULARY. 

By J. WRIGBTy M.A. 

Head Master of Sutton Coldfield Sctiool. 

175 pp. (1855). Crown 8vo. doth. 4s. 6d. 

^'ThiB book aima at helping the learner to overstep the threshold 
difficulties of the Latin Grammar; and never was there a better aid 
ofEered alike to teacher and scholar in that arduous pass. The style is at 
once fieuniliar and strikingly simple and lucid ; and the explanations pre* 
ciselv hit the difficulties, and thoroughly explain them. It will also 
much fiicilitate ^ acquirement of English Granunar." — ^English Joitiinal 
OF Education. 



36. The Seven Kings of Rome. 

A FIRST LATIN READING BOOK, ABRIDGED FROM LIVT, 
BY THE OMISSION OF DIFFICULT PASSAGES, WITH 
NOTES AND INDEX. 

£y J. WRIGHT, M,A, 

Second Edition. 138 pp. (1857). Fcap. 8yo. doth. 39. 

This work is intended to supply the pupil with an easy Coffstrning-book, 
which may, at the same time, he made the vehicle for instructing nim in 
the rules of grammar and principles of composition. These branches of 
the study of Latin seem to the author to have hitherto been kept too much 
apart. Boys have construed their Delectus, or Eutropius, or Nepos, and 
have gone elsewhere for their grammatical exercises. Nor can this 1>e 
wondered at. An educated man must feel positively ashamed of taking 
his pupils away from our good English authors, and setting before him 
instead a Delectus or Eutropius. He therefore skims over them as 
lightly, and esca^ from tixem as quickly as possible, and has reoourse 
for his composition lesson to one of the many exercise-books which 
swarm from our educational press. To remedy these evils this book 
has been published. Here livy tells his own pleasant stories in his own 
pleasant words. What is omitted, is that which no one can wish 
a beginner to learn, and which m^ be better learnt elsewhere. Let 
lavy be the master to teach a boy Latin, not some English ooileotor of 
sentences, and he will not be found a dull one. 

Cambridge and London, 
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37. Vocabulary and Exercises on "The 
Seven Kings of Rome.'' 

94 pp. (1857). Crown 8vo. doth. 28, 6d. 

The Vocabulary is published apart from the Text 'in order to suit the 
yiewB of those who prefer their pupils to consult a general dictionary, 
but it may also be nad bound together with the ** Seyen Kings of 
Rome," if preferred. As the aim a£ the Text is to teach the elements 
of grammar, so the Exercises are intended to test the pupil's knowledge of 
grammar. Indeed there is hardly an ordinary Latin construction which 
is not illustrated in the text, explained in the notes, and proved in the 
exercises. 

38. Hellenica. 

A First Greek Beading Book. 

FROM DIODORUS AND THUCYDIDES. WITH VOCABULARY . 

B^ J. WRIQST, M.A. 

Author of *' A Latin Grammar." 
Second Edition. 150 pp. (185 1). Fcap. 8yo. cloth, ^s, 6d. 

In the last twenty chapters of this yolume, Thucydides sketches the 
rise and progress of the Athenian Empire in so dear a style and in such 
simple language, that the author doubts whether any easier or more 
instructiYe passages can be selected for the use of the pupil who is 
commencing Oreek. 

39. A First Latin Construing Book. 

By EDWARD TERINO, MA. 

Head Master of Uppingham School. 

104 pp. (1855). Fcap. 8vo. 28. 6d. 

This Construing Book is drawn up on the same sort of graduated scale 
as the Author's English Grammar. Passages out of the best Latin Poets 
are gradually built up into their perfect shape. The few words altered, or 
inserted as the passages go on, are printed in Italics. It is hoped by 
this plan that the learner, whilst acquiring the rudiments of languages- 
may store his mind with good poetry and a good yocabulary. 

Hffacffninan and Co. 
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40. Juvenal. 

WITH ENGLISH NOTES. 
J5y JOEir JE. B, MAYOR, M.A. 

Fellow and Classical Lecturer of St. JTohn's College, Cambridge. 

464 pp. (1854). Crown 8 70. cloth. 10*. 6d, 

**A School edition of Juyenal, 'which, for really ripe scholarship, 
eztensiye acquaintance with Latin literature, and &miliar knowledge with 
Continental criticism, ancient and modem, is unsurpassed, we do not say 
among English School-hooks, hut among English editions generally." — 
Edinbuboh Rkview. 

41. Cicero's Second Philippic. 

WITH ENGLISH NOTES. 
JBy JOKN S. B. MAYOR, MA. 

168 pp. 1 861). Fcp. 8yo. cloth. 5«. 

The Text is that of Halm's 2nd edition (Leipsig, Weidmann, 1858^, 
with some corrections from Madyig's 4th Edition (Copenhagen, 1858). 
Halm's Introduction has heen closely translated, with some admtions. His 
notes haye heen curtailed, omitted, or enlarged, at discretion ; ipassages 
to which he giyes a hare reference, are for the most part prmted at 
length ; for the Greek extracts an Ihigli^ yersion has h^n substituted. 
A large body of notes, chiefly grammatical and historical, has been added 
from yarious sources. A list of books useful to the student of Cicero, 
a copious Argument, and an Index to the introduction and notes, complete 
the book. 

42. Sallust. 

WITH ENGLISH NOTES. 
J?y a MERTTAZJS, B.D. 

Author of <<A History of Bome," &c. 
Second Edition, 172 pp. (1858). Fcap. 8yo. 4«. 6d, 

<* This School edition of Sallust is precisely what Uie School edition of 
a Latin author ought to be. No useless words are spent in it, and no 
words that could be of use are spared. The text has been carefully 
collated with the best editions. It is printed in a large bold type, which 
manifests a just regard for the young eyes that are to work upon it : 
under the text there flows through eyery page a full cuirent of ex- 
tremely well-selected annotations." — ^The Examtneb. 

The "Catilina" and " Jtjgitrtha" may he had separjutely, price 

2s. 6d. each, hound %n cloth. 
Cambridge and London* 
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43. Demosthenes on the Crown. 

WITH ENGLISH NOTES. 

By B. BRAKE, M^. 

Late Fellow of King's College, Gambridge. 

Second EditioiL To which is prefixed iBst^mos aoainsi 

CiEgiPHoir. With English Kotes. 

287 pp. (i860). Fcap. 8yo. cloth. 5«. 

The first editioa of l^e late Mr. Drake's editioa of Demosthenes de 
Corona having met with considerable aooeptanoe in yarions Schools, and 
a new edition being called for, in accordance with the wishes of many 
teachers has been appended the Oration of ^^hines against Ctesiphon, 
with nsefol notes by a competent scholar. 

44. Demosthenes on the Crown. 

TRANSLATED INTO ENGLISH. 

By J, P. N0RRI8, M.A. 

H.M. Inspector of Schools. 
(1850). Crown 8vo. 3«. 
« Admirably representing both the sense and style of the originaL" 



45. Thncydides. Book YI. 

WITH ENGLISH NOTES, MAP AND INDEX. 

By P. FROST, Jun., M.A. 

Late Fellow of St. John's College, Cambridge. 

8vo. cloth. 7». 6d. 

It has been attempted in this work to facilitate the attainment of 
accuracy in translation. With this end in yiew the Text has been treated 
grammatically. 

46. JEschyli Eumenides. 

WITH ENGLISH VERSE TRANSLATION, COPIOUS 
INTRODUCTION, AND NOTES. 

By B. BRAKE, M.A. 

Editor of " Demosthenes de Corona." 

" Mr. Drake's ability as a critical Scholar is known and admitted. In 
the edition of the Eumenides before us we meet with him also in the 
capacity of a Poet and Historical Essayist. The translation is flowing 
and melodious, elegant and scholarlike. The Greek Text is well printed : 
the notes are clear and useful." — Guabdian. 

Kacmillaxi and Ck>* 



FOB SCHOOLS AND COLLEGES. 19 

47. Elements of Grammar Taught in 

English. 

WITH QUESTIONS. 

Sy EBWARJD TSRING, M.A. 

Head Master of Uppingham Grammar School. 

Third Edition. 136 pp. (i860.) Demy i8mo. 2«. 



48. The Child's English Grammar. 

By the Mime Author. 
New Edition. 86 pp. (1859). Demy i8mo. is. 

The Aathdr's effort in these two hooks has heen to point oat the hroad, 
heaten, eyery-day path, carefdllyayoiding digressions into the hyeways 
and eccentricities of language. This Work took its rise from question- 
ings in National Schools, and Uie whole of the first part is merely 
the writing out in order the answers to questions which have heen 
used already with success. The study 01 Grammar in English has 
heen much neglected, nay by some put on one side as an impoesibilit;^. 
There was perhaps much ground for this opinion, in the medley of arbi- 
trary rules thrown before the student, which applied indeed to a certain 
number of instances, but would not work at all in many others, as must 
always be the case when principles are not put forward m a language full 
of ambiguities. The present work does not, therefore, pretend to be 
a compendium of idioms, or a philological treatise, but a Grammar. Or 
in oUier words, its intention is to teach the learner how to speak and 
write correctly, and to understand and enlain the speech and writings of 
others. Its success, not only in National Schools, m>m practical work in 
which it took its rise, but also in classical schools, is f&U of encourage- 
ment. 



49. School Songs. 

A COLLECTION OF SONGS FOB SCHOOLS. 

SSQtft i\t 9p[n8u; ^trangjeb for Jfosr l^xrtcts. 
Edited hy the JRev. E. TERING, and E. RICGIUS. 

Musio Size. 79. 6d. 
Cambridge azid London. 
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50. St. Paul's Epistle to the Romans. 

THE GREEK TEXT WITH ENGLISH NOTES. 
By a J. VAUQEAN, D.B. 

Head Master of Harrow School. 
Second Edition. Crown 8yo. doth (1861). 5«. . 

Bj dedicating this work to his elder .Pupils at Harrow, the Author 
hopes that he sufficiently indicates what is and what is not to be looked 
for in it. He desires to record his impression, deriyed from the experience 
of many years, that the Epistles of the New Testament, no less man the 
Gospels, are capable of furnishing useful and solid instruction to the 
highest classes of our Public Schools. If they are taught accurately, not 
oontroTersially; positiyelv, not negatively; authoritatiydy, yet not 
dogmatically ; taught with dose and constant reference to meir literal 
meaning, to the connexion of their parts, to the sequence of their argu- 
ment, as well as to their moral and spiritual instruction; they will 
interest, they will inform, they will eleyate ; they will inspire a reyer- 
ence for Scripture never to be discarded, they will awaken a desue to 
drink more deeply of the Word of (jK>d, certain hereafter to be gratified 
and fulfilled. 



RELIGIOUS CLASS BOOKS. 

THE CHUKCH CATECHISM ILLUSTEATED AND Ex- 
plained. By ARTUUK BAMSAY, M.A. 204 pp. (1854). i8mo. doih. 

NOTES FOR LECTTJB.ES ON CONFIBMATION: With 

Suitable Prayers. By C. J. TAUGHAN D.D. Third Edition. 70 pp. (i860}. 
Fop. 8yo. i«. 6<i. 

HAND-BOOK TO BUTLER'S ANALOGY. By C. A. 

SWAINSON, M.A. 55 pp. (1856). Crown 8to. i«. 6d, 

HISTORY OF THE CHRISTIAN CHURCH DURING 

THE FI&ST THKEE CENTURIES, AND THE REFOBMATION IN ENG- 
LAND. By WILLIAM SIMPSON, M.A. 307 pp. (1857). Fcp. Svo. cloth. 5«. 

ANALYSIS OF PALEY'S EVIDENCES OF CHRISTI- 

ANITT. By CHABLES H. CBOSSE, M.A. 115 pp. (1855). i8mo. 3«. 6d, 

ICacmillan and Co. 
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MANUALS FOR THEOLOGICAL 

STUDENTS. 

imiFOBHLT pbhtted and bound. 

• 

Thifl Series of Theological Manuals has been published with 
, the aim of supplying Books concise, oomprehensive, and 
accurate, convenient for the Student and yet interesting 
to the general reader. 

HISTOET OF THE CHRISTIAN CHURCH 

DUBma THE MIDDLE AGES. By ABGHDEACON HABD- 
WICK. Second Edition. 482 pp. [1861]. With Maps. Crown 
8yo. doth. lOs. 6d, 

This Volume daims to be regarded as an iQtegral and iadependent 
treatise on the Mediesyal Church. The HiBtory commences with the 
time of Gregory the Great, because it is admitted on all hands that his 
pontificate became a turmnff-point, not only ia the fortunes of the 
Western tribes and nations, but of Christendom at large. A kindred 
reason has suggested the propriety of pausing at the year 1520, — ^the year 
whffli Luther, haying been extruded from those Churdies that adhered to 
the Communion of the Pope, established a proyisional form of goyemment 
and opened a fresh era ia the history of Europe. 

HISTORY OF THE CHRISTIAN CHURCH 

DUKING THE REFORMATION. By Abchdn. HARDWICK. 
459 pp. [1856]. Crown 8yo. doth. lOs. 6d. 

This Work forms a Sequd to the Author's Book on The Middle Ages. 
The Author's wish has been to giye the reader a trustworthy yendon of 
those stining iaddents which mark the Reformation period. 

Cambridge ^aad London. 
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XANUALS VOB THBOLOOIOAI. 8TUDEllT8-CoiLtii»i6d. 

HISTOEY OP THE BOOK OP COMMON 

PRAYXB. With a Bationale of its OfficeB. By FRANCIS 
FROGTEB, M.A. Fifth Edition. 464 pp. [I860]. Grown 8yo. 
doth. lOf . 6d. 

The Subject of this Book has been already treated by numerous 
writers of distinction. When the present series of Manuals was projected, 
it did not appear that any one of the existing yolumes taken smgiy was 
available for the desired object. In the course of the last twenty years 
tiie whole question of liturgical knowledge has been reopened wim great 
l^miTig and accurate research, and it is mainly with the view of epito- 
mising their extensiye publications, and connecting by their help tiie 
errors and misconceptions which had obtained currency, that the present 
yolume has been put together. 



HISTORY OP THE CANON OF THE NEW 

TESTAMENT DUBING THE FIEST FOUR CENTURIES. 
By BROOKS FOSS WESTCOTT, M.A. 594 pp. [1866]. 
Grown 8yo. doth. 12f. 6d. 

The Author has endeayoured to connect the histoiT of the New Testa- 
ment Canon with the growth and consolidation of the Catholic Church, 
and to point out the relation existing between the amount of eyidenoe 
for the authenticity of its component p«rts and the whole mass of Christian 
literature. Such a method of inquiry will conyey both the truest notion 
of the connexion of the written Word with the liying Body of Christ, and 
the surest conyiction of its diyine authority. 

INTRODUCTION TO THE STUDY OF THE 

GOSPELS. By BROOKE FOSS WESTCOTT, M.A. 468 pp. 
[I860]. Crown 8yo. doth. I0s,6d, 

The titie of this book wHl explain the diief aim which the Author 
had in yiew. It is intended to be an Introduction to the Sttkfy of the 
Gospels. The Author has therefore confined himself in many cases to 
tiie mere indication of lines of thought and inquiry from the conyiction 
that truth is fdt to be more precious in proportion as it is op^aed to us 
by our own work. In a sulg'ect which inyolyes so yast a literature much 
must haye been oyerlooked ; but the Author has made it a point at least 
to study the researches of the great writers, and oonsdously to neglect 
none. 

Kaomillan and Ck>., Cambridge and London. 
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TOM BROWK'S SCHOOL DATS. By As Old Boy. Seventh 

9'* Edition. Feap. Svo. doth. 5«. II'* 

^^ THE HEROES ; or GREEK FAIRY TALES. By Chabmss 

^' * K1NO8LST, Bector of Eversley. Second Edition, with Eight Iixxtbtbatiohs. 

Imperial i6mo. doth, gilt leaves. $$, 

^5^^ DAVID, KING OF ISRAEL; Readings for the Tonng. 

^' With Six Iixvstrations. By J. Wbight, M.A. Imp. i6mo. doth. 

5«. 

^, 6d. LITTLE ESTELLA AITD OTHER FAIRY TALES. Imp. ,„. 

i6mo. doth. 5«. 

DAYS OF OLD: STORIES FROM OLD ENGLISH 

9«. 6d, HISTORY of the Dmids, Anglo-Saxons, and the Cmsaders. By the Author 1 2S, 

of BxTTH ASH HsR FuEHPS. Imperial i6mo. doth. 5«. 

gg, sd. RTJTH AND HER FRIENDS. A Story for Girls. Third „,. 

* Editixm. With a Frontii^ieoe. Imp. idmo. doth. 5«. 

^^ 5^ OTJR YEAR : A Child's Book in Prose and Verse. By the ^^ 

^* * Author of "John Halifax.** Ntunerous lUostrations. Boyal i6mo. doth, gilt 

leaves. Ss, 

,£, WESTWARD HO! THE ADVENTURES OF SIR AMYA8 ^^ 

LEIGH in the Beign of Elizabeth. Third Edition. By Chabijbs Kinosut. ^* 
Grown 8vo. cloth. 6s, 

TWO YEARS AGO. By Chables KnrGfiLKY. Third Edition. 

!!*• Crown 8vo. cloth. 6». 14** 

,„ THE RECOLLECTIONS OF GEOFFRY HAMLYN. By ,,, 

HENRY KIN6SLEY. Second Edition. Crown 8vo. doth. 6». '"**' 

GLATJCXJS; or, WONDERS OF THE SHORE. By Chables ., 

K1NO8LBT. Illxtstbatsd Edition, containing Coloured lUastratlonB of '^' ^^*^ 
the objects mentioned in the Work. Imp. i6mo. cloth, gilt leayes. 
7<. 6cl. 

ESSAYS, CHIEFLY ON ENGLISB: POETS. By Datid 

108. MiuBSON,MJl. Svo.doth. ii$.6d. ^28, 6d, 

,5,. THE REPUBLIC OF PLATO. Translated into English by ,^ ^ 

J. LlxwielltnDayixs, M.A., andD.J.YAVOHAN, M.A. Second Edition. Svo. 
doth. io«. 6d, 

268. ARCHER BUTLER'S HISTORY OF ANCIENT PHI- 45,. 

LOSOFHY. a vols. 8vo. cloth, il, 5«. 

, ^s, 6d. HISTORY AND RATIONALE OF THE BOOK OF COM- ,3,. ^ 

'^ MONPBAYEB. By F. Fbootxb, M.A. 6th Edition. Crown 8vo. doth. lot. 6d. 

ts^.6d, HISTORY OF THE CHRISTIAN CHURCH DURING 18*. 6d. 

each. THE MIDDLE AGES AND THE BEFOBHATION. By Abchdxaoon each. 

Habdwick. a vols. Crown 8vo. cloth. io<«6d. each volume. 

.^ HISTORY OF THE CANON OF THE NEW TESTAMENT. 

fjs.od. By B. F. Wbstcott, M.A. Third Edition. Crown 8vo. doth. ia«.6d. - 208^ 6d, 

INTRODUCTION TO THE STUDY OF THE GOSPELS. 

6rf. ^y ^* ^* "WESTCOTT, M.A. Crown 8vo. cloth. io». 6d, * 18* 6d 

' GEORGE BRIMLEVS ESSAYS. Second Edition. Fop. 

ptf. 8vo. doth. 5«. 118, 

^„ THE PLATONIC DIALOGUES FOR ENGLISH READERS. ,,. ^ 

^^ By W. WHEWELL, D.D. 3 Vols. Fep. 8vo. doth. au. 6d, ^'' "*• 
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FORTHCOMING BOOKS. 

Euclid for the Use of Schools and Colleges. 

By I. TODHXJNTEE, M.A. [In the Fress, 

First Book of Algebra. For Schools. By 

J. 0. W. ELLIS, M.A., and P. H. CLABE, M.A, Sidney Sussex 
College, Cambridge. [rrtparinff. 

An Elementary Treatise on Quaternions. 

With numerous Examples. By P. G. TAIT, M.A., Professor of 
Natural Philosophy in the Uniyersity of Edinburgh. [Freparing. 

A Treatise on Geometry of Three Dimen- 
sions. 

By PEBGIYAL FBOST, M.A., St John's College, and JOSEPH 
WOLSTENHOLME, M.A, Christ's College, Cambridge. 

[In the Freas. 
%* The lirtt Portion hoi been issued for the eoneenienee of Cambridge StudetUe, 

An Elementary Treatise on the Planetary 

THEORY. By C. H. H. CHETNE, B.A, SohoUir of St John's 
College, Cambridge. [Byparinff. 

9 

Aristotelis de Rhetorica. With Notes and 

Introduction. By E. M. COPE, M. A, Fellow and Assistant Tutor 
of Trinity College, Cambridge. 

The New Testament in the Original Greek. 

Text revised by B. F. WESTCOTT, M.A., and F. J. HOST, M. A., 
formerly Fellows of Trinity College. 
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